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Abstract. In this work, we solve the (3+1)D paraxial equation, including second-order dispersion and diffraction. The
dynamics of the longitudinal polarization forces generated by ultrashort laser pulses are analyzed. In this way,
analytical evolution laws for the pulse envelope, force density, and potential are derived. In our previous work, the
polarization force was investigated under the first-order dispersion approximation and in the absence of diffraction.
Stationary solutions for the force density and potential in 3D space were obtained. The main aim of the present work
is to uncover the temporal evolution of the longitudinal polarization force and potential, depending on the diffraction
and dispersion of a femtosecond laser pulse. This research provides valuable guidance for developing and designing
laser accelerators, with potential applications in laser-driven neutral particle technologies.
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1. Introduction
Ashkin first introduced optical trapping of neutral matter using transverse (gradient) forces

in focused laser beams [1, 2]. Later, [3] showed that, in the pulse-propagation regime, an
additional longitudinal polarization force arises, associated with the time derivative of the
Poynting vector. These forces have been widely studied and applied to manipulate individual
spherical nanoparticles in so-called optical tweezers. Researchers have used various
methods to address this problem, including Rayleigh scattering [1], Maxwell’s stress tensor
[4], and the dipole approximation [5]. Reference [6] derived an analytical model that
captures both linear and nonlinear contributions to the optical force on a Rayleigh particle.
In applications where medium-induced effects must be minimized, nanoparticles may be
manipulated in a vacuum chamber to reduce the surrounding medium's influence.

By contrast, the optical forces discussed by the authors in [1,3] act collectively on
neutral, polarizable species within the pulse volume in a gaseous medium. The radiation-
force density generated by a laser pulse in an ensemble of neutral atoms and molecules was
first considered in [3]. In [7], it was estimated that this force density drives particles toward
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the center of the optical pulse, and that the attractive potential is proportional to the
negative of the intensity profile.

The results, presented in [7, 8], were obtained in the near-field approximation, accounting
for first-order dispersion while neglecting diffraction for propagation distances much shorter
than the diffraction length. Under these conditions, stationary three-dimensional profiles of the
optical force density and potential were obtained in the co-moving frame. Beyond the near field,
however, the pulse intensity profile is strongly modified by the combined effects of diffraction
and dispersion. Therefore, the spatiotemporal shape of the trapping potential and the
longitudinal optical force, both of which depend on the pulse-intensity profile and its first time
derivative, also change during propagation.

To quantify this evolution, we first perform an analytical investigation of the corresponding
linear (3+1)D paraxial equation for the laser-pulse envelope. This treatment also yields an
analytical expression for the spatiotemporal evolution of the longitudinal polarization force
density and its associated potential density. However, for practical implementations, the density
is not a directly measurable quantity. Therefore, from the force density, we obtain the real force
evolution acting on the particles within the optical pulse at the e! level of its maximum. A
rigorous analytical treatment that includes both diffraction and second-order dispersion of the
optical force density and the averaged force, for laser pulses propagating over several diffraction
lengths, has not been reported to date. In this work, we derive closed-form solutions describing
the resulting evolution of the longitudinal force density and the averaged real force at several
diffraction and dispersion lengths in dispersive media.

2. The connection between optical-force dynamics and pulse envelope
deformation
In the laboratory frame, the nonlinear polarization-force density can be written as [7]:

fP(x,y.z.t)= c’f d[(l(l) +;t(3)|;1|2)§] (1)

where c is the speed of light, #(1) and y(3) denote the linear and third-order nonlinear

susceptibilities of the medium, respectively, A is the electric-field envelope. The vector
S denotes the Poynting vector, while the superscript P in fP denotes the polarization
contribution to the force density. All electromagnetic quantities in Eq. (1) are expressed in
Gaussian units. Under the conditions considered here, the nonlinear contribution,
=12

proportional to ;5(3)|A| is much smaller than the linear contribution proportional to y(1).
Consequently, we neglect this nonlinear contribution in the subsequent analytical treatment
and focus on the linear propagation regime with laser-pulse power below the self-focusing
threshold. In Gaussian units, the Poynting vector is defined as §=c/47z(EXF1). For the
nonmagnetic gaseous medium considered here, 11 =1, so that H=B.

Both the Poynting vector and the corresponding force density depend on spatial
coordinates and time. To describe the force density in a frame moving with the pulse
envelope, we introduce a “local time” coordinate system, moving with group velocity v,.

The laboratory and co-moving variables are related by:

!

§=t—i, zZ'=z
Vgr
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With this convention, Eq. (1) transforms to:

- ds(x,y,&,
fP(x,y,cf,z)=4”j‘2“) (ng &), @

For a linearly polarized pulse propagating along the longitudinal direction, the Poynting

vector can be expressed in terms of the optical intensity as S =12, where I is the optical
intensity and Z is the unit vector along the propagation direction. The relation between the

intensity and the envelope amplitude is well known: I = noc|Ax|2 /2, where n, denotes the

refractive index of the medium, and 4, is the amplitude of the linearly polarized laser pulse,
which gives S$=S,7=17 =[n0c|Ax|2 / 27;}2 where ny denotes the refractive index of the

medium and A, is the amplitude of the linearly polarized laser pulse. Using the relation

between the optical intensity and the squared modulus of the complex field envelope, Eq. (2)

can then be expressed in terms of |4,[* as:

2ny7 (V) d|A, [ 5
c dé

In linear propagation through a transparent medium, the spatiotemporal profile of an

fP(x.p.8.2)=f,(x.6,2)%= (3)

ultrashort pulse evolves primarily due to diffraction and group-velocity dispersion. Because
the longitudinal polarization-force density in Eq. (3) depends directly on the pulse envelope,
these propagation effects also govern the evolution of the optical force. Therefore, we model
the pulse envelope using the linear (3+1)D paraxial equation, which accounts for both
Fresnel diffraction and second-order dispersion.

3. Finding analytical solutions of the amplitude equation
The propagation of a linearly polarized laser pulse with amplitude A=A4, in an isotropic
medium, under the influence of dispersion and diffraction, is governed by the paraxial
equation for the amplitude function [9]:

oA 224
oz og2’

where A(x, y,f,z) denotes the complex slowly varying envelope of the linearly polarized

2iky 2 =A A-B (4)

electric field and the transverse Laplacian is defined as A | =92/0x2 +02/dy2 . The dispersion
constant B can be written as 8 =kyk", where k” is the group-velocity dispersion coefficient
of the medium (B>0 for normal dispersion and <0 for anomalous dispersion), and k, is the

carrier wavenumber. The first term of the r.h.s in Eq. (4) describes transverse Fresnel
diffraction, whereas the second term accounts for group-velocity dispersion.
We assume that the initial pulse envelope at z=0 has a Gaussian profile:

X2+y2 £2
A(x,y,E,z=0)=A exp| ———-=2—|, 5
(x 3¢ )=4, p{ 2@ 28 (5)
where A4, is the initial peak amplitude, d, is the transverse Gaussian spot radius, and &,
characterizes the pulse's initial longitudinal duration. We solve Eq.(4) analytically by
applying a three-dimensional Fourier transform defined as:
1

(2n)’

1174 k, .k ,o:,z)exp(ik x)exp(ik y)exp(io:£)dk dk do. . (6)
y=e y (4 e

—00—00—00

A(x,y,cf,z) =
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Substituting Eq. (6) into Eq. (4) yields the following ordinary differential equation for the

Fourier-transformed envelope /Al(z,kx,ky,ké) :

. 6121 _ 2\ 4
szoa—z_—(k)% +k3 - Bo2 ) A. (7)

The corresponding solution to Eq. (7) is given by:

. . k2 + k2 — Bw?
_ ; y 5
A(z,kx,ky,k§)—A(O,kx,ky,ké)exp[sz , (8)
where the Fourier transform of the initial pulse profile is expressed as:
. k2 + k2 )dZ +w2Eg
A0k, k k. )=d2& A ex (Kt + 5 )8 =20 | 9
(0kyoky ke ) =B Ay p( 5 9)
Substituting Eq. (9) into Eq. (8), we obtain:
A(zky .k ke ) =digoAyexp(—CE (k2 +K3 ) /2- C3a} / 2), (10)

where (% = dg(l +iz/ kodg) is the complex propagation parameter governing the transverse
(ky,k,) dependence, and C3 =§02(1—iﬂz/k0§02) is the corresponding parameter, related to
the longitudinal w; dependence.

The analytical solution to Eq. (4) subject to the initial condition in Eq. (5) is obtained by
applying the inverse Fourier transform to Eq.(10). Since the solution in Fourier space is

separable with respect to k,, and g, the inverse transform can be written as the

y )
product of three one-dimensional Fourier integrals:

A(t,x,y,&)=dgéA, T exp(—C%k% / Z)exp(ixkx)dkx
XT exp(-C2k3 / 2)exp(ivk,, )dk,, (11)

X j exp(—szcoé2 /Z)exp(ig‘a)é )da)é
The Fourier integrals in Eq. (11) can be evaluated analytically. For the Gaussian initial
condition given by Eq. (5), the resulting solution to Eq. (4) is:
d3é,A 24 y2 2
Beod o, [ (X2 +Y) &2
C%C, 2C? 2C3

A(z,x,,6)=
(1 +iz/zdiff)\/1 —iZ/ZdiSp
~ X2+ y2 B &2
=exp 24§ (1+iz/ 245 ) 263(1-12/ 245y ) )’

where z,; =kod§ denotes the diffraction length, and z,, =t /k" is the dispersion length.

(12)

We can express the complex solution in Eq. (12) in terms of its modulus and phase as:
A(z,x,5,€)=|A(z,x,,¢)|exp(id(2,x,,£)), (13)

For the square modulus (which is proportional to the pulse intensity), we obtain:
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A3
1+ 22 /Zgiff)\/l + 272 /Zgh.sp
- X2+ y2 - &2
XeXp[ d3(1+22 /23 £3(1+22 /zg,isp)}
Eq. (14) describes the spatial and temporal evolution of the squared pulse-envelope

amplitude in a transparent medium, capturing both transverse broadening from Fresnel
diffraction and longitudinal broadening from group-velocity dispersion.

|A(z,x,y,§)|2 = (
(14)

4. Evolution of the optical force under diffraction and dispersion of
a laser pulse
Using the exact diffraction and dispersion-induced evolution of the squared envelope

amplitude given in Eq. (14), we determine the corresponding propagation of the longitudinal
polarization-force density by substituting the squared modulus of the amplitude into Eq. (3).
We first evaluate the derivative of Eq. (14) with respect to & :

6|A(z,x,y,§)|2 o 26 2
0& B fg(1+22/25i5p)(1+22/z§iﬁ)\/1+22/25i5p as)
X2+ y? &2
o iert ] B )
f=fZ(Z,x,y,§)§=_Ag 4nyx (1) 52 1 3
LT (/g (16)

X

1 x2+yz g2 _

me){p[ dg (1 + 22 /Zg“ﬂc) &8 (1 +z2/ zg,isp )JZ

As Eq. (16) shows, the longitudinal force density is antisymmetric with respect to the
pulse center £=0 and changes sign across it. For the sign convention adopted here, the
force on both sides of the pulse is directed toward the pulse center: the leading part of the
pulse exerts a force toward decreasing &, whereas the trailing part exerts a force toward
increasing & [8]. Since the longitudinal force density is a gradient field along the & direction,
an associated potential-energy density can be introduced.

The corresponding differential change in potential-energy density (work) is introduced
through:

dU(z,x,y,f):fpxdiz—fzp(z,x,y,é)vgrdf. (17)
The minus sign arises from the conventional relation between force and work,

according to which work is negative when the displacement is opposite to the force.
Integrating Eq. (17) over the coordinate &, we obtain the corresponding potential-energy

density:
4nyy(Dv 1
U(zx,3,£) =45 2105 or : 2
c (1+22/zdiff)\/1+zz/zdisp
X2+ y2 £2
xXex - .
p d(%(1+22/z§iff) 502(1+22/Z§isp)

(18)
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Comparison of Eq. (18) with the squared envelope amplitude in Eq. (14) shows that the
potential-energy density follows the inverted profile of the squared envelope amplitude.
Under the present sign convention, it therefore forms an attractive potential profile for
neutral polarizable particles.

5. Scaling of pulse broadening and force reduction
From Eg. (14), the transverse beam radius is found to evolve with the distance z=v .t from

d(z)=dyy(1+22/ 2%), (19)

while the corresponding temporal pulse width evolves as:

5(Z)=§0\’(1+Zz/Zg'isp)' (20)

At the pulse center, the peak squared envelope amplitude decreases during propagation
according to:

the initial position as:

A3
(1 + 22 /Zgh.ff )\/1 + 22 /Zéisp .
Because the longitudinal force in Eq. (16) is proportional to the gradient of the squared

lA(z)f =

(21)

envelope amplitude (intensity), its peak value decreases with propagation distance by the
same scaling factors as in Egs. (19)-(21). The trapping potential in Eq. (18), which follows
the inverted intensity profile, shows a similar reduction. Overall, Egs. (16) and (18) show
that dispersion and diffraction strongly limit long-range trapping.

In a gaseous medium, the diffraction length is typically shorter than the dispersion
length; thus, diffraction dominates the intensity reshaping and consequently reduces the
optical force and potential. Conversely, for femtosecond pulses propagating in solids (such as
glass), the opposite trend may hold: the dispersion length can be shorter than the diffraction
length, meaning that dispersion dominates the attenuation of the optical forces.

6. Order-of-magnitude estimations
In SI units, the quantity defined by Eq. (1) has the dimensions of force density (N m—3),

corresponding to a volume force acting on the dielectric medium. Although small in magnitude,
such forces become significant in high-density media or when acting collectively on ensembles of
neutral particles. For the experimental analysis, we choose the case where the diffraction length
equals the dispersion length, zgif=Zzdisp. This regime can be realized for propagation of a
femtosecond pulse in air using the laser and medium parameters listed in Table 1.

Table 1. Laser and medium parameters used for the order-of-magnitude estimations.

Category Parameter Value
Laser source Laser system Ti:Sapphire laser
Central wavelength A =800 nm
Dispersion Pulse duration to =21fs

Group-velocity dispersion of airat A =800 nm k=2.1x10-29s2 /cm

Diffraction Carrier wavenumber at 800 nm
ko = zf —7.85x10%cm-1

Beam-spot diameter dy =160um
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Using these diffraction and dispersion parameters, the condition zgjf= zgisp=20 cm is
satisfied. The peak intensity of the laser pulse must be less than or on the order of
I,=107 W /cm2. This ensures the pulse power remains below the critical power for self-

focusing, corresponding to the linear propagation regime of the laser pulse in air.
Fig. 1 shows (a) the potential-energy density and (b) the longitudinal optical-force

density for the initial Gaussian pulse in the near-field regime. When diffraction and second-
order dispersive broadening are negligible, the force and potential profiles retain
approximately their initial shapes and peak magnitudes, consistent with the approximation

used in [8]. In Figs. 1 and 2, r =/x2 + y2 represents the radial transverse coordinate.

ﬁ/’d() 0 -5 }'Vd() 0 -5
5
L 0.0 1.0
-0.5 0.0
N 1.0 -1.0
-5 0 5 5
&0 @ &0 ®)

Fig. 1. Initial profiles of (a) the trapping potential and (b) the longitudinal force density for the initial
Gaussian pulse at a propagation distance of z=0.

Fig. 2 presents graphs of (a) the trapping potential and (b) the optical force density at a
propagation distance of zuy = z4i=20 cm. At this distance, the peaks of both potential and
force are reduced by the scaling factor A2 ~ A; /(2/+/2), in full agreement with Eq. (21).
The transverse spot size of the potential and force profiles is enlarged by the factor
d(zaip) = do/2 (see Eq. (19)) at one diffraction-dispersion length d(zaiy), while the longitudinal
spatial form at the same distance {(zaisp) is broadened by the factor {(zasp) = &V2 (see
Eq. (20)).

€/ (a) &% (b)
Fig. 2. Graphs of (a) the trapping potential and (b) the optical force density at a propagation distance
of zay= zuispy=20 cm. The peak magnitudes of the potential and force are reduced by the factor

A~ A2/(2/42), according to Eq. (21). The transverse spot size of the potential and force at one
diffraction-dispersion length d(zai) is enlarged by the factor d(zai) = do/2 (see Eq.(19)), while the
temporal pulse width at the same distance {(zaisp) is broadened to {(zaisp) = Eov2 (see Eq. (20)).

Figs. 1 and 2 show a significant reduction in both the force density and potential density
magnitudes even after a single diffraction length. After several diffraction lengths, these
magnitudes become too small for effective trapping under linear propagation conditions.
Therefore, the near-field regime is most relevant for particle manipulation within the linear
propagation regime. Trapping efficiency could be enhanced by exploiting nonlinear
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propagation, for instance, by retaining the third-order nonlinear susceptibility »3 term in

Eq. (1) or by operating in regimes where high laser intensity is sustained over extended
distances.

Although the current analysis is limited to the linear propagation regime and describes
the evolution of the optical force density of a particle ensemble, this density is not directly
measurable. Therefore, we must derive the real force acting on the particles. For this
purpose, we introduce the real force acting on the particles within the optical pulse at level
e-1 from its maximum. Since the force density is an antisymmetric function, this real force
is obtained by integrating twice the force density over the longitudinal half-distances

(oo -&/ 2) and over the transverse (%, y) space [3, 8]:

£=0
F, (z)=ZJ.J.L:_OOfZ(z,x,y,f)vgrdx,dy,dé. (22)
Substituting Eq. (16) into Eq. (22), we obtain the evolution of the real force F, (z) asa
function of the propagation distance:

F(2)= 472'1’10)((1)|A(Z)|2d(2)2 _ 4mngx (1) AZd?
Z c _c\/1+22/zgisp .

As an unexpected result, only the deformation due to dispersion along the § direction

(23)

affects the real force on the particles F,(z). This is because the fact that the averaged force

depends on the product of the propagation-dependent parameters |A(z)|2 d(z)2. According to

the solutions in Eq. (19) and Eq. (21), this product simplifies to:
A3dg

—
1+ 22 /Zdisp

Thus, as Eq. (23) shows, diffraction effects do not influence the averaged (real) optical

|A(2)d(2) = (24)

polarization force. In contrast, dispersion significantly reduces this force by broadening the
longitudinal pulse and reducing its temporal gradient.

7. Conclusions
In this work, we investigated the evolution of the longitudinal polarization-force density

f,(z,x,y,&) and the real force F,(z) acting on an ensemble of particles, associated with ultrashort

laser pulse propagation in a transparent medium. The analysis is based on the analytical solution of
the linear (3+1) D paraxial equation, accounting for Fresnel diffraction and second-order group-
velocity dispersion. This solution provides explicit expressions for the evolution of the pulse
envelope, the corresponding longitudinal force-density and potential-energy-density profiles, and
the averaged real force acting on the particles at level e of the pulse maximum.

The resulting analytical expressions show how the transverse and longitudinal pulse
broadening, driven by diffraction and dispersion, reduces the magnitudes of the associated optical-
force and potential-energy-density distributions. In gaseous media, the relative importance of these
effects is determined by the corresponding diffraction and dispersion lengths.

On the other hand, since the optical-force and potential-energy densities are not directly
measurable, the actual macroscopic force that influences particle dynamics must be derived.
Because the force density is an antisymmetric function along the & direction, this real force is
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obtained by integrating twice the force density over the longitudinal half-distance (co—¢ /2)2. and

the entire transverse (x,y) plane [3, 8].
The averaged force depends directly on the product of the two propagation-dependent

parameters (|A(z)|2 d(z)2.), rendering the averaged (real) optical polarization force completely

unaffected by diffraction. This unexpected result stems from the fact that the diffraction-driven
decrease in pulse amplitude (Eq. 21) is exactly compensated for by the simultaneous expansion of
the transverse spot size (Eq. 19).

In this work, for the first time, analytical solutions describing the evolution of the longitudinal
polarization density force and the averaged real force of laser pulses propagating over several
diffraction and dispersion lengths in dispersive media are derived.

Consequently, these findings can be applied directly to optimize laser and particle
characteristics, along with other optical parameters, to achieve an optimal particle-trapping regime
within the pulse envelope.
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AHomayisa. Y yili pobomi pose’szaHo (3+1)D napakciaibHe piGHSAHHS 3 YPAXYy8AHHAM
ducnepcii ma Jdugpakyii dpyzozo nopsidky. I[lpoaHanizo8aHo OUHAMIKY NhO3008XHCHIX
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noASIpu3ayitiHuUX Ccus, WO 2eHepyrmscsl YAbMPAKOPOMKUMU JAA3EPHUMU  IMNYAbCAMU.
OmpumaHo aHaaiMu4Hi 3a1e4CHOCMI, WO ONUCYI0Mb e80AIYII0 02UHAIOYOI IMNYAbCY, 2yCMUHU
cuau ma nomeHyiaay. Y Hawill nonepedHiti po6omi noaspudayitiny cuay docaidxcyeanu 6
HabauxceHHi ducnepcii nepwiozo nopssdky ma 3a gidcymuocmi dudpakyii; 6ys10 ompumaHo
cmayioHapHi po36’si3ku 045 2yCMmuHU Ccuau ma nomeHyiany 8 mpusuMipHOMY npocmopi.
OcHosHolw Memow yiei pobomu € docaidxceHHs1 4vacoeoi esoawYii N03008AHCHLOT
nossipusayiiiHoi cuau ma nomeHyiaay 3aaexcHo 8id Jdugpakyii ma  ducnepcii
dpemmocekyHOHO20 /1a3epHO20 iMnyabcy. Pe3yabmamu 00caidxiceHHS € eaxcausumu 0Js
PO3PO6KU Ma NPOEKMYBAHHS /AA3EPHUX NPUCKOPIOBAYI8 [ MOXCyMb 3HAUMU 3aCMOCY8aHHS 8
MexHO/02iX  KepyeaHHs HelmpaabHUMU 4YACMUHKAMU 3d JONOMO20K  /143epHO20
8UNPOMIHIOBAHHA.

Kawuosi cno0ea: no3dosycHs onmuyHa cuia NpumsieadHs, HelimpaavbHi YACMUHKU,
demmocekyHOHI nazepHi imnyavcu, (3+1)D napakcianvHe pieHssHHS, dudpakyisi, ducnepcis
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