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Abstract. Many optoelectronic devices contain multilayer structures with quantum wells, particularly
semiconductor lasers and light-emitting structures based on organic semiconductors (OLEDs). The stationary
Schrédinger equation must be solved to determine the discrete energy levels in quantum wells. This must
account for the fact that the effective mass of carriers in different layers differs. The paper analyses a structure
comprising three quantum wells of different widths, in which the charge-carrier effective masses differ. We
propose a numerical method for solving the Schrodinger equation in the frequency domain. This method
considers the different effective masses in quantum wells and barriers. The obtained discrete energy levels
were compared with those calculated using the de Broglie wave method. This made it possible to determine
the parameters of the numerical process required to achieve high accuracy. Studies have shown that the mass
of particles in barriers has little effect on discrete energy levels, whereas the mass of particles in quantum
wells has a significant impact. Numerical calculations have demonstrated that for an abrupt change in particle
mass at the well-barrier interface, the first derivative of the wave function satisfies the BenDaniel-Duke
boundary conditions. Wave function moduli in the coordinate domain have been constructed for the lowest
energy levels. This indicates strong charge carrier localization in quantum wells.
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1. Introduction
Multilayer quantum structures are present in many optoelectronic devices, including

semiconductor lasers [1] and light-emitting structures based on organic semiconductors [2].
Incorporating quantum wells into these structures increases the internal quantum efficiency
and improves carrier confinement in light-emitting structures [3]. This leads to a reduction in
the threshold pump current in semiconductor lasers based on heterostructures [3, 4]. Using
quantum wells in semiconductor lasers enables single-mode lasing under high-frequency
modulation, making the lasers highly effective in telecommunication systems [5-8].

Initially, light-emitting structures based on organic materials (OLEDs), comprising
carrier transport and emission layers [9, 10], failed to meet the performance requirements
imposed on such devices. Subsequent research aimed to improve efficiency by synthesizing
novel, high-performance transport and emission materials, investigating photon-emission
mechanisms, and developing OLED structures based on quantum wells and superlattices.
Exploiting quantum wells has enabled the demonstration of both white-light-emitting OLEDs
and OLEDs that generate light in a narrow spectral range [11-15]. Using heterostructures
with quantum-well formation in inorganic semiconductor quantum-electronic devices has
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substantially improved their performance. It has enhanced the electroluminescence
quantum yield, which is defined as the ratio of the number of photons emitted per unit time
to the electric current.

It should be noted that OLEDs containing multiple quantum wells (QWSs) have superior
optical properties to single-QW OLEDs. Structures incorporating QWs have lower operating
voltages, improved luminance characteristics, and greater power efficiency than OLED structures
without QWs [16]. This effect is evidently associated with an increase in the carrier concentration
in the emission zone of cascaded QWs. Similar conclusions have been reached in other studies [2,
17, 18]. Furthermore, it is possible to form quantum wells of different widths in a series of
quantum wells [19], thereby enabling emission over a broad spectral range. Engineering the
barrier widths between quantum wells (QWs) improves carrier confinement prior to
recombination. This enhances emission efficiency in specific spectral ranges corresponding to
QWs of the appropriate width. This enables white-light emission.

Since the specific emission wavelengths are fundamentally determined by the discrete
energy levels within these engineered quantum wells, an accurate theoretical model is
required. Therefore, it is necessary to solve the time-independent Schrédinger equation to
predict the emission spectrum of multilayer structures containing quantum wells. This
equation yields the discrete energy levels and the corresponding wave functions.

There are two methods for searching for energy levels in quantum wells of multilayer
structures. The Schrédinger equation can be solved either in the spatial domain using de
Broglie waves [20] or in the frequency domain [21]. The first method is well established and
described in standard textbooks on quantum mechanics. The second method, however, is
less widely known. Nevertheless, it offers advantages when analyzing structures with many
quantum wells [21]. It should also be noted that the effective masses of carriers in the
various layers of a multilayer structure tend to differ, as the layers are made of different
materials. The de Broglie wave method can be used to analyze carrier masses of different
sizes without introducing any significant complications.

In contrast, solving the Schrédinger equation in the frequency domain [21] becomes more
complicated in the case of position-dependent masses, and the corresponding matrix equation
becomes more complex. It is therefore necessary to extend the method described in [21] to
analyze multilayer OLED structures with different effective masses in their respective layers. If
the masses of the quantum particles differ between the wells and the barriers, the wave function
must remain continuous at the well-barrier interface. Furthermore, its first derivative must
satisfy the BenDaniel-Duke boundary conditions [22], which are defined as follows:

d¥(xy—0) d¥(x,+0)
mydx - mydx

(1)

where x, denotes the coordinate of the well-barrier interface, m,, is the particle mass in the

barrier, and mj, is the particle mass in the well.

2. Methods for determining the discrete energy levels of multilayer quantum
structures under varying effective particle masses
Consider a simplified, three-well quantum structure. The wells have widths of 1, 3, and 5 nm,

respectively, as illustrated in Fig. 1, with a 1 nm barrier width between each well. Such a
structure may form part of a more complex, multilayer OLED architecture containing a
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greater number of layers. It is not expected that the remaining layers will play a significant
role in determining the energy levels of the quantum wells.

We adopt a one-dimensional treatment here, motivated by the following reasoning. Modern
quantum devices are multilayer structures, with individual layers that are substantially thinner
than 1 pm, yet with lateral dimensions that can greatly exceed this thickness. Therefore, it can be
assumed that the wave function varies only in the direction normal to the plane of the layers, and
not within that plane. Consequently, when analyzing such structures, it is sufficient to solve the
one-dimensional, time-independent Schrédinger equation.

2.1. De Broglie wave method for analyzing multilayer quantum structures with variable particle mass
According to the de Broglie hypothesis, the momentum of a particle is given by p=nk,

where 7 is the reduced Planck constant. The wave number k is determined by the particle
mass m, the potential energy U, and the total energy of the particle E according to the

2m,(E-U3)
K=y 2)

It should be noted that the carriers may have different effective masses in each layer, which

expression [20]:

may be composed of different materials.
The structure under study has six jumps in potential energy (Fig. 1).
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Fig. 1. System of three quantum wells with widths a, ,a,,a; and two finite barriers with widths a, and a,

and two barriers of infinite width with potential energy U,, .

We obtain 12 algebraic equations, considering that the wave function and its first
derivatives must be continuous at the well/barrier boundaries. The unknowns are the
amplitudes of the waves propagating from left to right ¢, j=1..6, and the amplitudes of the

reflected waves from the boundaries propagating from right to left r;, j=0..5.

Each QW and potential barrier corresponds to a certain mass m; and the

corresponding wave number as follows:

/Zm-(E—U-)
ka % (3)

where j varies from zero to six. Each mass m; is conveniently written in the following form.
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m] = mO/,u] ) (4)
where my is the electron rest mass, and H; is coefficient that determines the effective mass

of carrier in the corresponding layer.
Thus, the wave function depends on the particle energy, and for quantum wells and
barriers, it can be expressed as follows:
v (x)=t exp(ik;x)+r;exp(~ik;x). (5)
Therefore, for the first interface, we can formulate the following system of two equations
based on the continuity of the wave functions and the conditions specified in [22]:

141y =ty +ryexp(-ikya,) (6)

iptoko —ipgkoty =1kt — i kqry exp(—ikya; ). (7)
For interfaces 2, 3, 4, and 5, a generalized system of two equations can be written in the
following form:
tjexp(ika;)+r;=t;,q +rj,;exp(-ik;1a;,1), (8)
gkt sexp(ik;a; ) —ipkry = inj Kt g =i,k exp(—ikjaa;., ). (9)
In Egs. (8) and (9), for the second interface j=1, for the third interface j=2, for the fourth
interface j=3, and for the fifth interface j=4. The system of equations for the sixth interface
takes the following form:

ipisksts exp(iksas ) — i usksrs =iugkete - (11)

Based on Egs. (6) - (11), we construct a system of linear algebraic equations with a non-zero
right-hand side, which takes the following form:

Az=Db. (12)

The matrix A has dimensions of 12x12, which corresponds to twice the number of interfaces

and, consequently, to the number of unknowns t]- and r; from which the vector z is

constructed. The first two components of the vector b are equal to 1 and iuyk, according to

Eq’s. (6) and (7), while all remaining components of this vector are zero.
Thus, the unknown vector z can be determined based on the following algebraic equation:

z=A"1b, (13)
where A-1is the inverse matrix, so that A-1xA=1.
Based on the solution, we will construct the t;(E), t3(E) and t5(E) to find the discrete

energy levels of the QWs system. At certain values of E, the corresponding values of ¢; will

increase sharply by several orders of magnitude compared to unity. At the same values of E,
r; also increase sharply. These E values can be interpreted as discrete energy levels for a

given system of QWs and barriers. Therefore, the discrete energy levels that correspond to
the wave functions of maximum amplitude for three QWs are identified.

2.2. Solution of the stationary Schrédinger equation in the frequency domain with
variable particle mass

The discrete levels of electrons and holes in QWs were calculated using the one-dimensional
stationary Schrodinger equation [20], which is slightly modified in the presence of different
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masses in the quantum wells and barriers, taking the following form [22]:

1 d _
_7d_x(md_xjy/(x) +Uy(x(x)=Egy(x), (14)

where, 7i=h/2r, his the Planck constant, m(x) is the mass of the quantum particle, y/(x) is
the wave function, Uy(x) is the potential energy in which the quantum particle is located, E,
is the energy of the particle. In our case, m(x) in the multilayer structure changes according

to expression (5).
This equation was modified by multiplying both sides by 2m,/h2 . The dimensionless

Eg. (6) can be presented as:

dggx) dV;)((X) —u(x) dz*‘)’((zx) +UY () = Ey (), (15)

_2my _2my
where U(x)—?UO(x), E _h_zEO'

The solution of the stationary Schrodinger equation w(x) corresponds to discrete

energy levels, and their primary derivatives tend to zero at x — to . Therefore, the Fourier

transform for these functions and their primary and secondary derivatives exists, which are
equal [23]:

y()=Fy)}= I w(x)exp(—i2zux)dx, (16)
f{%} =i2nuy(u), (17)
F {%} =—2ru)2y(u). (18)

In the expression for p(x), we separate the constant and variable components. Thus, in
accordance with Fig. 1, we can write: y(x) = y, + fi(x) . Therefore, the Fourier transform of

4(x) and the derivative y(x)can be written in the following form:

F {0} = M) = pyd(a) + F {00} (19)
f{dzg‘)} - f{dgix)} _ i2ruM(u) 20)

In addition, if there is a Fourier transform of two functions g(x) and h(x), i.e.,

F{g(x)} = G(u), F{h(x)} = H(u) then the following relation is valid [23]:

F{gIM)} = [ Gu—v)Hv)dv, (21)

—00
where F{..} denotes the Fourier transform of a totally integrable function, u,vare the

coordinates in the frequency domain the Fourier transform of a totally integrable function is
defined. Eq. (21) describes the content of the convolution theorem.

As a result of the Fourier transform of both parts of Eq.(15) using (16-21), the
following equation was obtained:
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472 [ (u—vIM(uy (v)dv+ 472 [ Mu—vivy(dv+ [ Uu-vly(vdv=Ey), (22)
where M(u)=F{u(x)},U(u)=F{U(x)}.

Therefore, the transition was made from the differential Eq. (15) for eigenfunctions (i.e.,
wave functions in the coordinate domain) and eigenvalues (i.e., corresponding to discrete
energy levels) to the integral (22). In this equation, the integral can be replaced by a sum and
the continuous variables by discrete ones. The following expression is obtained because of
these transformations:

(N-1)/2 B
472 Zf (SA — pAYM(sA — pA)pAw(pA)A

p=—(N-1)/2
(N-1)/2

van2 Y. M(sA—pA)(pARy(pA)A (23)
p=—(N-1)/2

(N-1)/2

+ 3 UlsA-pA(pA)A = Ey(sn)

p=—(N-1)/2

where A=u,. /N, u—u,=sA, vo>v,=pA, (N-1)/2<s,p<(N-1)/2; s, p and N are

max

integers, u

max Should be taken so that at frequencies |u| > Uy, /2 the values y(u)are almost

equal to zero [24, 25]. Also, according to the counting theorem, it is necessary to choose

Xmay Such that the wave function y(x) for |x|>x .

/2 is practically equal to zero for discrete

energy levels. The following relations are valid [23]:

X 1
|X| > = ’ Umax =NA, XmaxUmax =
2N x

max

N. (24)

The value of N must be sufficiently large (as will be shown below, N must be greater
than 1000) to minimize the calculation error and should preferably be an odd number.
Obviously, the sum in Eq. (23) should have N elements.

Let us write the last Eq. (15) for all discrete spatial frequencies u; = sA with s varying

N-1)
2

from 0 (Nz_l) . Then the set of these equations in the number N can be written as

a matrix equation, with E being common to all s:

(@ +Q +Q) ¥V =EY, (25)
where the elements of the matrix Qi are respectively equal to
q;P =4r2(sA- pA)M(sA—pA)pA2. The elements of matrix Q; are given by

g7 = 4n2M(sA - pA)(pA)2A . The elements of the matrix Qs are equal to g3 =U(sA—pA)A .
The column vector ¥ consists of elements w(sA) in the frequency domain, where s ranges
from —(N-1)/2 to (N-1)/2 thus comprising N elements. By performing the discrete
inversive Fourier transform, we obtain the y function in the coordinate representation.
Therefore, in Eq. (25), the function ¥ is the discrete Fourier transform of a wave
function corresponding to a discrete energy level E, and must be valid according to the
postulates of quantum mechanics. In cases involving several eigenvalues and their associated
eigenvectors, the eigenfunction, denoted by the symbol w(x) is obtained by taking the
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inverse discrete Fourier transform of the eigenvector. In quantum mechanical problems, all
the discrete energy levels lie within the potential well. If we have a potential well of finite
depth, the accuracy is determined by N and A. As N increases and A decreases, accuracy
increases, but this will require more calculation time.
In order to obtain wave functions in the coordinate domain, the inverse discrete Fourier
transform must be performed according to the following expression:
_N-1
l//j(mme‘X) = f exp(iZnnu%%jCjwj(nA)A, (26)

__N-1

2
where j is the number of the wave function corresponding to the discrete energy level with

the same number; j=0 for the lowest energy level; C;is the normalizing factor n; and m are
integers that vary from —(N -1)/2 to (N -1)/2.
It should be noted that the eigenvectors of the matrix Eq. (25) v ;(nA) are orthonormal,

i.e,, the scalar product is given by:
YW=k (27)
where 6 is the Kronecker delta.

The normalizing factor Cj in formula (26) can be found from the following equation:

n=N-1
2 2
i > |y a=1. (28)
n=_N-1
2
Considering equality (19), we find that
c;=lc|= JZ (29)
Formula (26), taking into account expression (29) can be written in the following compact form:
e N2—1
‘/’j[ m j: Z exp(127r—)¢/ (nAWA . (30)
Vmax n:—ﬂ

2
The wave functions in the coordinate domain are defined by formula (28) and are

orthonormal. This formula will be used to calculate the wave functions for the corresponding
discrete energy levels.

It should be noted that the de Broglie wave method is exact. Any errors arising from the
numerical calculation are related to the number of decimal places used. The second method
is asymptotically exact; that is, it is exact as N approaches infinity. Clearly, we use the matrix
Eq. (25) for finite N. Therefore, the error in the calculation results has two components:
rounding error and error due to the limitedness of N. It is therefore important to investigate
how the calculated energies in the second method depend on N, and to choose N such that
the second component of the error can be neglected.

3. Results and Discussion
The results of calculations using the first and second methods are shown in Table 1. The

second method determines discrete energy levels as functions of N. The width of the barriers
between quantum wells is 1 nm, x .. =50 nm.
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Table 1. Dependence of the lowest discrete energy levels for QWs with widths of 1, 3, and 5 nm
for particle mass m=my.

Well width, nm 1 3 5 -

De Broglie wave method

E eV 0.213595 0.034116 0.013290

Method for solving the Schrodinger equation in the frequency domain N
E, eV 0.213675 0.034122 0.013292 501
E eV 0.213619 0.034118 0.013291 751
E eV 0.213604 0.034117 0.013290 1001
E eV 0.213597 0.034116 0.013290 1501
E, eV 0.213595 0.034116 0.013290 2001

Results obtained by the second method coincide with those calculated by the first
method atN=2001. Therefore, all subsequent numerical calculations are performed
atN=2001.

The dependencies of the lowest discrete energy levels for the three wells calculated using
the second method (continuous curves) and the first method (green dots) are shown in Fig. 2.
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Fig. 2. Dependences of discrete energy levels on the mass of the particle in the barriers (green curves) at
my, = my and on the mass of the particle in the wells (red curves) at m;, = my ; (a) well width 1 nm, (b) well

width 3 nm, (c) well width 5 nm. The continuous curves were obtained using the de Broglie wave method,
while the points represent the solutions of the Schrédinger equation in the frequency domain.

As we can see, the green dots (de Broglie waves) correspond quite well to the
continuous curves (the solution to the Schrédinger equation in the frequency domain). The
minimum difference is observed at the lowest energy (in a 3-nm-wide QW). The greatest
discrepancy between the two calculations' results is also observed at a width of 1 nm. In
other words, to obtain more accurate results as E increases, it is necessary to increase

N, X end u ., which requires more computational power and time.

It should also be noted that the discrete energy levels depend slightly on the mass of the
particles within the potential barriers (green curves in Fig. 2). However, the mass of the
particles in QWs has a significant impact on the discrete energy level (red curves in Fig. 2).
Fig. 3 shows the moduli of the wave functions y/(x) for some values of m, and m,,.
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Fig. 3. Dependencies of the potential energy U(x) (red curve) and the moduli of the wave functions w(x)

with localization in a well with a width of: 1 nm (blue curve), 3 nm (magenta curve), 5 nm (green curve);
(a) mp=0.5mo and my=mo; (b) mn=2mo and mp=mo; (c) mp=mo and mys=0.5mg; (d) mr=mo and ms=2mo.

As seen in Fig. 3, the wave functions are qualitatively well localized within the quantum
wells. It can clearly be seen that the wave function exhibits a kink at the well-barrier
interface, indicating a discontinuity in its first derivative. In this case, the BenDaniel-Duke

L . . dy(x . . .

boundary conditions are satisfied, and the quantity v(x) remains a continuous function.

m(x)dx

Fig. 4 demonstrates the fulfillment of this condition. In this case, the wave function
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Fig. 4. The wave function modulus as a function of the X coordinate (left) and an enlarged view of the
wave function modulus at the barrier-well interface (right).
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calculations were performed to better visualize the BenDaniel-Duke boundary conditions for
my, =2m, and my, =0.5m,, namely the ratio m;,/mj, =1/4 . The right-hand side of Fig. 4 shows

an enlarged view of the area circled on the left-hand side of the figure. A kink in the wave
function is observed at the barrier-well interface, indicating that its derivative is
discontinuous, while the ratio of the derivatives on the left and right sides of this interface is
1/4 Thus, our numerical calculations show that the condition is satisfied:
dy(xg=0) _ dy(x+0)
mydx mydx

(31)

4. Conclusions
A new numerical method is proposed to solve the stationary Schrédinger equation in the

frequency domain for multilayer quantum structures, in which the masses of the particles
differ. This method is also suitable for cases involving a continuous change in particle mass.
Since the wave functions and their first and second derivatives tend to zero at infinity for
discrete energy levels, we can apply the Fourier transform to the stationary Schrédinger
equation. As a result, we obtain an integral equation in the frequency domain. By replacing
the continuous variables with discrete ones and taking the reference theorem into account,
we arrive at a higher-level algebra problem involving eigenvalues and eigenvectors.

The eigenvalues represent the discrete energy levels, and the corresponding
eigenvectors are the discrete Fourier images of the wave functions. Performing the inverse
discrete Fourier transform yields the wave function in the coordinate domain.

The analysis focused on a multilayer structure comprising three quantum wells, each
with a width of 1, 3, or 5 nm. The width of the barriers was 1 nm. The analysis showed that
while the discrete energy levels depend slightly on the particle mass in the potential barriers
(green curves in Fig. 2), the particle mass in the QWs has a strong effect on the discrete
energy levels (red curves in Fig. 2).

It was found that changing the particle masses in the barriers and QWs does not
qualitatively alter the wave functions, and the quantitative changes are insignificant.
Increasing the particle masses in the barriers from 0.5m, to 2m, improves the particle

localization in the QWs to some extent.

Numerical calculations were performed using both the de Broglie wave method and
solutions to the Schrédinger equation. The results demonstrate that the BenDaniel-Duke
boundary conditions are satisfied for coordinate-dependent masses, even in the case of an
abrupt mass change at the barrier-well interface.
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AHomayis. bazamo onmoesekmpoHHUX npucmpoig Micmsamb 6azamowaposi cmpykmypu 3
K8AHMOBUMU SAMAMU, 30KpeMmd HanienpogidHukoei .sasepu ma c8im.a108UNPoOMiHIO0OYI
cmpyKkmypu Ha 0CHO8I opzaHiyHux Hanienpogionukie (OLED). /las eusHaueHHs JUCKpemHux
pieHie eHepeii 8 KBAHMOBUX AMAX HEO6XIOHO po38'sa3amu cmayioHapHe pieHsHHS LlpediHzepa.
Lle mae spaxosysamu moii pakm, wjo epekmueHa maca Hociie 3apsdy 6 pisHux wapax pizHa. ¥
cmammi aHai3yemMubC CMpyKmypa, Wo CKAa0aemuvcsl 3 mpboxX K8AHMOBUX SIM PI3HOT WUPUHU,
8 SIKUX egpekmusHi macu Hociig 3apsidy g8idpisHsaromucs. Mu nponoHyeMo vuceabHUll Memod
po3e'azaHHs pieHsaHHA Ilpedunrepa e wacmomtiil o6saacmi. Lleili mMemod epaxosye pi3sHi
epekmusHi macu 8 KeaHmosux simax ma 6ap'epax. Ompumani duckpemHi pisHi eHepeil
NopigHI08AIUCS 3 MUMU, WO 6YAU p03paxosaHi 3a donomozo mMemody x8ub de bpoiias. Le
00380.1U/10 8U3HAYUMU hAPAMEMPU YUCEAbHO20 Npoyecy, Heob6xioHi 0151 docsieHeHHsl BUCOKOT
moyuHocmi. /JlocaidxceHHs1 nokasaau, wo Maca 4acmuHoK y 6ap'epax mano enausae Ha
duckpemHi pigHi eHepeil, modi ik mMaca YacmMuHOK Yy K8AHMOBUX SIMAX MA€E 3HAYHUL 8N1UB.
YucenvHi po3paxyHku nokasaau, wo 019 cmpubkonodibHoi 3MiHU Macu YACMUHOK HA Mexci
sAma/6apep nepwa noxioHa 8id xeuab080i PyHkYii 3a00801bHs1€ epaHu4Hi ymosu beH-/laHiens
-/lloka (BenDaniel-Duke). Modyai xeuavboeoi ¢yHKYii 6 koopduHamHiii ob6saacmi 6y/au
no6ydosaHi 0.1 HAlIHUXCUUX eHepeemu4HUX pigHis. l]e eka3ye HA cu/bHY JoKaaI3ayir Hociie
3aps1dy 8 KBAHMOBUX SIMAX.

Kawuoei caoea: 6azamowaposi keaHmosi cmpykmypu, pieHsHHA — LlpeduHrepa,
nepemeopeHHs1 Pyp'e, xgurvosuill Memod de bpoiias, maca KBAHMOB8OI YACMUHKU
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