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1. Introduction  
Ashkin first introduced optical trapping of neutral matter using transverse (gradient) forces 
in focused laser beams [1, 2]. Later, [3] showed that, in the pulse-propagation regime, an 
additional longitudinal polarization force arises, associated with the time derivative of the 
Poynting vector. These forces have been widely studied and applied to manipulate individual 
spherical nanoparticles in so-called optical tweezers. Researchers have used various 
methods to address this problem, including Rayleigh scattering [1], Maxwell’s stress tensor 
[4], and the dipole approximation [5]. Reference [6] derived an analytical model that 
captures both linear and nonlinear contributions to the optical force on a Rayleigh particle. 
In applications where medium-induced effects must be minimized, nanoparticles may be 
manipulated in a vacuum chamber to reduce the surrounding medium's influence. 

By contrast, the optical forces discussed by the authors in [1,3] act collectively on 
neutral, polarizable species within the pulse volume in a gaseous medium. The radiation-
force density generated by a laser pulse in an ensemble of neutral atoms and molecules was 
first considered in [3]. In [7], it was estimated that this force density drives particles toward 
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the center of the optical pulse, and that the attractive potential is proportional to the 
negative of the intensity profile. 

The results, presented in [7, 8], were obtained in the near-field approximation, accounting 
for first-order dispersion while neglecting diffraction for propagation distances much shorter 
than the diffraction length. Under these conditions, stationary three-dimensional profiles of the 
optical force density and potential were obtained in the co-moving frame. Beyond the near field, 
however, the pulse intensity profile is strongly modified by the combined effects of diffraction 
and dispersion. Therefore, the spatiotemporal shape of the trapping potential and the 
longitudinal optical force, both of which depend on the pulse-intensity profile and its first time 
derivative, also change during propagation. 

To quantify this evolution, we first perform an analytical investigation of the corresponding 
linear (3+1)D paraxial equation for the laser-pulse envelope. This treatment also yields an 
analytical expression for the spatiotemporal evolution of the longitudinal polarization force 
density and its associated potential density. However, for practical implementations, the density 
is not a directly measurable quantity. Therefore, from the force density, we obtain the real force 
evolution acting on the particles within the optical pulse at the e-1 level of its maximum. A 
rigorous analytical treatment that includes both diffraction and second-order dispersion of the 
optical force density and the averaged force, for laser pulses propagating over several diffraction 
lengths, has not been reported to date. In this work, we derive closed-form solutions describing 
the resulting evolution of the longitudinal force density and the averaged real force at several 
diffraction and dispersion lengths in dispersive media. 

2. The connection between optical-force dynamics and pulse envelope 
deformation 

In the laboratory frame, the nonlinear polarization-force density can be written as [7]: 

 
    21 3

2
4, , , ,P

d SA
f x y z t

c dt

 
   




   (1) 

where c is the speed of light,  1  and  3  denote the linear and third-order nonlinear 

susceptibilities of the medium, respectively, A


 is the electric-field envelope. The vector 
 S


denotes the Poynting vector, while the superscript P in Pf


 denotes the polarization 
contribution to the force density. All electromagnetic quantities in Eq. (1) are expressed in 
Gaussian units. Under the conditions considered here, the nonlinear contribution, 

proportional to   23 A


 is much smaller than the linear contribution proportional to  1 . 

Consequently, we neglect this nonlinear contribution in the subsequent analytical treatment 
and focus on the linear propagation regime with laser-pulse power below the self-focusing 
threshold. In Gaussian units, the Poynting vector is defined as  4  S c E H 

   . For the 
nonmagnetic gaseous medium considered here, 1  , so that H B

 
. 

Both the Poynting vector and the corresponding force density depend on spatial 
coordinates and time. To describe the force density in a frame moving with the pulse 
envelope, we introduce a “local time” coordinate system, moving with group velocity grv . 

The laboratory and co-moving variables are related by:  

,     
gr

zt z z
v

           
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With this convention, Eq. (1) transforms to:  

 
   1

2

, , ,4, , ,P
dS x y t

f x y z
c d


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




.     (2) 

For a linearly polarized pulse propagating along the longitudinal direction, the Poynting 
vector can be expressed in terms of the optical intensity as   ˆS I z


, where I is the optical 

intensity and ẑ  is the unit vector along the propagation direction. The relation between the 
intensity and the envelope amplitude is well known: 2

0 / 2xI n c A  , where 0n  denotes the 
refractive index of the medium, and xA  is the amplitude of the linearly polarized laser pulse, 

which gives 2
0 / 2z xS S z Iz n c A z   

 
     where  0n  denotes the refractive index of the 

medium and xA  is the amplitude of the linearly polarized laser pulse. Using the relation 
between the optical intensity and the squared modulus of the complex field envelope, Eq. (2) 
can then be expressed in terms of 2

xA  as:  

   
  21
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In linear propagation through a transparent medium, the spatiotemporal profile of an 
ultrashort pulse evolves primarily due to diffraction and group-velocity dispersion. Because 
the longitudinal polarization-force density in Eq. (3) depends directly on the pulse envelope, 
these propagation effects also govern the evolution of the optical force. Therefore, we model 
the pulse envelope using the linear (3+1)D paraxial equation, which accounts for both 
Fresnel diffraction and second-order dispersion. 

3. Finding analytical solutions of the amplitude equation 
The propagation of a linearly polarized laser pulse with amplitude xA A  in an isotropic 

medium, under the influence of dispersion and diffraction, is governed by the paraxial 
equation for the amplitude function [9]: 

2
0 2

2 ,A Aik A
z




   
 

      (4) 

where  , , ,A x y z  denotes the complex slowly varying envelope of the linearly polarized 
electric field and the transverse Laplacian is defined as 2 2 2 2x y       . The dispersion 
constant β can be written as  0 "k k  , where k” is the group-velocity dispersion coefficient 
of the medium (β>0 for normal dispersion and β<0 for anomalous dispersion), and 0k  is the 
carrier wavenumber. The first term of the r.h.s in Eq. (4) describes transverse Fresnel 
diffraction, whereas the second term accounts for group-velocity dispersion.  

We assume that the initial pulse envelope at z=0 has a Gaussian profile: 

 
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    (5) 

where 0A  is the initial peak amplitude, 0d  is the transverse Gaussian spot radius, and 0  
characterizes the pulse's initial longitudinal duration. We solve Eq. (4) analytically by 
applying a three-dimensional Fourier transform defined as:  

 
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    .  (6) 
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Substituting Eq. (6) into Eq. (4) yields the following ordinary differential equation for the 
Fourier-transformed envelope  , , ,ˆ

x yA z k k k : 

 22 20
ˆ ˆ2 .x y
Aik k k A
z     


     (7) 

The corresponding solution to Eq. (7) is given by: 
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where the Fourier transform of the initial pulse profile is expressed as: 
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Substituting Eq. (9) into Eq. (8), we obtain: 

    2 2 2 22 20 00 1 2, , , exˆ p /2 / 2 ,x y x yA z k k k d A C k k C        (10) 

where  2 2 2
1 0 0 01C d iz k d   is the complex propagation parameter governing the transverse 

( ,x yk k ) dependence, and  2 2 2
02 0 01C i z k     is the corresponding parameter, related to 

the longitudinal   dependence.  
The analytical solution to Eq. (4) subject to the initial condition in Eq. (5) is obtained by 

applying the inverse Fourier transform to Eq. (10). Since the solution in Fourier space is 
separable with respect to ,x yk k , and  , the inverse transform can be written as the 

product of three one-dimensional Fourier integrals:  
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The Fourier integrals in Eq. (11) can be evaluated analytically. For the Gaussian initial 
condition given by Eq. (5), the resulting solution to Eq. (4) is:  
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where 2
0 0diffz k d  denotes the diffraction length, and 2

0 / "dispz t k  is the dispersion length. 

We can express the complex solution in Eq. (12) in terms of its modulus and phase as: 
      , , , , , , exp , , , ,A z x y A z x y i z x y      (13) 

For the square modulus (which is proportional to the pulse intensity), we obtain: 



Maria-Gabriela Zheleva et al 

Ukr. J. Phys. Opt. 2026, Volume 27, Issue 4 04172 

   

   

22 0
2 22 2

2 2 2

2 2 2 22 2
0 0

, , ,
1 / 1 /

exp .1 / 1 /

diff disp

diff disp

A
A z x y

z z z z

x y
d z z z z







 

      
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Eq. (14) describes the spatial and temporal evolution of the squared pulse-envelope 
amplitude in a transparent medium, capturing both transverse broadening from Fresnel 
diffraction and longitudinal broadening from group-velocity dispersion. 

4. Evolution of the optical force under diffraction and dispersion of  
a laser pulse 

Using the exact diffraction and dispersion-induced evolution of the squared envelope 
amplitude given in Eq. (14), we determine the corresponding propagation of the longitudinal 
polarization-force density by substituting the squared modulus of the amplitude into Eq. (3). 
We first evaluate the derivative of Eq. (14) with respect to  : 
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As Eq. (16) shows, the longitudinal force density is antisymmetric with respect to the 
pulse center 0   and changes sign across it. For the sign convention adopted here, the 
force on both sides of the pulse is directed toward the pulse center: the leading part of the 
pulse exerts a force toward decreasing  , whereas the trailing part exerts a force toward 
increasing   [8]. Since the longitudinal force density is a gradient field along the   direction, 
an associated potential-energy density can be introduced.  

The corresponding differential change in potential-energy density (work) is introduced 
through:  

        
 p Pz grdU z x y f dz f z x y v d, , , , , , .    (17) 

The minus sign arises from the conventional relation between force and work, 
according to which work is negative when the displacement is opposite to the force. 
Integrating Eq. (17) over the coordinate  , we obtain the corresponding potential-energy 
density:  
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Comparison of Eq. (18) with the squared envelope amplitude in Eq. (14) shows that the 
potential-energy density follows the inverted profile of the squared envelope amplitude. 
Under the present sign convention, it therefore forms an attractive potential profile for 
neutral polarizable particles. 

5. Scaling of pulse broadening and force reduction 
From Eq. (14), the transverse beam radius is found to evolve with the distance grz v t  from 

the initial position as: 

   220 1 / ,diffd z d z z       (19) 

while the corresponding temporal pulse width evolves as:  

   220 1 / ,dispz z z        (20) 

At the pulse center, the peak squared envelope amplitude decreases during propagation 
according to: 

   
22 0

2 22 2
.

1 / 1 /diff disp

A
A z

z z z z



   (21) 

Because the longitudinal force in Eq. (16) is proportional to the gradient of the squared 
envelope amplitude (intensity), its peak value decreases with propagation distance by the 
same scaling factors as in Eqs. (19)-(21). The trapping potential in Eq. (18), which follows 
the inverted intensity profile, shows a similar reduction. Overall, Eqs. (16) and (18) show 
that dispersion and diffraction strongly limit long-range trapping. 

In a gaseous medium, the diffraction length is typically shorter than the dispersion 
length; thus, diffraction dominates the intensity reshaping and consequently reduces the 
optical force and potential. Conversely, for femtosecond pulses propagating in solids (such as 
glass), the opposite trend may hold: the dispersion length can be shorter than the diffraction 
length, meaning that dispersion dominates the attenuation of the optical forces.  

6. Order-of-magnitude estimations 
In SI units, the quantity defined by Eq. (1) has the dimensions of force density ( 3N m ), 
corresponding to a volume force acting on the dielectric medium. Although small in magnitude, 
such forces become significant in high-density media or when acting collectively on ensembles of 
neutral particles. For the experimental analysis, we choose the case where the diffraction length 
equals the dispersion length, zdiff = zdisp. This regime can be realized for propagation of a 
femtosecond pulse in air using the laser and medium parameters listed in Table 1. 
 
Table 1. Laser and medium parameters used for the order-of-magnitude estimations. 

Category Parameter Value 

Laser source Laser system Ti:Sapphire laser 
 Central wavelength   = 800 nm 

Dispersion Pulse duration 0 21 fst   
 Group-velocity dispersion of air at   = 800 nm 29 22.1 1 0  s / cm  k    

Diffraction Carrier wavenumber at 800 nm 4 10
0

2 7.85 1 0 cmk 


    

 Beam-spot diameter 0 160μ md   
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Using these diffraction and dispersion parameters, the condition zdiff ≅ zdisp≅20 cm is 
satisfied. The peak intensity of the laser pulse must be less than or on the order of 

 7 20 10 / cmI W . This ensures the pulse power remains below the critical power for self-
focusing, corresponding to the linear propagation regime of the laser pulse in air. 

Fig. 1 shows (a) the potential-energy density and (b) the longitudinal optical-force 
density for the initial Gaussian pulse in the near-field regime. When diffraction and second-
order dispersive broadening are negligible, the force and potential profiles retain 
approximately their initial shapes and peak magnitudes, consistent with the approximation 
used in [8]. In Figs. 1 and 2, 2 2r x y   represents the radial transverse coordinate.   

(a) (b) 
Fig. 1. Initial profiles of (a) the trapping potential and (b) the longitudinal force density for the initial 
Gaussian pulse at a propagation distance of 0z  .  

Fig. 2 presents graphs of (a) the trapping potential and (b) the optical force density at a 
propagation distance of zdiff ≅ zdisp≅20 cm. At this distance, the peaks of both potential and 
force are reduced by the scaling factor 2 2

0 / (2 / 2)zA A , in full agreement with Eq. (21). 
The transverse spot size of the potential and force profiles is enlarged by the factor 
d(zdiff) = d0/2 (see Eq. (19)) at one diffraction-dispersion length d(zdiff), while the longitudinal 
spatial form at the same distance ζ(zdisp) is broadened by the factor ζ(zdisp) = ξ0√2 (see 
Eq. (20)).  

(a)  (b) 
Fig. 2.  Graphs of (a) the trapping potential and (b) the optical force density at a propagation distance 
of zdiff ≅ zdisp≅20 cm. The peak magnitudes of the potential and force are reduced by the factor   

2 2
0 / (2 / 2)zA A , according to Eq. (21). The transverse spot size of the potential and force at one 

diffraction-dispersion length d(zdiff) is enlarged by the factor d(zdiff) = d0/2 (see Eq. (19)), while the 
temporal pulse width at the same distance ζ(zdisp) is broadened to ζ(zdisp) = ξ0√2 (see Eq. (20)). 

Figs. 1 and 2 show a significant reduction in both the force density and potential density 
magnitudes even after a single diffraction length. After several diffraction lengths, these 
magnitudes become too small for effective trapping under linear propagation conditions. 
Therefore, the near-field regime is most relevant for particle manipulation within the linear 
propagation regime. Trapping efficiency could be enhanced by exploiting nonlinear 
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propagation, for instance, by retaining the third-order nonlinear susceptibility 3  term in 

Eq. (1) or by operating in regimes where high laser intensity is sustained over extended 
distances.  

Although the current analysis is limited to the linear propagation regime and describes 
the evolution of the optical force density of a particle ensemble, this density is not directly 
measurable. Therefore, we must derive the real force acting on the particles. For this 
purpose, we introduce the real force acting on the particles within the optical pulse at level 

1   e  from its maximum. Since the force density is an antisymmetric function, this real force 
is obtained by integrating twice the force density over the longitudinal half-distances 
 / 2  and over the transverse (x, y) space [3, 8]: 

   0
2 , , , , , .z z grF z f z x y v dx dy d




 




       (22) 

Substituting Eq. (16) into Eq. (22), we obtain the evolution of the real force  zF z  as a 

function of the propagation distance: 

 
       2 21 2 210 0 0 0

22

4 4
.

1 /z
disp

n A z d z n A d
F z

c c z z
   

 


  (23) 

As an unexpected result, only the deformation due to dispersion along the ξ direction 
affects the real force on the particles ( )zF z . This is because the fact that the averaged force 

depends on the product of the propagation-dependent parameters ( ) ( )2 2.A dz z  According to 

the solutions in Eq. (19) and Eq. (21), this product simplifies to: 

   
2 22 2 0 0

22

 
1 / dispz

A d
A z d z

z
 .    (24) 

Thus, as Eq. (23) shows, diffraction effects do not influence the averaged (real) optical 
polarization force. In contrast, dispersion significantly reduces this force by broadening the 
longitudinal pulse and reducing its temporal gradient.   

7. Conclusions 
In this work, we investigated the evolution of the longitudinal polarization-force density 

( ), , ,  zf x yz and the real force ( )zF z  acting on an ensemble of particles, associated with ultrashort 
laser pulse propagation in a transparent medium. The analysis is based on the analytical solution of 
the linear (3+1) D paraxial equation, accounting for Fresnel diffraction and second-order group-
velocity dispersion. This solution provides explicit expressions for the evolution of the pulse 
envelope, the corresponding longitudinal force-density and potential-energy-density profiles, and 
the averaged real force acting on the particles at level e-1 of the pulse maximum. 

The resulting analytical expressions show how the transverse and longitudinal pulse 
broadening, driven by diffraction and dispersion, reduces the magnitudes of the associated optical-
force and potential-energy-density distributions. In gaseous media, the relative importance of these 
effects is determined by the corresponding diffraction and dispersion lengths. 

On the other hand, since the optical-force and potential-energy densities are not directly 
measurable, the actual macroscopic force that influences particle dynamics must be derived. 
Because the force density is an antisymmetric function along the   direction, this real force is 
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obtained by integrating twice the force density over the longitudinal half-distance ( )  2/2 .  and 

the entire transverse (x, y) plane [3, 8].  
The averaged force depends directly on the product of the two propagation-dependent 

parameters ( ( ) ( )2 2.A dz z ), rendering the averaged (real) optical polarization force completely 

unaffected by diffraction. This unexpected result stems from the fact that the diffraction-driven 
decrease in pulse amplitude (Eq. 21) is exactly compensated for by the simultaneous expansion of 
the transverse spot size (Eq. 19).  

In this work, for the first time, analytical solutions describing the evolution of the longitudinal 
polarization density force and the averaged real force of laser pulses propagating over several 
diffraction and dispersion lengths in dispersive media are derived. 

Consequently, these findings can be applied directly to optimize laser and particle 
characteristics, along with other optical parameters, to achieve an optimal particle-trapping regime 
within the pulse envelope. 

Funding and acknowledgments. The authors thank the Bulgarian Ministry of Education and 
Science, under contract NoD01-102/2025, for funding this work. 

Declaration of Competing Interest. The authors declare that they have no known competing 
financial interests or personal relationships that could have appeared to influence the work 
reported in this paper. 

CRediT authorship contribution statement. Zheleva M.-G. (Corresponding author): 
Investigation; methodology; writing - original draft; Dakova-Mollova A.: Investigation; validation; 
writing - original draft; Slavchev V.: Visualization; validation; Dakova D.: Methodology; 
investigation; validation; Iordanova E.: Validation; Kovachev L.: Methodology; supervision; formal 
analysis; conceptualization. 

Data availability. No data was used for the research described in the article. 

References 
1. Ashkin, A. (1970). Acceleration and trapping of particles by radiation pressure. Physical Review Letters, 24(4), 

156-159.  
2. Ashkin, A., Dziedzic, J. M., Bjorkholm, J. E., & Chu, S. (1986). Observation of a single-beam gradient force optical 

trap for dielectric particles. Optics Letters, 11(5), 288-290.  
3. Gordon, J. P. (1973). Radiation forces and momenta in dielectric media. Physical Review A, 8(1), 14-21.  
4. Albaladejo, S., Marqués, M. I., Laroche, M., & Sáenz, J. J. (2009). Scattering forces from the curl of the spin 

angular momentum of a light field. Physical Review Letters, 102(11), 113602.  
5. Simpson, S. H., & Hanna, S. (2011). Application of the discrete dipole approximation to optical trapping 

calculations of inhomogeneous and anisotropic particles. Optics Express, 19(17), 16526-16541.  
6. Gong, L., Gu, B., Rui, G., Cui, Y., Zhu, Z., & Zhan, Q. (2018). Optical forces of focused femtosecond laser pulses on 

nonlinear optical Rayleigh particles. Photonics Research, 6(2), 138-143.  
7. Kovachev, L. M. (2022). Radiation forces and confinement of neutral particles into the pulse envelope: New 

regime of collision ionization. Optik, 269, 169943.  
8. Kovachev, L. M., Iordanova, E., Yankov, G., & Angelov, I. P. (2025). Ultrashort laser-induced nuclear reactions: 

Initiating decay of helium nuclei and subsequent fusion reactions. ACS Omega, 10(3), 2415-2420.  
9. Agrawal, G. P. (2006). Nonlinear fiber optics (4th ed.). Academic Press. 

Zheleva, M.-G., Dakova-Mollova, A., Slavchev, V., Dakova, D., Iordanova, E., Kovachev, L. 
(2026). Dispersion- and Diffraction-Induced Evolution of Longitudinal Polarization Forces in 
Ultrashort Laser Pulses. Ukrainian Journal of Physical Optics, 27(4), 04168 – 04177.   
 doi: 0.3116/16091833/Ukr.J.Phys.Opt.2026.04168 

Анотація. У цій роботі розв’язано (3+1)D параксіальне рівняння з урахуванням 
дисперсії та дифракції другого порядку. Проаналізовано динаміку поздовжніх 
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поляризаційних сил, що генеруються ультракороткими лазерними імпульсами. 
Отримано аналітичні залежності, що описують еволюцію огинаючої імпульсу, густини 
сили та потенціалу. У нашій попередній роботі поляризаційну силу досліджували в 
наближенні дисперсії першого порядку та за відсутності дифракції; було отримано 
стаціонарні розв’язки для густини сили та потенціалу в тривимірному просторі. 
Основною метою цієї роботи є дослідження часової еволюції поздовжньої 
поляризаційної сили та потенціалу залежно від дифракції та дисперсії 
фемтосекундного лазерного імпульсу. Результати дослідження є важливими для 
розробки та проєктування лазерних прискорювачів і можуть знайти застосування в 
технологіях керування нейтральними частинками за допомогою лазерного 
випромінювання. 

Ключові слова: поздовжня оптична сила притягання, нейтральні частинки, 
фемтосекундні лазерні імпульси, (3+1)D параксіальне рівняння, дифракція, дисперсія 


