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Abstract. This paper investigates proportional vector quiescent solitons for a coupled nonlinear Schrédinger
system with Kerr-type self-phase modulation, cross-phase modulation, and nonlinear dispersion. A
proportional-amplitude reduction is introduced by assuming that the two components share a common
envelope and phase while their relative amplitude remains fixed. Physically, this reduction selects an
amplitude- and phase-locked vector mode with a fixed component intensity ratio. The reduction is admissible
only when explicit algebraic compatibility relations connect the self-phase modulation, cross-phase
modulation, and nonlinear dispersive coefficients. Under these constraints, the coupled model reduces to a
scalar nonlinear Schrédinger equation with effective nonlinear dispersion. Within the proportional real-profile
reduction, the nonlinear dispersive structure excludes nonzero-velocity localized waves and yields quiescent
profiles. This zero-velocity conclusion is restricted to the common real-profile, constant-ratio, linear-phase
ansatz and does not exclude moving waves with more general complex or nonproportional structures. The
resulting stationary profile equation is solved by the enhanced direct algebraic method. Exact proportional
vector quiescent wave families are obtained, including bright, kink-type, singular, Jacobi elliptic, Weierstrass
elliptic, and straddled solutions. The limiting transitions among these families and the direct validation of the
constructed profiles confirm the consistency of the analytical results. The full four-component perturbation
operator is also derived. For a representative regular bright state, Chebyshev spectral computation places the
spectrum on the imaginary axis to numerical tolerance, while direct Fourier-ETDRK4 propagation under
independent component perturbations preserves the localized shape and vector locking over the simulated
interval. These tests support numerical spectral stability and finite-time robustness for the tested bright
branch only.
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1. Introduction
Nonlinear Schrodinger-type equations constitute one of the standard mathematical frameworks

for dispersive nonlinear wave propagation in optical fibers, nonlinear media, and coherent wave

systems. In their classical scalar cubic form, these models describe the balance between linear
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chromatic dispersion and Kerr self-phase modulation. This balance is responsible for the forma-
tion of localized optical pulses whose dispersion-induced spreading is compensated by nonlinear
phase modulation. In many physical and mathematical settings, however, a scalar description is
not sufficient because the optical field may involve two interacting components, two polarization
states, two cores, or two coupled propagation channels. Coupled nonlinear Schrédinger systems
therefore provide a natural extension of the scalar theory and allow self-phase modulation, cross-
phase modulation, and vector coupling to be incorporated in a unified model.

The study of exact solutions for coupled nonlinear Schrédinger equations remains
important because closed-form structures provide explicit benchmarks for the qualitative
behavior of nonlinear dispersive systems. Recent investigations have reported periodic waves,
optical solitons, fractional optical-fiber dynamics, stochastic Manakov solitons, Kundu-
Mukherjee-Naskar solitons, and nonlinear optical pulses through several analytical schemes
[1-5]. Highly dispersive optical solitons, dispersion-compensation mechanisms, higher-order
nonlinear Schrédinger models, cubic-quartic optical solitons, stochastic dispersive solitons,
and conservation laws for dispersive optical systems have also been reported [6-11]. These
contributions show that changes in the dispersive structure, nonlinear law, or coupling
mechanism may significantly modify the admissible localized waves.

Quiescent and stationary optical solitons form a special subclass of localized waves. In
such solutions, the envelope is not transported as a moving pulse; instead, the spatial profile
remains fixed, and the temporal evolution is carried by a phase factor. This distinguishes
quiescent structures from ordinary traveling solitons with nonzero velocity [12, 13].
Quiescent profiles have appeared in nonlinear optical models involving quadratic-cubic
nonlinearities, nonlinear chromatic dispersion, Kudryashov-type refractive-index laws, and
generalized nonlinear Schrodinger equations with nonlinear dispersion [14-21]. Related
stationary waves have also been studied in dissipative systems, Bragg-grating models, and
complex Ginzburg-Landau optical equations [22-24]. These works indicate that nonlinear
dispersive mechanisms may obstruct the usual traveling-wave balance and force localized
real-profile waves into a pinned or quiescent regime.

The present work follows this viewpoint and considers a coupled nonlinear Schrédinger
system in which nonlinear dispersion appears through amplitude-dependent dispersive
corrections. To avoid relying on a narrowly specific material interpretation, these terms are
referred to throughout this paper as nonlinear dispersion. Mathematically, they modify the
dispersive part of the model through the products |q|2q,, and |r|?r,, and through the

curvature-type corrections (|qf?),,g and (|r[2),,r. This terminology emphasizes the

structural role of these terms in the nonlinear wave equation rather than assigning them to a
particular laser, waveguide, or optoelectronic platform.

Motivated by these developments, this work considers the coupled nonlinear
Schrodinger system with nonlinear dispersion

iq, + Qe + (@ +71|r 2)a+ 6114 R @y + 11 (19 ),, 4 =0, (1)
in, +ary, +(ﬂ2|r|2 +y2|q|2)r+52 |72 +H2(|’”|2)XX’” =0, (2)
where q=q(x,t) and r =r(x,t) are complex field components. The coefficient & represents

the common linear chromatic dispersion. The parameters [; and [, describe self-phase

Ukr. ]. Phys. Opt. 2026, Volume 27, Issue 4 04055



Ahmed H. Arnous et al

modulation, whereas y; and y, describe cross-phase modulation. The coefficients §; and
0, multiply the nonlinear dispersion terms, while g4 and g, multiply the nonlinear

dispersive curvature corrections.
The purpose of this paper is to construct vector quiescent solitons of (1)-(2). The

analysis is based on proportional vector states, where the two components share the same
spatial profile and phase but differ by a constant amplitude ratio. This reduction is not
automatic; it requires explicit compatibility relations among the self-phase modulation,
cross-phase modulation, and nonlinear dispersive coefficients. Once these relations are
imposed, the coupled system reduces to a scalar nonlinear Schrédinger equation with
nonlinear dispersion. The quiescent reduction and exact solution construction can then be
performed systematically.

A proportional vector state cannot be obtained by merely duplicating a previously
known scalar quiescent profile. Substitution of r = pq into the two original field equations

produces two scalar branches that are generally inequivalent. A common profile solves both
equations only when the effective Kerr coefficients and both nonlinear-dispersive
coefficients coincide, which yields the independent compatibility relations derived below.
These relations determine the admissible component intensity ratio and restrict the original
parameters to a specific coefficient manifold. Thus, the novelty is the identification and
classification of the physically interpretable vector embedding of scalar-type quiescent
profiles, together with its coefficient constraints and power partition, rather than a claim
that every scalar functional form is new. Outside this compatibility manifold, a scalar
quiescent solution cannot be lifted to a proportional solution of the coupled system.

The main contributions are as follows. First, the coefficient manifold supporting amplitude-
and phase-locked vector states is derived, and the admissible ratio p is shown to determine the

component power partition. Second, the physical interpretation of the proportional state is
connected to polarization-locked or matched modal configurations, while the limits of a generic
dual-core interpretation are stated. Third, the quiescent-wave constraint is derived for
nonconstant localized profiles within the common real-envelope and linear-phase ansatz,
without asserting nonexistence of more general moving vector waves. Fourth, the enhanced
direct algebraic method is used to classify bright, kink-type, singular, Jacobi elliptic, Weierstrass
elliptic, and straddled vector families and their limiting relations. Fifth, analytical residual
verification establishes exactness, after which the full four-component linearized operator is
derived for independent component perturbations. Sixth, a representative regular bright state is
examined by Chebyshev spectral collocation and direct Fourier-ETDRK4 evolution, providing an
explicit numerical test of spectral stability and finite-time perturbation robustness.

Section 5.3 distinguishes exactness from stability and addresses the latter without
constraining perturbations to the proportional manifold. Independent disturbances of the
two complex fields generate a four-component, variable-coefficient spectral problem
containing both scalar-like and component-unlocking channels. The point and essential
spectra are examined for a representative regular bright state, and the spectral conclusion is
checked by direct propagation with independent amplitude and phase perturbations. The
stability conclusion is deliberately restricted to the tested bright parameter set; no
corresponding claim is made for the kink, elliptic, straddled, or singular families.
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The main contributions are as follows. First, the proportional-amplitude reduction is deri-
ved, and its algebraic compatibility conditions are stated. Second, the quiescent-wave constraint
is obtained for nonconstant localized real profiles. Third, the enhanced direct algebraic method is
used to construct exact vector quiescent wave families, including bright, kink-type, singular,
Jacobi elliptic, Weierstrass elliptic, and straddled solutions. Fourth, the limiting relations connec-
ting the elliptic and straddled families with the standard hyperbolic solitons are clarified. Fifth, a
validation section is included to verify that the constructed profiles satisfy the reduced stationary
equation and, through the proportionality constraints, solve the original coupled system.

2. Proportional vector reduction and quiescent constraint
The proportional vector reduction is introduced to identify amplitude-locked two-

component states of the coupled system. In this setting, the two fields share the same spatial
profile and phase, while their relative amplitude is fixed by a constant real parameter. This
assumption is not an arbitrary simplification; rather, it selects a consistent class of
amplitude-locked vector states for which the coupled system can be reduced to a single
scalar nonlinear Schrédinger -type equation. The reduction is admissible only when the two
scalar branches generated from the original coupled equations coincide, which leads to
explicit algebraic compatibility conditions among the self-phase modulation, cross-phase
modulation, and nonlinear dispersive coefficients.
We seek proportional vector states in the form

r(xt)=pq(xt), p=#0, (3)
where p is a real proportionality parameter. The relation r = pq describes an amplitude-

and phase-locked two-component state. The fields have the same envelope and carrier
phase, while their pointwise intensity ratio is fixed according to
M = p2. (4)
la(x,t)P
Because p is real, the present reduction selects the in-phase or out-of-phase locked
subclasses, corresponding to relative phase 0 or z. In an optical setting, this state may
represent a polarization-locked mode in a weakly birefringent fiber when the group-velocity
walk-off is negligible, and the two polarization components have matched linear dispersion.
It may also represent two degenerate spatial or modal channels whose envelopes remain
locked. Equations (1)-(2), however, contain cross-phase modulation but no explicit linear
coupling terms such as Kr and Kq. They therefore do not directly describe a generic dual-
core directional coupler. A dual-core interpretation is appropriate only after projection onto
a locked symmetric or antisymmetric supermode, or in a regime where one such supermode
is dynamically isolated. Substitution of (3) into (1) gives
iq, + aqu + (B +71p2)|aR q+61|qP qu + (19 R),,q=0. (5)
Similarly, substitution into (2) and division by p gives
iy + 0y +(72+ Bop?)|q 2 q+6202|q 12 Gy + 11202(1q 1), G =0. (6)

Therefore, the proportional reduction is consistent only if the two scalar branches
coincide. This requires

Bi+71P2=1,+Bop?, 81 =002, 1y = 1pp2. 7)
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In the non-degenerate case y; # f3,, d, #0, and u, #0, these conditions can be written as

prl2=hL o B L (8)
=P 6 I
Moreover, the common ratio in (8) must be positive because p is real and nonzero. The
equalities in (8) define the coefficient manifold on which the locked vector state can persist.
The first ratio balances the effective self-phase and cross-phase modulation of the two
components, whereas the second and third ratios match their two nonlinear-dispersive
responses. Outside this manifold, the components generally accumulate unequal nonlinear
phase shifts or experience unequal dispersive deformation, so a constant amplitude ratio
cannot be maintained. Under these conditions, the coupled system reduces to
i, +aq +Blq2 q+Ci|qR g +Co(1912),, =0, (9)
where
B=pi+11p2=ry+Bop?  C1=01=06,p2, C3=py=pp° (10)
For the real-profile traveling-wave reduction, we use
q(x,t)=®(&)expli(-kx+at+6y)], E=x-vt,
Here x is the spatial coordinate, and t is the evolution variable; £ =x—vt is the comoving
coordinate; veR is the envelope velocity; ®(&)eR is the real envelope profile; k€ R is
the spatial phase slope (carrier wavenumber); weR is the temporal phase frequency;
6y €R is an arbitrary constant phase; and i=~/-1. A prime denotes differentiation with
respect to &, namely ®'=d®/dé and P"=d2d /di2. Substitution of (11) into (9),
followed by separation into real and imaginary parts, gives
(B—Cx2)®3 —(ak2 + )P +20,P(P")2 + ad"+ C;P2P"+ 2C,20" =0, (12)
and
—(v + 20K +2C,;xk®2) D' = 0. (13)
For a nonconstant localized real profile, ' ;_40 and ®2 is not constant. The notation
®'#£0 means that @' is not identically zero on its domain; it may still vanish at isolated
points. The symbol # denotes “not identically equal to” and is unrelated to the integer set
Z .Hence, when C; #0, Eq. (13) cannot hold for all £ unless
k=0, v=0. (14)
Thus, within the proportional real-profile ansatz (11), with a common constant
amplitude ratio and a common linear carrier phase, the admissible nonconstant localized
waves are quiescent. This statement is conditional on the adopted reduction and is not a
global nonexistence result for traveling solutions of the original coupled system. More
general complex or chirped profiles, component-dependent phases, a constant complex

amplitude ratio, spatially varying amplitude ratios, or nonproportional envelopes may admit
localized waves with nonzero velocity. The corresponding two-component quiescent form is

q(x,t 1 .
[rEx,t;J=(pJ¢(X)eXp[1(wt+90)]' (15)
Accordingly, (12) reduces to

[ +(Cy+2C,) D2 |®"+2C,P(P')2 + BD3 — 0P = 0. (16)
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For o #0, this equation becomes

where
01=M’ Uz:ﬁ, 03=§, o,=—2. (18)
(04 (04 a a

Eq. (17) is now the normalized stationary profile equation for the real envelope ®(x).

Therefore, the construction of proportional vector quiescent solitons is reduced to solving
this nonlinear ordinary differential equation under the compatibility conditions (7)-(8). In
the next section, the enhanced direct algebraic method is applied to obtain explicit closed-
form profiles.

3. Enhanced direct algebraic construction

In this section, we construct explicit solutions of the quiescent profile equation (17) by
applying the enhanced direct algebraic method. The method represents the real profile ®(x)
as a finite polynomial in an auxiliary function ©(x), whose derivative satisfies a quartic
polynomial relation. Accordingly, we use the finite expansion

d)(x)=A0+§:AjG)/(x), (19)
j=1
where A; are constants and ©(x) satisfies
(O (P =3100(x),  24#0. (20)
Differentiating (20) gives -
e)"(x)=%(z1 + 27,0 + 37502 +42,03). (21)

Balancing the linear second-derivative term with the algebraic cubic term in (17) gives
N+2=3N, and hence N=1. The nonlinear derivative terms generate additional higher-
order powers, whose leading coefficient subsequently yields the closure condition
204+ 0, =0. Therefore,

O(x)=Ag+A0(x), A #0. (22)
Substitution of (22) together with (21) into (17), followed by equating coefficients of
powers of 0, gives the algebraic system
552(201 +02)A13}.«4=0, (23)

£, = 4oy AyA2L, + %Gl.Afﬂg + 0y Ag AR, + 0y A3 Ay =0, (24)
& =201 A8 A2y + 30,1 Ay Al My + 01 AR Dy (25)
+ 0-2./40./41223 + 02./4132/2 + 03./413 + 2./41}.«4 = 0,
& =§01A()2A133 +20, A0 AL, +lc’1v413/11
2 2 (26)

+02./40./41222 + 02./4132«1 +303./40.A12 +%Alﬂ’3 = 0,
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& =01 AG Ay + 01 AgAE + 00 Ag AR

(27)
Because A4; #0 and A, #0, Eq. (23) requires
Using (18), this condition becomes
C,+3C,=0. (30)
In terms of the original coupled coefficients, this may be written as
51 +3#1=0, 52 +3ﬂ2=0, (31)

provided the proportionality constraints (7) are satisfied. This condition is not a restriction
on the definition of the coupled model itself; it is the closure condition for the present
polynomial auxiliary-function construction.

Under (29), a principal solution class is obtained by choosing

Ay=0, A4 =243=0. (32)
The algebraic system then gives
A2
Ay =—04+20, A%, )“4=71(C71/12_C73)- (33)

4. Vector quiescent soliton families
For compactness, define the vector field

Q(x¢)=£q(xi)j- (34

r(x,t)
Then every scalar profile ®; (x) generated by (17) produces the proportional vector

quiescent solution
1
Q]-(x,t)=(pj¢j(x)exp[i(wt+90)]. (35)

The parameter p must satisfy (8), while the exact solutions generated by the present

ansatz must also satisfy (30).

4.1 .Bright and singular vector quiescent solitons
For the bright and singular family, take

ho =4 =25 =0. (36)
Then
Af
Ay==04, Ay= —7(03 +010,). (37)
If
U4<0, G3+0104>0, (38)
then the bright vector quiescent soliton is
1 20
xt)=*% —— 4  sech(./-o.x)expli(wt+6,)]. 39
Qu(t) =2 ) | -2 —seen( [ x)espl (ot 6] 39
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If
04<0, 03+00,<0, (40)
then the singular vector quiescent soliton is
1 20
xt)=+ — =4 csch(/—oqx)exp[i(wt+6,)]. 41
Qu(t) =2 ) ||| 2 —esen( x)espli(ot 6] (1)
4.2. Dark and singular kink-type vector quiescent solitons
For the kink-type family, impose
3
=—, = = 0_ 42
do=ii h=ls (42)
The corresponding coefficients are
030 o2 A2
— 34 Ay = -3¥1 (43)
0104~ 03 2(0404~03)
Thus, the kink-type vector quiescent soliton is
1 o 030
Q;(x,t =J_r( J [-——*tanh| |-——3—*%——x |exp[i(wt+6,)]. (44)
(xt) p O3 2(0y04 - 03) Ut )
The associated singular kink-type vector quiescent soliton is
1 o 030
Q,(x.t =J_r[ J /——4coth ———3% _xlexp|i(wt+6,)]. (45)
(t) p 03 2(0y04 - 03) Ut )
The real-valued condition is
U3G4<0, 0104—G3>0. (46)
4.3. Jacobi elliptic vector quiescent solutions
Let
= @
Using (33), one obtains
12(1)=01c74—c734_rAR (48)
20, (4R-1)
and
l(i)=A12[6104_8RG3+G3iAR]’ (49)
* 4(4R-1)
where
AR =\/(0104 +G3)2—16R6163G4. (50)
For the cn -type solution, take
2(1-m2
M) 10, (51)
(2m2 -1)2
Then
1 2 ®) _
Q5(X,t)=i( JAl - e &N 322 x |m |exp[i(wt+6;)]. (52)
P (2m2-1)A4 2mz -1
Ukr. J. Phys. Opt. 2026, Volume 27, Issue 4 04061



Ahmed H. Arnous et al

For the dn-type solution, choose
—m2
—1-m om0
(2—m2)2

Then

m2a ) (+)
Qs (x,t)= iCJJAl\/ g 2322)/1“) dn[\/zﬂfmz X |mJexp[i(mt +6y) |-

For the sn -type solution, take

m2

R=—F——.
(m2 +1)2
Then
Q7(X’t)“(pJ W )P Vet jeeliter+eo)])

The limiting relations
cn(x|1)=sech(x), dn(x|1)=sech(x), sn(x|1)=tanh(x)

(53)

(54)

(55)

(56)

(57)

show that (52) and (54) reduce to the bright vector soliton (39), whereas (56) reduces to the

kink-type vector soliton (44) in the appropriate nondegenerate limiting sense.

4.4 Weierstrass elliptic vector quiescent solutions
The Weierstrass elliptic solutions follow from

A2
=23=0, Jy=-0,+200A%, 24 =71(51/12—U3)-

The invariants are

A A
==+ 1, =—"2 (36Ag4, — A2).
92 12 o 93 216( Aoy ’12)

Accordingly,
1 3'(x:92.93) :
Qq(x,t =( jA exp|i(wt+6y)|, As>0,
(24, 2 [60(x:92.95)+ 72 ] o &)] - A
and
1 60(X; 97,
Qq(xt) =( JAl VAl gol(x 9295)+ 2 exp[i(wt+6,)], 2 >0.
p 30'(X:9,.95)
The Weierstrass elliptic functions degenerate to hyperbolic functions when

93-27g3=0.

(58)

(59)

(60)

(61)

(62)

For 1,=0, Eq.(60) reduces to the singular vector quiescent soliton (41) under the

corresponding reality conditions.

4.5. Straddled vector quiescent soliton solutions
For the straddled family, set
Z‘O = /11 = 0
A nonzero-background solution is obtained when
04

Ag=-21,

03

(63)

(64)
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and
0104 —03 2(0104 —03) A
Thus,
1 —A,sech? (l \/Zx)
Q10(X,t)=( J Ay + A % exp[i(ot+6,)], (66)
p +2 12/14tanh(5\/2x)+13
and

Aycsch? (%\/Zx)
+2 22/14c0th(%\/gx) +3

Qll(x,t)=CJ Ay + A exp[i(ot+6)]  (67)

For A3 #0, another straddled pair is

Mghz(dzzj
2% =20y {1 - tanh(\/_xﬂ

le(x,g:@ A=Ay 7 [expli(wr+0y)], (68)

N

and

ApAzcsch? (\/Zg

23— Nphy {1 - coth(\/zxﬂ
L 2

The straddled solutions reduce to the standard kink-type vector solutions under suitable
parameter restrictions. In particular,

Q13(X,t)=CJ A+ A 7 |exp[i(wt+6y)]. (69)

A22,
2_74
4 42,

2y =422,

With a consistent sign choice, (66) reduces to (44), while (67) reduces to (45).

(70)

5. Discussion and validation of the exact solutions
The solution families obtained above are connected through several limiting processes.

These limiting relations show that the elliptic, Weierstrass, and straddled forms are broader
solution classes that contain elementary hyperbolic solitons as special cases. They also
provide a consistency check on the algebraic construction.
First, the Jacobi elliptic families reduce to hyperbolic profiles when the elliptic modulus
approaches one. In this limit,
cn(X | 1) =sech(X),
dn(X|1)=sech(X), (71)
sn(X | 1) = tanh(X).
Consequently, the cn -type and dn -type vector solutions (52) and (54) degenerate into
the bright vector quiescent soliton (39), provided the amplitude and width parameters are

Ukr. . Phys. Opt. 2026, Volume 27, Issue 4 04063
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identified through (48)-(49). Similarly, the sn -type solution (56) degenerates into the kink-
type vector quiescent soliton (44). Thus, the elementary bright and kink-type solitons can be
viewed as limiting members of the periodic Jacobi elliptic families.

Second, the Weierstrass elliptic solutions reduce to elementary hyperbolic or singular
profiles when the elliptic curve becomes degenerate. This occurs when the discriminant
vanishes,

g3 —2795=0. (72)

Under this condition, the doubly periodic function (x;g,,93) collapses to a simply

periodic or hyperbolic form. In particular, when A, =0 and the associated sign restrictions

are imposed, (60) reduces to the singular vector quiescent solution (41). Other
degenerations are obtained by choosing the repeated root of the Weierstrass cubic
consistently with the real-valued conditions of the corresponding hyperbolic profile.
Third, the straddled solutions contain the dark and singular kink-type profiles as special
cases. When
Y
4, (73)
s =220,
and the sign in the denominator is chosen consistently, the rational-hyperbolic expression
(66) reduces to the standard kink-type vector solution (44). Under the same admissible
reduction, the singular straddled expression (67) reduces to the singular kink-type solution
(45). These reductions confirm that the straddled family extends the kink-type branch rather
than representing an unrelated solution class.
Finally, the scalar limit of the vector family is recovered by fixing the proportionality
parameter p and considering a single component of (35). If r = pq is suppressed after the

compatibility conditions have been enforced, the remaining component satisfies the scalar
nonlinear dispersive equation (9). Therefore, the vector solutions are genuine proportional
extensions of scalar quiescent profiles, with the vector amplitude ratio determined by (8).

5.1 Physical interpretation

The obtained solutions describe proportional vector quiescent structures. Both components have
the same spatial profile and phase, while the relative amplitude is fixed by p . Thus, the vector

character of the solution is carried by the constant polarization-like vector (1, p)T. The

proportionality parameter is not arbitrary; it is determined by the balance between self-phase

modulation, cross-phase modulation, and the two nonlinear dispersive mechanisms through (8).
For finite-power bright states, the locked ratio also fixes the distribution of optical power

between the two components. If F, = j| ql?dx and P.= j| ri2dx, then P.=p?F, and

Pyt =(1+ p2)P,. Thus, the algebraic compatibility conditions determine not only mathematical

consistency but also the modal or polarization power partition. For nonzero-background kink-
type states, the same ratio applies to the asymptotic background intensities.

The polarization-locked interpretation is the most direct one when g and r denote
orthogonal polarization components with negligible walk-off. A matched-mode

04064 Ukr. ]. Phys. Opt. 2026, Volume 27, Issue 4



Quiescent Vector Optical Solitons

interpretation is also possible. By contrast, because the present model has no explicit linear
inter-core exchange, the proportional state should not be identified with arbitrary dual-core
dynamics; it corresponds only to a locked supermode description when such a reduction is
physically justified.

Within the proportional real-profile reduction considered here, nonlinear dispersion
produces the quiescent restriction. In the imaginary part of the reduced amplitude system,
the term proportional to C;x®2d' obstructs ordinary mobile localized waves. Since &2 is

not constant for a nonconstant localized profile, the condition can hold for all x only when
k=0 and v =0. Consequently, the spatial envelope is pinned, and the temporal dependence
appears only through the phase factor.

The term “pinned” is used here in the reduced kinematic sense: the envelope is
stationary in the chosen frame because the imaginary-part compatibility condition forces
v =0 for this ansatz. It does not imply material pinning by an external potential, nor does it
rule out moving localized states outside the proportional real-profile class.

The effective parameters (18) show how the coupled model controls the stationary
profile. The parameter o3 contains the effective Kerr contribution B = f; +y1p2 =7, + B,p2,

which combines self-phase and cross-phase modulation. The parameters o; and o, contain
the effective nonlinear dispersive coefficients C; and C,. Therefore, the amplitude, width,

and existence conditions of the vector solitons depend simultaneously on Kerr coupling,
cross-phase modulation, frequency detuning, and nonlinear dispersion.

The bright solution represents a two-component localized intensity hump on a zero
background. The kink-type amplitude connects two nonzero asymptotic states, while its
intensity produces a stationary dark-notch profile. The singular solutions are exact
mathematical solutions but contain spatial singularities; hence, they should be interpreted as
limiting or idealized structures rather than globally regular optical pulses. The Jacobi and
Weierstrass families extend the hyperbolic profiles to periodic and doubly periodic vector
structures, while the straddled solutions provide rational-hyperbolic forms that reduce to
the standard kink-type profiles under admissible parameter restrictions.

5.2. Validation of the exact solutions

This subsection verifies analytical exactness through four complementary steps: consistency
of the proportional vector reduction, satisfaction of the stationary profile equation, direct
verification of the elementary hyperbolic branches, and auxiliary-equation verification of the
elliptic and straddled branches. Vanishing residuals establish that the formulas solve the
governing equations under the stated constraints; they do not establish spectral, orbital, or
nonlinear stability.

First, the proportional reduction (3) is valid only under the algebraic constraints (7), or
equivalently (8). Under these relations, the two scalar branches (5) and (6) have identical
nonlinear coefficients. Hence, any solution q(x,t) of the reduced scalar Eq. (9) automatically
generates the vector solution

(a(x.t).r(xt))=(q(x.t).pa(x.t)) (74)

of the full coupled system (1)-(2). This proves that the proportional vector ansatz introduces
no additional residual term.
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Second, the quiescent substitution (15) converts the reduced scalar equation into the
stationary profile Eq. (16), or equivalently into the normalized form (17). Thus, it is sufficient
to check that each scalar profile ®; (x) satisfies (17). For the enhanced direct algebraic

ansatz (22), the auxiliary equation (20) and its derivative (21) give

D'= 4,0,

d)":%(ﬂ1 +22,0 +3,02 +42,03). (7%)
Substitution of (22) and (75) into (17) yields the polynomial identity

if 10J =0. (76)

j=0

The coefficients &; are exactly the algebraic quantities displayed in Section 3.

Therefore, whenever the algebraic relations (29), (32), and (33) are imposed, all coefficients
in (76) vanish. This proves that the generated scalar profiles solve the normalized profile
equation.
Third, the elementary hyperbolic solutions can be verified directly. For the bright
branch (39), let
®(x)=Asech(kx),

A2—__ %04 77)
O3 + 0104
k2 =—0,.
Using
%sech(kx) = k2sech(kx)—2k2sech3(kx), (78)
X

and substituting (77) into (17), the coefficients of sech(kx), sech3(kx), and sech5(kx)
vanish under (29). Hence, the bright vector field (39) is an exact solution. The singular
branch (41) follows by the same calculation with csch(kx) and the corresponding sign
condition on o3 +040y.
For the kink-type branch (44), let
®(x)=Atanh(kx),

Az=-2t (79)
O3
k2=—__ 9394
2(5104 - 53)
Using
%tanh(kx) =—2k2tanh(kx)sech2 (kx), (80)
X

and rewriting sech2(kx)=1-tanh2(kx), substitution into (17) again gives an identity in
powers of tanh(kx). The coefficients vanish under (29) and (79). The singular kink-type
solution (45) is validated analogously by using d(coth(kx))/dx = —kesch2 (kx).
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Fourth, the elliptic and Weierstrass branches are validated by the same auxiliary-
equation mechanism. The Jacobi profiles (52)-(56) are obtained from special quartic choices
in (20); hence, their substitution reduces to (76). The Weierstrass profiles (60)-(61) satisfy
the quartic auxiliary relation after transformation to the Weierstrass equation with
invariants g, and g3. Therefore, they also satisfy (17). The straddled profiles (66)-(69)

follow from the hyperbolic rational solutions of the same auxiliary equation, so their
validation is again a consequence of (76).

It should also be emphasized that the above validation holds subject to the parameter
restrictions stated in the construction. In particular, the proportionality constraints (7)-(8),
the closure condition (31), the nonzero-denominator assumptions, and the corresponding
real-valuedness and regularity conditions are all required. Under these assumptions, the
residual of the normalized profile Eq. (17) vanishes identically, and therefore the residuals of
the two original coupled Egs. (1)-(2) vanish through the proportional reduction.

In generating Figs. 1-4, the remaining coefficients are adjusted simultaneously so that
the proportionality constraints (7)-(8) and the closure condition (31) remain satisfied for
every plotted curve.

Finally, the plotted profiles in Figs. 1-4 illustrate representative regular bright and
kink-type vector quiescent solutions under variations of the self-phase modulation, cross-
phase modulation, and nonlinear dispersive parameters. These plots are not used as a proof
of exactness; rather, they provide a graphical consistency check of the analytical formulae
and show how the effective parameters influence the amplitude and width of the two-
component profiles.

1 2
—0B3, =06 —pB =03
— /=1 B2 = 0.5
- Gi=14]| o 19 6, =0.1]
= — B =18 = — 3 =09
\a;O.S I 5 1
& <
0.5
0 0
-10 -5 0 5 10 -10 -5 0 5 10
T T (@)
1.5 3
72 =13
—_—yy =17
o q a9 =21
= = 72 =25
E E
S05 £
0 ; 0 .
-10 -5 0 5 10 -10 -5 0 5 10
T T (b)

Fig. 1. Intensity profiles of the bright proportional vector quiescent soliton (g, ;) under variations of
(81, B2) and (yy, y ). () Variation of the self-phase modulation coefficients #, and f,; (b) Variation of the
cross-phase modulation coefficients y; and y,.
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Fig. 2. Intensity profiles of the bright proportional vector quiescent soliton (g, ;) under variations of
(1, 92) and (uy, o). (a) Variation of the nonlinear dispersion coefficients J, and J,; (b) Variation of the
nonlinear dispersive curvature coefficients x; and .
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Fig. 3. Intensity profiles of the dark-notch intensity profile associated with the kink-type proportional
vector wave (g3, 3) under variations of (8, f,) and (y, y »). () Variation of the self-phase modulation
coefficients #, and f; (b) Variation of the cross-phase modulation coefficients y; and ..
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(@

T T (b)
Fig. 4. Intensity profiles of the dark-notch intensity profile associated with the kink-type proportional
vector wave (g3, ;) under variations of (J,, d;) and (uy, ). (@) Variation of the nonlinear dispersion
coefficients d, and d,; (b) Variation of the nonlinear dispersive curvature coefficients 4, and z,.

5.3. Linear spectral stability and direct perturbation robustness

The residual calculations in Section 5.2 prove that the reported profiles are exact solutions,
but exactness alone does not determine whether an independently perturbed two-
component pulse remains observable. To retain perturbations both tangent and transverse
to the proportional manifold, let a regular quiescent profile dD(x) be disturbed according to

q(x,t) = el(@t+6)) |:¢(X) + g(u1 (x,t) +1ivy (x,t))},
r(x,t)=ei(®t+6,) [de(x) + g(uz (x,t)+iv, (x,t))},

where u;,v,,u,, and v, are independent real-valued perturbations and 0<¢ < 1. Enforcing

(81)

u, = pu; and v, =pv; would test only perturbations tangent to r=pq and would miss
changes of the component ratio and relative phase.
Substitution of (81) into Egs. (1)—(2), followed by retention of the 0(8) terms, gives

U 0 0 -£,_ 0 U

o o o -
01" Lo |2 |2 g, (82)

V2 My L 0 0 V2
where
Ly f=(a+6,92) fo +[-0+BO2+1(®2),,]f, 83)
L f =(a+8,p202) f, +[-0+ BO2 + 1pp2(@2) . ] f,
and
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£1+f = (a + 51q)2)fxx + 2#1¢(¢f)xx
+—0+ (3B, +71p2) D2 +26,0D,, + 1y (D2),, | f,
[Q+f = (a + 52p2d)2 )fxx + 2:”2.02¢(q)f)xx
+|:—CO + ()/2 + 3ﬂ2p2)¢2 + 252p2¢q)xx + lusz(q)z)xx]fr
My, f =2y, p®2f,
My f =2y,p®2f.

The signs in (82) follow from the real and imaginary parts of i(u]-,t + iv]-_t). In particular,

(84)

u;, =—L; v;, whereas the amplitude operators enter the v; . equations with positive signs.
With w(x,t)=e#W(x), Eq. (82) becomes
AW = JW. (85)
Spectral instability occurs when the spectrum contains an eigenvalue with Re(/l) >0.

For a bright state, the problem is posed on [?(R)*¢ with decaying perturbations. The

nonlinear-dispersive terms alter the principal coefficients; regular spectral evolution
therefore requires
a+6,P2 =0,

a+0,p2d2 0, (86)
r(xt)= exp(i(a)t +90))[p¢(x) +g(u2 (x,t)+ ivz(x,t))},
throughout the profile. The first line controls the phase channel, whereas the second line is
obtained by expanding the highest-derivative part of 244,Q;(Q;f),, in the amplitude channel.
A representative regular bright state was tested using
a=1 =1, p=«/§,
(B1,B2s71,72)=(0.6,0.3,0.2,0.4),
(61,6,)=(0.3,0.15),
(41, 15)=(-0.1,-0.05).
These values satisfy Egs.(7) and (31), and give B=1, (04,0,,03,04)=(0.1,-0.2,1,-1).

Hence,
Dy (x)= /@sechx,
9 (88)

T T
(@p1) =(1,42) Pp(x)exp(it).
For this profile, all four principal coefficients in (86) are strictly positive: the phase

(87)

coefficients are 1+0.3®%, and the amplitude coefficients are 1+ 0.1<Dl2,. Thus, the linearized
operator does not lose differential order across the pulse.
As |x| — o, ¢, =0 and all diagonal operators approach £, =02 —®. A Fourier mode
exp(iéx) therefore yields
A=%i(aé2+w), (89)
with multiplicity two. For (87), the essential spectrum is
Cess (T ) =1(—0,—1]Ui[1,00), (90)

which lies entirely on the imaginary axis. The two independent phase symmetries and spatial
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translation generate the neutral directions (0,0,0,,0)", (0,0,0,0®,)", and (@, p®;:,0,0)" at
A=0.

The point spectrum was computed by Chebyshev collocation on [—20,20] , with
homogeneous Dirichlet conditions imposed on the perturbations at the truncated boundaries.
Table 1 shows the rightmost computed real part as the number N, of Chebyshev intervals is

increased. The small positive value observed at lower resolution is the familiar numerical
splitting of the symmetry-generated zero eigenvalues; it converges to zero. At N, =220, the

largest computed real partis 1.46 x10-11, and the three neutral pairs lie within 1.47 x10-5 of

the origin. The remaining low-frequency spectrum begins at |Im/l| ~0.995, in agreement with

the exact essential-spectrum threshold |Im/l| =1.Fig. 5 shows the low-frequency spectrum. No

eigenvalue with positive real part survives refinement, so the tested bright state is numerically
spectrally stable within the stated resolution.

15

o
T

Tm(\)
=}

15 I I L .

-0.02 -0.01 0 0.01 0.02
Re(N)
Fig. 5. Low-frequency spectrum of the full four-component linearized operator for the representative
bright state (88), computed with N¢= 220 Chebyshev intervals on [-20, 20]. The spectrum is confined to
the imaginary axis to numerical tolerance; the near-zero points are the phase- and translation-
generated neutral modes.

Table 1. Spectral convergence for the representative bright state (88).

N, maxRe( 1)
160 2.56x10-3
180 6.32x10-4
200 1.21x10+4
220 1.46x10-11

To test the nonlinear evolution without preserving r=pq by construction, the full

coupled PDE system was initialized with independent amplitude and phase disturbances,
q(x,O)=de(x)[l+.9aq(x)Jexp(iebq(x)), o1
r(x,0)= p®,(x)[1+&a,(x)]exp(ieb,(x)),

where ¢ =10-2 and
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a,(x)=0.8exp(—(x /4)2)cos(0.7x),
by (x)=0.5exp(—(x /5)2)sin(0.9x),
a,(x)=-0.6exp(—(x /4.5)2)cos(1.1x),
b, (x)=0.7exp(~(x /5)2)sin (0.6x).

X

(92)

The unequal functions in the two rows excite both tangent and transverse perturbation
channels. The system was integrated on [—20,20] by a Fourier pseudospectral discretization
with N =512 modes, two-thirds de-aliasing, and fourth-order exponential time differencing
with At=10-3 up to T =20. Repeating the calculation with N =256 and At=2x10-3
changed the final reported diagnostics by less than 2x10-9.

Because the model is invariant under independent constant phase rotations and spatial
translations, robustness was measured after removing these neutral motions. The phase-
optimized vector-locking defect and the phase-and-translation-aligned shape errors were defined
by

I (-t) - peia(-t)],

DlOCk (t) =min

ekt lpa(-t)l,
() e, (--s),
E_(t)= min , (93)
)7 i
_Ir(ot) — peiddy (-—s
Er(t) — min ” b "2
mn e

Fig. 6 summarizes the quantitative diagnostics from the direct evolution. Over
0<t<20, the locking defect changes from 1.12x10-2 to 1.03x10-2, while

E,(20)=9.32x10-3 and E,(20)=7.07x10-3. The peak intensities remain in the narrow

intervals 2.252<max, |q[2<2.260 and 4.391 <max, |r|2<4.434. Both components undergo

the same small displacement, approximately 0.156, which is consistent with excitation of the

neutral translation mode rather than profile breakup. No growing shape deformation or

component-unlocking instability is observed over the simulated interval.
0.024 T

0.022
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0.018 |-

0.016

0.014

0.012 -

Relative error

0.01 -

0.008

0.006 - 4

0.004 1 1 1
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t
Fig. 6. Phase-optimized vector-locking defect and phase-and-translation-aligned shape errors for the
full-system propagation. All diagnostics remain near the one-percent level over the simulated interval.
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The combined spectral and direct-evolution evidence therefore supports numerical
spectral stability and finite-time perturbation robustness of the representative bright state
(88). This conclusion is parameter- and branch-specific: it is not a proof of nonlinear orbital
stability for the entire analytical family, and it does not extend to the kink, elliptic, straddled,
or singular solutions without separate background, Floquet, or singular-domain analyses.

6. Conclusions
This paper studied proportional vector quiescent solitons in a coupled nonlinear

Schrodinger system with Kerr-type self-phase modulation, cross-phase modulation, and
nonlinear dispersion. The terminology was kept at the level of nonlinear dispersion in order
to emphasize the mathematical structure of the dispersive corrections without linking the
model to a narrowly specified material platform. The nonlinear dispersive terms were
treated as higher-order corrections that modify the usual balance between dispersion and
nonlinearity.

A proportional-amplitude reduction was derived, and the required algebraic
compatibility constraints were obtained. These constraints determine the admissible
amplitude ratio and connect the self-phase modulation, cross-phase modulation, and
nonlinear dispersive coefficients. Under these conditions, the original coupled system
reduces consistently to a scalar nonlinear Schrodinger equation with effective nonlinear
dispersion. The traveling real-profile reduction then shows that, when the nonlinear
dispersive obstruction is active, nonconstant localized waves cannot propagate as ordinary
mobile solitons. Instead, the admissible localized real-profile waves are quiescent, with a
stationary spatial envelope and a purely temporal phase factor. This conclusion applies only
to the common real-profile, constant-ratio, linear-phase ansatz used in the analysis. It does
not exclude moving localized waves with chirped or complex profiles, component-dependent
phases, or nonproportional vector envelopes.

The resulting stationary profile equation was solved by the enhanced direct algebraic
method. Bright, dark kink-type, singular, Jacobi elliptic, Weierstrass elliptic, and straddled
proportional vector quiescent soliton families were constructed. The limiting analysis
showed that the Jacobi elliptic branches reduce to bright and kink-type hyperbolic solitons,
the Weierstrass solutions degenerate to elementary singular or hyperbolic profiles under the
appropriate degeneracy condition, and the straddled solutions contain the kink-type
solutions as special cases. These limiting relations clarify the hierarchy among the obtained
solution families.

An analytical validation of exactness was provided. The proportionality constraints
ensure that solutions of the reduced scalar equation solve the original coupled system, while
the auxiliary-equation identities and the direct checks of the bright and kink-type branches
establish vanishing residuals under the stated parameter restrictions. This validation proves
existence and exactness; it is not a stability test. The vector contribution is also not a trivial
duplication of a scalar solution, because the two field equations admit a common
proportional profile only on the compatibility manifold (8), which fixes the component
intensity and power ratio.

The physical robustness question was addressed explicitly for a representative regular
bright state. Independent real and imaginary perturbations of the two components produced
the full four-component eigenvalue problem (82), including transverse modes that can
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destroy amplitude and phase locking. The asymptotic dispersion relation placed the essential
spectrum on the imaginary axis, and the Chebyshev computation found no point eigenvalue
with positive real part after spectral refinement. Direct integration of the full coupled PDEs
under independent amplitude and phase perturbations preserved both localized profiles and
the vector-locking relation over 0<t <20, with phase- and translation-adjusted errors
remaining below approximately 1.2% . These results support numerical spectral stability
and finite-time robustness of the tested bright branch. They do not constitute a global
nonlinear-stability theorem and do not establish stability of the kink, elliptic, straddled, or
singular families.

The results provide analytical benchmark solutions for coupled nonlinear dispersive
optical models and demonstrate, for one regular parameter set, that the amplitude-locked
quiescent state can persist under perturbations of the full vector system. Future work will
extend the spectral and direct-evolution calculations to nonzero-background kink states,
Floquet perturbations of periodic branches, and nonproportional or chirped vector
reductions that may support moving localized waves. Singular branches will remain
interpreted as idealized mathematical limits unless an appropriate regularization is
introduced.
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AHomayis. Y yiii cmammi docaidxcyromucst nponopyitivi 6ekmopHi cmayioHapHi coaimoHu 0.5
38's13aHOi cucmemu HeAiHIlIHUX pigHsHb LlIpediHeepa 3 camogpazosor modyaayiero Keppiscbkozo
muny, kpoc-¢pazosor Modyasayielo ma HesiHiliHowo duchepcieto. IIponopuiliHo-amnaimydHe
PedyKysaHHsl 6800UMbCS, NPUNYCKAr4u, Wo 08i KOMNOHEHMU MAarwms cniibHy 068iI0HY ma ¢asy,
modi sk ixHs ei0HOocHa amnaimyda 3aauwiaemocs hikcosaroro. DisuyHo ye pedyKys8aHHs
gidnosidae amniimyoHo- ma ¢a3080-CUHXPOHI308AHOMY GEKMOPHOMY pexcuMmy 3 (PikcosaHum
cniegioHOWeHHsAM [HmMeHcusHocmell komnoHeHmie, PedykysaHHs donycmume sauwie modi, kKoau
s18Hi asnzebpaiuHi chiggioHOwWeHHs1 cymicHOCmi no8's13yrmb camogpazosy mMody/syito, Kpoc-gpasosy
Mody/siyito ma KoegiyieHmu HealHIlIHOT ducnepcii. 3a Yyux obMediceHb 38 'S13aHa MOOeb 3600UMbCs
do CcKasipHO20 HeiHiliHo20 pisHsiHHSA LlpediHzepa 3 egpekmusHOr HeniHiliHow ducnepciero. Y
pamMKax nponopyiiiHozo pedykysaHHs 3 dilicHum npogitem HeniHiliHa ducnepciliHa cmpykmypa
BUK/IOYAE JIOKANI308aHI X8U/AI 3 HEHY/1b08OW WeudKicmio ma Jdonyckae Jauwie cmayioHapHi
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npodbiai. Lleii 8UCHOBOK NpPO HY/1b08Yy WEUIKICMb 06MedceHUll 3a2a1bHUM aH3ayem 3 OilicHUM
npodbizem, nocmiliHum chie8iOHOWEHHSIM, ATHILIHOIW0 A3010 MA He BUKAHYAE PYXOMi X8U1i 3 biabll
302016HUMU  CKAQOHUMU Q60 HenponopyitiHumu cmpykmypamu. OmpumaHe cmayioHapHe
PIBHSIHHS1 nPohinio po38'sa3yemubcsi 800CKOHA/NEHUM MemodoM npsimoi anzebpu. OmpumaHo moyHi
nponopyitiHi cimelicmea 6eKMOPHUX CNOKIHUX X8U/b, BKAYAIOYU SCKpasi, KiHKonodi6Hi,
CUH2YyAsIpHI, eainmuyHi xeui Ako6i, eninmuuHi xeui Beliepwmpacca ma po3msieHymi po36 si3ku.
T'paHuuHi nepexodu Mmixc yumu cimelicmeamu ma npsma hepesipka nho6ydosaHux npoginie
niomeepoxicyloms  y3200JCceHicmb  aHaAiMu4HUX pedysabmamis. Takoxc ompumaHo nogHull
YOMUPUKOMNOHEHMHUL onepamop 36ypeHb. [lis penpe3eHmamueHo20 pegyasipHO20 SCKPABO2o
cmaHy chekmpa/vbHuli Memod Yebuwieea po3miwye chekmp Ha ys8HItl 0Ci 3 YUC/108010 JONYCKOM,
modi sk npsime Mmooear08aHHs1 memodom Dyp'e-ETDRK4 nid enaugom He3a/nexmcHuUx
KOMNOHEHMHUX 36ypeHb 36epiede /10KaAI308aHy (OPMy ma CUHXPOHI3AYi0 8eKkmopa npomsi2om
M00eab08aH020 THMepeasy. L]i mecmu nidmeepoxicytoms 4uUC/108y CheKmpaabHY CmabiibHicmb
ma cmilikicmbs y ckiHueHHOMY diana3oHi yacy auuie 07151 npomecmo8aHoi Ickpasoi 2iiKu.

Karouoei cnoea: sekmopHi cmayioHapHi conimoHu, 38'sa3aHa HeaiHiliHa cucmema LlpediHzepa,
HeiHiliHa ducnepcis, cmayioHapHa pedyKyisi, cnekmpassHa cmilikicms, cmitikicms do 36ypeHb
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