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Abstract. Many optoelectronic devices contain multilayer structures with quantum wells, particularly 
semiconductor lasers and light-emitting structures based on organic semiconductors (OLEDs). The stationary 
Schrödinger equation must be solved to determine the discrete energy levels in quantum wells. This must 
account for the fact that the effective mass of carriers in different layers differs. The paper analyses a structure 
comprising three quantum wells of different widths, in which the charge-carrier effective masses differ. We 
propose a numerical method for solving the Schrödinger equation in the frequency domain. This method 
considers the different effective masses in quantum wells and barriers. The obtained discrete energy levels 
were compared with those calculated using the de Broglie wave method. This made it possible to determine 
the parameters of the numerical process required to achieve high accuracy. Studies have shown that the mass 
of particles in barriers has little effect on discrete energy levels, whereas the mass of particles in quantum 
wells has a significant impact. Numerical calculations have demonstrated that for an abrupt change in particle 
mass at the well-barrier interface, the first derivative of the wave function satisfies the BenDaniel-Duke 
boundary conditions. Wave function moduli in the coordinate domain have been constructed for the lowest 
energy levels. This indicates strong charge carrier localization in quantum wells. 
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1. Introduction 
Multilayer quantum structures are present in many optoelectronic devices, including 
semiconductor lasers [1] and light-emitting structures based on organic semiconductors [2]. 
Incorporating quantum wells into these structures increases the internal quantum efficiency 
and improves carrier confinement in light-emitting structures [3]. This leads to a reduction in 
the threshold pump current in semiconductor lasers based on heterostructures [3, 4]. Using 
quantum wells in semiconductor lasers enables single-mode lasing under high-frequency 
modulation, making the lasers highly effective in telecommunication systems [5–8]. 

Initially, light-emitting structures based on organic materials (OLEDs), comprising 
carrier transport and emission layers [9, 10], failed to meet the performance requirements 
imposed on such devices. Subsequent research aimed to improve efficiency by synthesizing 
novel, high-performance transport and emission materials, investigating photon-emission 
mechanisms, and developing OLED structures based on quantum wells and superlattices. 
Exploiting quantum wells has enabled the demonstration of both white-light-emitting OLEDs 
and OLEDs that generate light in a narrow spectral range [11–15]. Using heterostructures 
with quantum-well formation in inorganic semiconductor quantum-electronic devices has 
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substantially improved their performance. It has enhanced the electroluminescence 
quantum yield, which is defined as the ratio of the number of photons emitted per unit time 
to the electric current. 

It should be noted that OLEDs containing multiple quantum wells (QWs) have superior 
optical properties to single-QW OLEDs. Structures incorporating QWs have lower operating 
voltages, improved luminance characteristics, and greater power efficiency than OLED structures 
without QWs [16]. This effect is evidently associated with an increase in the carrier concentration 
in the emission zone of cascaded QWs. Similar conclusions have been reached in other studies [2, 
17, 18]. Furthermore, it is possible to form quantum wells of different widths in a series of 
quantum wells [19], thereby enabling emission over a broad spectral range. Engineering the 
barrier widths between quantum wells (QWs) improves carrier confinement prior to 
recombination. This enhances emission efficiency in specific spectral ranges corresponding to 
QWs of the appropriate width. This enables white-light emission. 

Since the specific emission wavelengths are fundamentally determined by the discrete 
energy levels within these engineered quantum wells, an accurate theoretical model is 
required. Therefore, it is necessary to solve the time-independent Schrödinger equation to 
predict the emission spectrum of multilayer structures containing quantum wells. This 
equation yields the discrete energy levels and the corresponding wave functions. 

There are two methods for searching for energy levels in quantum wells of multilayer 
structures. The Schrödinger equation can be solved either in the spatial domain using de 
Broglie waves [20] or in the frequency domain [21]. The first method is well established and 
described in standard textbooks on quantum mechanics. The second method, however, is 
less widely known. Nevertheless, it offers advantages when analyzing structures with many 
quantum wells [21]. It should also be noted that the effective masses of carriers in the 
various layers of a multilayer structure tend to differ, as the layers are made of different 
materials. The de Broglie wave method can be used to analyze carrier masses of different 
sizes without introducing any significant complications. 

In contrast, solving the Schrödinger equation in the frequency domain [21] becomes more 
complicated in the case of position-dependent masses, and the corresponding matrix equation 
becomes more complex. It is therefore necessary to extend the method described in [21] to 
analyze multilayer OLED structures with different effective masses in their respective layers. If 
the masses of the quantum particles differ between the wells and the barriers, the wave function 
must remain continuous at the well-barrier interface. Furthermore, its first derivative must 
satisfy the BenDaniel-Duke boundary conditions [22], which are defined as follows: 

0 0( 0) ( 0)

b h

d d
m dx d

x x
m x


    ,     (1) 

where 0x  denotes the coordinate of the well-barrier interface, bm  is the particle mass in the 

barrier, and hm  is the particle mass in the well. 

2. Methods for determining the discrete energy levels of multilayer quantum 
structures under varying effective particle masses 

Consider a simplified, three-well quantum structure. The wells have widths of 1, 3, and 5 nm, 
respectively, as illustrated in Fig. 1, with a 1 nm barrier width between each well. Such a 
structure may form part of a more complex, multilayer OLED architecture containing a 
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greater number of layers. It is not expected that the remaining layers will play a significant 
role in determining the energy levels of the quantum wells. 

We adopt a one-dimensional treatment here, motivated by the following reasoning. Modern 
quantum devices are multilayer structures, with individual layers that are substantially thinner 
than 1 μm, yet with lateral dimensions that can greatly exceed this thickness. Therefore, it can be 
assumed that the wave function varies only in the direction normal to the plane of the layers, and 
not within that plane. Consequently, when analyzing such structures, it is sufficient to solve the 
one-dimensional, time-independent Schrödinger equation. 
2.1. De Broglie wave method for analyzing multilayer quantum structures with variable particle mass 
According to the de Broglie hypothesis, the momentum of a particle is given by p k  , 

where  is the reduced Planck constant. The wave number k  is determined by the particle 
mass m , the potential energy U , and the total energy of the particle E according to the 
expression [20]: 

2

2 ( )j j
j

m E U
k





 ,     (2) 

It should be noted that the carriers may have different effective masses in each layer, which 
may be composed of different materials. 

The structure under study has six jumps in potential energy (Fig. 1). 

 
Fig. 1. System of three quantum wells with widths , ,1 3 5a a a and two finite barriers with widths 2a  and 4a  
and two barriers of infinite width with potential energy 0U . 

We obtain 12 algebraic equations, considering that the wave function and its first 
derivatives must be continuous at the well/barrier boundaries. The unknowns are the 
amplitudes of the waves propagating from left to right , 1..6jt j  , and the amplitudes of the 

reflected waves from the boundaries propagating from right to left , 0..5jr j  .  

Each QW and potential barrier corresponds to a certain mass jm  and the 

corresponding wave number as follows: 

2

2 ( )j j
j

m E U
k





,     (3) 

where j  varies from zero to six. Each mass jm  is conveniently written in the following form. 
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0j jm m  ,     (4) 

where 0m is the electron rest mass, and j is coefficient that determines the effective mass 

of carrier in the corresponding layer. 
Thus, the wave function depends on the particle energy, and for quantum wells and 

barriers, it can be expressed as follows: 
   ( ) exp expj jj j jik x ik xx t r   .    (5) 

Therefore, for the first interface, we can formulate the following system of two equations 
based on the continuity of the wave functions and the conditions specified in [22]: 

 0 1 1 1 11 expr t r ik a         (6) 

 0 0 0 1 1 10 10 11 1 1expk r i k t i ki k i ar ik      .   (7) 

For interfaces 2, 3, 4, and 5, a generalized system of two equations can be written in the 
following form: 

   1 11 1exp expj j j jj j j jik a ik at r t r       ,   (8) 

   1 11 1 11 1 1exp expj j j jj j j j j jj j j j j jik a ikk ai k t i i ir kk t r          . (9) 

In Eqs. (8) and (9), for the second interface j=1, for the third interface j=2, for the fourth 
interface j=3, and for the fifth interface j=4. The system of equations for the sixth interface 
takes the following form: 

 5 5 5 5 6expt ik a r t  ,     (10) 

 5 55 5 5 5 5 5 6 6 6expi ikk t i k r i k ta    .    (11) 

Based on Eqs. (6) – (11), we construct a system of linear algebraic equations with a non-zero 
right-hand side, which takes the following form: 

Az = b .      (12) 
The matrix A has dimensions of 12×12, which corresponds to twice the number of interfaces 
and, consequently, to the number of unknowns jt  and jr   from which the vector z is 

constructed. The first two components of the vector b are equal to 1 and 0 0i k  according to 
Eq’s. (6) and (7), while all remaining components of this vector are zero. 
Thus, the unknown vector z  can be determined based on the following algebraic equation: 

-1z = A b ,      (13) 
where -1A is the inverse matrix, so that 1-1A × A . 

Based on the solution, we will construct the 1 3( ), ( )t E t E  and 5( )t E  to find the discrete 

energy levels of the QWs system. At certain values of E, the corresponding values of jt  will 

increase sharply by several orders of magnitude compared to unity. At the same values of E, 

jr  also increase sharply. These E values can be interpreted as discrete energy levels for a 

given system of QWs and barriers. Therefore, the discrete energy levels that correspond to 
the wave functions of maximum amplitude for three QWs are identified. 
2.2. Solution of the stationary Schrödinger equation in the frequency domain with 
variable particle mass 
The discrete levels of electrons and holes in QWs were calculated using the one-dimensional 
stationary Schrödinger equation [20], which is slightly modified in the presence of different 
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masses in the quantum wells and barriers, taking the following form [22]: 

0 0
2 1

2 ( )
( ) ( ) ( ) ( )d d

dx m x dx
x U x x E x   


   


 ,   (14) 

where, 2h  , h is the Planck constant, ( )m x is the mass of the quantum particle, ( )x  is 

the wave function, 0( )U x  is the potential energy in which the quantum particle is located, 0E  

is the energy of the particle. In our case, ( )m x  in the multilayer structure changes according 

to expression (5). 
This equation was modified by multiplying both sides by 202m  . The dimensionless 

Eq. (6) can be presented as: 
2

2
( ) ( ) ( )( ) ( ) ( ) ( )x x d xxd d U x x E

dx x
x

xd d
       ,  (15) 

where 0 0
0 02 2

2 2( ) ( ),m mU x U x E E 
 

. 

The solution of the stationary Schrödinger equation ( )x  corresponds to discrete 

energy levels, and their primary derivatives tend to zero at x  . Therefore, the Fourier 
transform for these functions and their primary and secondary derivatives exists, which are 
equal [23]: 

( ) { ( )} ( )exp( 2 )u x x i ux dx   




   ,   (16) 

 ( ) 2 ( )d x i u u
dx
   ,     (17) 

 2
2

2
( ) (2 ) ( )x u u

x
    


 .     (18) 

In the expression for ( )x , we separate the constant and variable components. Thus, in 

accordance with Fig. 1, we can write: ( ) ( )bx x     . Therefore, the Fourier transform of 

( )x and the derivative ( )x can be written in the following form: 

   ( ) ( ) ( ) ( )bx M u u x            (19) 

   ( ) ( ) 2 ( )d x d x i uM u
dx dx
          (20) 

In addition, if there is a Fourier transform of two functions ( )g x  and ( )h x , i.e., 

{ ( )} ( ), { ( )} ( )g x G u h x H u   then the following relation is valid [23]: 

{ ( ) ( )} ( ) ( )g x h x G u v H v dv




  ,    (21) 

where {...} denotes the Fourier transform of a totally integrable function, ,u v are the 

coordinates in the frequency domain the Fourier transform of a totally integrable function is 
defined. Eq. (21) describes the content of the convolution theorem. 

As a result of the Fourier transform of both parts of Eq. (15) using (16-21), the 
following equation was obtained: 
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2 2 24 ( ) 4 ( ) (( ) ( ) ( ) ( )) ( )u v M u v vM u v U uv dv v v v uEdv v d    
  

  

        , (22) 

where { ( )}, ( ) { ( }( ) )x U u Uu xM    . 

Therefore, the transition was made from the differential Eq. (15) for eigenfunctions (i.e., 
wave functions in the coordinate domain) and eigenvalues (i.e., corresponding to discrete 
energy levels) to the integral (22). In this equation, the integral can be replaced by a sum and 
the continuous variables by discrete ones. The following expression is obtained because of 
these transformations: 
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    (23) 

where maxu N  , su u s   , pv v p   , ( 1)/ 2 , ( 1)/ 2N s p N     ; s, p and N are 

integers, maxu should be taken so that at frequencies / 2maxu u  the values ( )u are almost 

equal to zero [24, 25]. Also, according to the counting theorem, it is necessary to choose 

maxx such that the wave function ( )x for max 2x x is practically equal to zero for discrete 

energy levels. The following relations are valid [23]: 

max
max max max

max

1 , ,
2

xx U N x u N
x

    


.   (24) 

The value of N must be sufficiently large (as will be shown below, N must be greater 
than 1000) to minimize the calculation error and should preferably be an odd number. 
Obviously, the sum in Eq. (23) should have N elements. 

Let us write the last Eq. (15) for all discrete spatial frequencies su s  with s varying 

from ( 1)
2

N   to ( 1)
2

N  . Then the set of these equations in the number N can be written as 

a matrix equation, with E being common to all s: 

1 2 3( )Q Q Q E     ,    (25) 

where the elements of the matrix Q1 are respectively equal to 
2, 21 4 ( )( )s pq s p M s p p        . The elements of matrix Q2 are given by 

, 2 22 4 ( )( )s pq M s p p      . The elements of the matrix Q3 are equal to ,
3 ( )s pq U s p     . 

The column vector   consists of elements ( )s  in the frequency domain, where s  ranges 
from ( 1) 2N   to ( 1) 2N   thus comprising N elements. By performing the discrete 
inversive Fourier transform, we obtain the  function in the coordinate representation. 

Therefore, in Eq. (25), the function   is the discrete Fourier transform of a wave 
function corresponding to a discrete energy level E, and must be valid according to the 
postulates of quantum mechanics. In cases involving several eigenvalues and their associated 
eigenvectors, the eigenfunction, denoted by the symbol ( )x  is obtained by taking the 
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inverse discrete Fourier transform of the eigenvector. In quantum mechanical problems, all 
the discrete energy levels lie within the potential well. If we have a potential well of finite 
depth, the accuracy is determined by N and  . As N increases and   decreases, accuracy 
increases, but this will require more calculation time. 

In order to obtain wave functions in the coordinate domain, the inverse discrete Fourier 
transform must be performed according to the following expression: 

1
2

max max max

1
2

exp ( )2

Nn

j j j
Nn

x nu mx C nm i
N N N

 





        
    ,  (26) 

where j is the number of the wave function corresponding to the discrete energy level with 
the same number; 0j  for the lowest energy level; Cj is the normalizing factor n; and m are 

integers that vary from ( 1) 2N   to ( 1) 2N  . 

It should be noted that the eigenvectors of the matrix Eq. (25) ( )j n  are orthonormal, 

i.e., the scalar product is given by: 

,j k j k   ,     (27) 

where ,j k  is the Kronecker delta.  

The normalizing factor Cj in formula (26) can be found from the following equation: 
1

22 2

1
2

1( )

Nn

j
Nn

j nC 





   .    (28) 

Considering equality (19), we find that  
1

j jC C 


.     (29) 

Formula (26), taking into account expression (29) can be written in the following compact form: 

 
1

2

1max
2

exp 2 ( )

Nn

j j
Nn

m nmi n
v N

  





 
   

 
 .   (30) 

The wave functions in the coordinate domain are defined by formula (28) and are 
orthonormal. This formula will be used to calculate the wave functions for the corresponding 
discrete energy levels. 

It should be noted that the de Broglie wave method is exact. Any errors arising from the 
numerical calculation are related to the number of decimal places used. The second method 
is asymptotically exact; that is, it is exact as N approaches infinity. Clearly, we use the matrix 
Eq. (25) for finite N. Therefore, the error in the calculation results has two components: 
rounding error and error due to the limitedness of N. It is therefore important to investigate 
how the calculated energies in the second method depend on N, and to choose N such that 
the second component of the error can be neglected. 

3. Results and Discussion 
The results of calculations using the first and second methods are shown in Table 1. The 
second method determines discrete energy levels as functions of N. The width of the barriers 
between quantum wells is 1 nm, max 50x   nm. 
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Table 1. Dependence of the lowest discrete energy levels for QWs with widths of 1, 3, and 5 nm 
for particle mass 0m m . 

Well width, nm 1 3 5 – 

De Broglie wave method 
E, eV 0.213595 0.034116 0.013290  

Method for solving the Schrödinger equation in the frequency domain N 

E, eV 0.213675 0.034122 0.013292 501 

E, eV 0.213619 0.034118 0.013291 751 

E, eV 0.213604 0.034117 0.013290 1001 

E, eV 0.213597 0.034116 0.013290 1501 

E, eV 0.213595 0.034116 0.013290 2001 

Results obtained by the second method coincide with those calculated by the first 
method at 2001N  . Therefore, all subsequent numerical calculations are performed 
at 2001N  . 

The dependencies of the lowest discrete energy levels for the three wells calculated using 
the second method (continuous curves) and the first method (green dots) are shown in Fig. 2. 

 
(a)           (b)              (c) 

Fig. 2. Dependences of discrete energy levels on the mass of the particle in the barriers (green curves) at  

0hm m and on the mass of the particle in the wells (red curves) at 0bm m ; (a) well width 1 nm, (b) well 

width 3 nm, (c) well width 5 nm. The continuous curves were obtained using the de Broglie wave method, 
while the points represent the solutions of the Schrödinger equation in the frequency domain. 

As we can see, the green dots (de Broglie waves) correspond quite well to the 
continuous curves (the solution to the Schrödinger equation in the frequency domain). The 
minimum difference is observed at the lowest energy (in a 3-nm-wide QW). The greatest 
discrepancy between the two calculations' results is also observed at a width of 1 nm. In 
other words, to obtain more accurate results as E increases, it is necessary to increase 

max,N x  end maxu , which requires more computational power and time. 

It should also be noted that the discrete energy levels depend slightly on the mass of the 
particles within the potential barriers (green curves in Fig. 2). However, the mass of the 
particles in QWs has a significant impact on the discrete energy level (red curves in Fig. 2). 
Fig. 3 shows the moduli of the wave functions ( )x for some values of hm and bm . 
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                                               (a)           (b) 

 
                                               (c)           (d) 
Fig. 3. Dependencies of the potential energy ( )U x  (red curve) and the moduli of the wave functions ( )x  
with localization in a well with a width of: 1 nm (blue curve), 3 nm (magenta curve), 5 nm (green curve);  
(a) mh=0.5m0  and mb=m0; (b) mh=2m0 and mb=m0; (c) mh=m0  and mb=0.5m0; (d) mh=m0  and mb=2m0. 

As seen in Fig. 3, the wave functions are qualitatively well localized within the quantum 
wells. It can clearly be seen that the wave function exhibits a kink at the well-barrier 
interface, indicating a discontinuity in its first derivative. In this case, the BenDaniel-Duke 

boundary conditions are satisfied, and the quantity )
)
(

(
d

m
x

x dx
 remains a continuous function. 

Fig. 4 demonstrates the fulfillment of this condition. In this case, the wave function 

 
Fig. 4. The wave function modulus as a function of the  x  coordinate (left) and an enlarged view of the 
wave function modulus at the barrier-well interface (right). 
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calculations were performed to better visualize the BenDaniel-Duke boundary conditions for 

02hm m  and 00.5bm m , namely the ratio 1 4b hm m  . The right-hand side of Fig. 4 shows 

an enlarged view of the area circled on the left-hand side of the figure. A kink in the wave 
function is observed at the barrier-well interface, indicating that its derivative is 
discontinuous, while the ratio of the derivatives on the left and right sides of this interface is 
1 / 4  Thus, our numerical calculations show that the condition is satisfied: 

0 0( 0) ( 0)

b h

d d
m dx m

x
dx

x 


  .    (31) 

4. Conclusions  
A new numerical method is proposed to solve the stationary Schrödinger equation in the 
frequency domain for multilayer quantum structures, in which the masses of the particles 
differ. This method is also suitable for cases involving a continuous change in particle mass. 
Since the wave functions and their first and second derivatives tend to zero at infinity for 
discrete energy levels, we can apply the Fourier transform to the stationary Schrödinger 
equation. As a result, we obtain an integral equation in the frequency domain. By replacing 
the continuous variables with discrete ones and taking the reference theorem into account, 
we arrive at a higher-level algebra problem involving eigenvalues and eigenvectors. 

The eigenvalues represent the discrete energy levels, and the corresponding 
eigenvectors are the discrete Fourier images of the wave functions. Performing the inverse 
discrete Fourier transform yields the wave function in the coordinate domain. 

The analysis focused on a multilayer structure comprising three quantum wells, each 
with a width of 1, 3, or 5 nm. The width of the barriers was 1 nm. The analysis showed that 
while the discrete energy levels depend slightly on the particle mass in the potential barriers 
(green curves in Fig. 2), the particle mass in the QWs has a strong effect on the discrete 
energy levels (red curves in Fig. 2). 

It was found that changing the particle masses in the barriers and QWs does not 
qualitatively alter the wave functions, and the quantitative changes are insignificant. 
Increasing the particle masses in the barriers from 00.5m  to 02m  improves the particle 

localization in the QWs to some extent.  
Numerical calculations were performed using both the de Broglie wave method and 

solutions to the Schrödinger equation. The results demonstrate that the BenDaniel-Duke 
boundary conditions are satisfied for coordinate-dependent masses, even in the case of an 
abrupt mass change at the barrier-well interface.  
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Анотація. Багато оптоелектронних пристроїв містять багатошарові структури з 
квантовими ямами, зокрема напівпровідникові лазери та світловипромінюючі 
структури на основі органічних напівпровідників (OLED). Для визначення дискретних 
рівнів енергії в квантових ямах необхідно розв'язати стаціонарне рівняння Шредінгера. 
Це має враховувати той факт, що ефективна маса носіїв заряду в різних шарах різна. У 
статті аналізується структура, що складається з трьох квантових ям різної ширини, 
в яких ефективні маси носіїв заряду відрізняються. Ми пропонуємо чисельний метод 
розв'язання рівняння Шрединґера в частотній області. Цей метод враховує різні 
ефективні маси в квантових ямах та бар'єрах. Отримані дискретні рівні енергії 
порівнювалися з тими, що були розраховані за допомогою методу хвиль де Бройля. Це 
дозволило визначити параметри чисельного процесу, необхідні для досягнення високої 
точності. Дослідження показали, що маса частинок у бар'єрах мало впливає на 
дискретні рівні енергії, тоді як маса частинок у квантових ямах має значний вплив. 
Чисельні розрахунки показали, що для стрибкоподібної  зміни маси частинок на межі 
яма/барєр перша похідна від хвильової функції задовольняє граничні умови Бен-Даніеля 
-Дюка (BenDaniel-Duke). Модулі хвильової функції в координатній області були 
побудовані для найнижчих енергетичних рівнів. Це вказує на сильну локалізацію носіїв 
заряду в квантових ямах. 

Ключові слова: багатошарові квантові структури, рівняння Шрединґера, 
перетворення Фур'є, хвильовий метод де Бройля, маса квантової частинки 


