PP IsSUE 4
I
2026

PERTURBATION OF PURE-CUBIC OPTICAL SOLITONS WITH KERR
AND POWER-LAWS OF SELF-PHASE MODULATION

MUSLUM OZISIK1.2, AYDIN SECERY3, MUSTAFA BAYRAMS3, YAKUP YILDIRIMS3,
MOHAMMD E. M. ALNGAR# & ANJAN BISWASS5.6.,7.8%

1 Department of Mathematical Engineering, Yildiz Technical University, Istanbul, Turkey

2 Department of Mathematics, Faculty of Engineering and Natural Sciences, Istinye University, Turkey

3 Department of Computer Engineering, Biruni University, Istanbul, Turkey

+Mathematics Education Program, Faculty of Education and Arts, Sohar University, Sohar 311, Oman

5 Department of Mathematics and Physics, Grambling State University, Grambling, LA-71245, USA

6 Department of Mathematics, Faculty of Science, Karadeniz Technical University, Trabzon-61080,
Turkiye

7 Department of Physics and Electronics, Khazar University, Baku, AZ-1096, Azerbaijan

8 Department of Mathematics and Applied Mathematics, Sefako Makgatho Health Sciences University,
Medunsa-0204, Pretoria, South Africa

*Corresponding author: biswas.anjan@gmail.com

Received: 15.04.2026

Abstract. This study investigates optical soliton dynamics governed by a third-order nonlinear Schrédinger
equation (NLSE) in which the chromatic dispersion term is neglected, a regime that has recently attracted
significant attention in nonlinear optics. Both the Kerr and power-law nonlinear forms of the NLSE are
considered to model pure-cubic optical nonlinearity under the influence of perturbative effects. Analytical
solutions are constructed using the new Kudryashov method, the unified Riccati equation expansion method,
and the sub-version of the auxiliary equation expansion method. The applied methods enable the efficient
derivation of fundamental localized wave structures, namely bright and dark optical solitons, which play a
central role in nonlinear wave propagation in optical media. In addition, a detailed parametric analysis
examines how key physical parameters affect the amplitude, shape, and propagation characteristics of the
obtained soliton solutions. The results highlight the model's ability to support diverse nonlinear optical
regimes and provide further insight into soliton behavior in dispersionless or weakly dispersive media.
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1. Introduction

The evolution of soliton theory is generally linked to three major milestones: 1834, 1895, and
1965. In 1834, John Scott Russell reported the observation of the “wave of translation,” revealing
that a solitary wave can propagate over long distances without altering its shape [1]. Later, in
1895, Diederik Korteweg and Gustav de Vries formulated the Korteweg-de Vries equation, which
established the theoretical foundation of solitons through the balance between nonlinearity and
dispersion [2]. In 1965, Norman Zabusky and Martin Kruskal numerically demonstrated soliton
interactions and introduced the term “soliton” [3]. Subsequent progress led to the development
of powerful analytical techniques, most notably the inverse scattering transform and related
approaches for solving nonlinear evolution equations [4-7]. With the rapid advancement of
nonlinear optics, solitons have become essential in optical fiber communications and a wide
range of physical applications [8-15]. In this context, the Schrdédinger equation, originally
introduced by Erwin Schrodinger in 1926, provides a fundamental framework for modeling wave
propagation and plays a central role in optical soliton theory [16].
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More recent studies extend these developments by addressing both deterministic and
stochastic models of soliton dynamics. In [17], dual-power-law nonlinear structures and
their associated conservation laws are analyzed, confirming the stability and physical
relevance of the resulting solitons. Paper [18] examines the role of stochastic perturbations,
showing that multiplicative noise significantly influences soliton propagation characteristics.
In addition, [19] employs advanced analytical techniques to construct dark and singular
soliton solutions in higher-order nonlinear systems. Meanwhile, [20] focuses on controlling
soliton interactions through the interplay between dispersion and nonlinear effects.
Collectively, these contributions highlight the importance of integrating analytical methods
with physical insights to better understand and control soliton behavior in complex optical
systems.

In nonlinear optics, its modified form, the nonlinear Schrédinger equation (NLSE), is
widely used to describe the propagation of optical pulses in nonlinear media [21-23]:

jou o
ot 20x2

where i denotes the imaginary unit and u(x,t) represents the complex envelope of the

+|ufu=0, (1)

optical field. The term iu, describes temporal evolution, u,, accounts for group velocity

dispersion (GVD), and |u|2u represents the Kerr nonlinearity, corresponding to intensity-

dependent phase modulation. The variables x and t denote normalized propagation
distance and retarded time, respectively. Although the equation is generally non-integrable,
it admits exact solutions in special cases and possesses a Hamiltonian structure [24].

Following the rapid development of optical communication technologies, several
extensions of the NLSE have been proposed to model pulse propagation in realistic fiber
systems, governed by the balance between chromatic dispersion (CD) and self-phase
modulation (SPM). In 2016, Alberto Blanco-Redondo et al. introduced pure-quartic solitons
in the absence of CD [25], stimulating further studies of alternative dispersion regimes.
Subsequently, researchers widely investigated pure-cubic NLSE models involving third-
order dispersion (TOD) without CD [26-30].

Motivated by these developments, the present work considers the following generalized

models:
(2 a2} pfun] a0 B, @
ot ox3 ox ox
i(@+y@)+p|u|znu+i c |u|2"@+c Mu =0. (3)
ot ' ox3 e 72

The terms iu,, iou,,, ,and S |u|2 u correspond to linear temporal evolution, TOD, and Kerr-

type SPM, respectively. The term i y|u|2 u, corresponds to the self-steepening effect, which arises

from the intensity dependence of the group velocity. This effect leads to an asymmetric distortion
of the pulse profile and the formation of a steeper trailing edge during propagation. The term
io(lul2),u describes the nonlinear dispersion contribution associated with spatial variations of

the pulse intensity. It accounts for the coupling between the intensity gradient and the complex
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field envelope, influencing pulse shape evolution and spectral characteristics. Additionally,
a,B,u,and,o are real parameters governing dispersion and nonlinear response. In the absence

of perturbations ( it = o =0 ), the model reduces to the third-order NLSE with Kerr nonlinearity,

which is a fundamental model in ultrafast nonlinear optics.

Eq.(3) extends this framework by introducing power-law nonlinearity, allowing the
description of non-Kerr optical media where the refractive index depends on higher-order
intensity effects. The governing terms represent linear evolution, TOD, nonlinear interaction, and
perturbation-induced nonlinear dispersion, where y,p,c;,c, are real constants and n>1

characterizes the order of nonlinearity. Eq. (2) has been widely studied, yielding bright, dark, and
singular soliton solutions via various analytical methods [26-34], including recent extensions
involving dual-power nonlinearity and stochastic effects [17,18]. Similarly, Eq. (3) has gained
attention for modeling non-Kerr dynamics under different perturbative conditions [27,28].
Although Egs. (2) and (3) have been investigated in several previous studies and various classes
of optical solitons have been reported, most existing works focus primarily on obtaining
particular exact solutions through specific analytical techniques. A comprehensive comparative
analysis of these two models under a unified mathematical framework remains limited. In
particular, the influence of third-order dispersion, self-steepening effects, nonlinear dispersion
perturbations, and power-law nonlinearities on the existence conditions and parametric
structures of different soliton families have not been systematically examined. The present work
addresses this gap by employing the proposed analytical approach to derive new closed-form
solutions and their corresponding existence constraints, enabling a unified investigation of both
Kerr and non-Kerr nonlinear regimes. Furthermore, the results provide a broader classification of
optical wave structures and reveal parameter conditions not explicitly reported in earlier studies.
Albayrak et al. [35] reported recent progress on pure-cubic optical solitons, studying a Kerr-law
nonlinear Schrodinger model incorporating third-order dispersion and nonlinear dispersion
effects in the absence of chromatic dispersion. Using a simplified extended auxiliary equation
method, they derived bright and singular soliton solutions and analyzed their dynamical behavior
through graphical simulations. They also verified the stability of the obtained bright solitons
using the Vakhitov-Kolokolov stability criterion. Their results demonstrated the significant
influence of higher-order dispersive and nonlinear effects on pure-cubic pulse propagation in
nonlinear optical media.

The paper is organized as follows. Section 2 presents the transformation and analysis;
Section 3 describes the methods; Section 4 provides the solutions; Section 5 discusses the
results; and Section 6 concludes the study.

2. Wave transformation and mathematical investigation
2.1. Mathematical investigation of Eq. (2)
Consider the following wave transformation:
u(x,t)=U(&)eid(xt), @
O(x,t)=ax+bt+dy, & =kx+ o,
where U(¢) is the real amplitude and 0(x,t) is the phase function. The parameters a, b, k,
and @ denote the wave number, frequency, inverse width, and velocity, respectively, and
@y is the initial phase. All parameters are nonzero real constants. Substituting Eq. (4) into
Eq. (2) yields:
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| K (u+20)U(&)? ~3aak + o [U(£)+ akdU"(£) =0, 5)

(au+ B)U(EY +(aBa — b)U(E) -3aak2U"(E) =0, (6)
Eq. (5) arises from the imaginary part, whereas Eq. (6) is obtained from the real part of the
resulting equation. Integrating Eq. (5) with respect to &, while ignoring the integration

constant, leads to the following nonlinear ordinary differential equation (NODE):
—k(p+20)U (&) +3(~3a2ak + @)U(E) +3ak3U"(£) =0. 7)
Thus, applying the homogeneous balance rule (HBR) between Egs. (6) and (7) yields:
k(u+20) 3(-3a2ak+w) g

- =-K (8)
au+ p ada—b a
From Eq. (8), the following constraint relations are obtained:
B
a=-—, 9
o (9)
and
3wo? -282ak
p Boo? ~25%k)f (10)

203k
Under these constraints, either Eq. (6) or Eq. (7) may serve as the governing NODE. In
the present work, we adopt the NODE derived from the real part, Eq. (6).

2.2. Mathematical investigation of Eq. (3)
We begin by introducing the following wave transformation:

u(x,t)=U(&)eilax+bt+d), & = k(x+ot). (11)
where U(&) denotes the real-valued amplitude function, while a, b, k, ®, and ¢,

represent the wave number, velocity, frequency, inverse width, and phase constant,
respectively.
Substituting Eq. (11) into Eq. (3) yields:
[(e1+2nc,)U(E)"" ~3azy + o [U(&)+ yk2u"(£) =0, (12)
2n+1
(@37 =b)U(&) +(p—acy)U(£)™

Integrating Eq. (12) with respect to £, and neglecting the integration constant, leads to:

e A

To normalize the coefficient of the second-order derivative term in Eq. (13), in a manner

-3ak2yU"(£)=0, (13)

consistent with Eq. (14), we rewrite Eq. (13) as:

(b—a3yju(§)+(acl—pj(U(é))2n+1+U”(§)=0_ (15)

3ak2y 3ak2y

This leads to:
—3q2
3a(w—-3a y)z 3a(cy +2nc,) 1 (16)
(b—ady)  (2n+1)(ac,-p)

From Eq. (16), the following constraint relations are obtained:
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_8a3y+b
“= 3a
17
2ac; (n-1)—p(2n+1) (17)
C2 = .
6an
Applying the HBR in Eq. (13) between U(£)2r+1and U"(&) suggests the transformation:
1
U(&)=[v(&)]n. (18)

Substituting Eq. (18) into Eq. (13) yields the following transformed NODE:

(n—l)V'2(§)+Sknzzay[(p—acl)V2(§)+a3;/—b]VZ(é)—nV(é)V"(é)zﬂ. (19)

3. Presentation of the utilized methods
3.1. The new Kudryashov method
The new Kudryashov method (NKM) [36,37] constructs a series solution based on a

balancing principle. Balancing U"(&) with U3(&) in Eq. (6) yields:
N+2=3N=N=1.
Therefore, the solution of Eq. (6) is proposed in the form:
U(§)=A0 +A1R(§),A1 #0. (20)

where A, and A; are real constants to be determined, and R(cf ) satisfies:

1
R(£)=[62(R2(£)- 2R*(£)) ]2, (21)
inwhich 6 and y are nonzero free parameters. Solving Eq. (21) yields:
4L
R({)=—"F——, 22
(5) 4[2e% + ye—5¢ (22)
where L is an arbitrary nonzero real constant. For analytical convenience, Eq. (22) can be

expressed in a combined bright-singular soliton form as:
4L

R(f)z(w + % )cosh(S) + (412 —  )sinh(5¢) (23)
Considering y =412, Eq. (23) reduces to the bright soliton solution:

R(¢) =2—1Lsech(5§). (24)
And taking y =-412, Eq. (23) yields the singular soliton solution:

R(f)z%csch(éé). (25)

3.2. The unified Riccati equation expansion method
The unified Riccati equation expansion method (UREEM) [38] applies the HBR to Eq. (6),
balancing U"(&) and U3(&), which yields:
N+2=3N=N=1.
Accordingly, the truncated series solution of Eq. (10) is proposed as:

Here Aj and A; arereal coefficients and R(&) satisfies:
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R(&)=r+qR(&)+pR2(&),p#0, (27)
where r, g, and p are arbitrary real parameters. The dark and singular soliton solutions of

Eq. (27) are given by:

g2 —
—%{q +/q? —4prtanh(qufﬂ, q?—4pr >0,
R(5)= (28)
1 [a? q> —4pr 2
——| q+/q? —4prcoth Tf , q2—4pr>0.

2p
3.3. The sub-version of the auxiliary equation expansion method (SAEM26)
Applying the homogeneous balance between V(£)2 and V(&)V"(&) in Eq. (19) gives N=2.
Hence, the solution is expressed as:
V(&)=Ay+ARR(E)+ AR2(E), 4, #0, (29)
The coefficients A,, A;,and A, are real constants to be determined, and R(f) satisfy [34] :
(R(£))" =82(R(£) - 2RS (£)) (30)

where § and y are nonzero real parameters. Solving Eq.(30) yields the bright soliton

R(&)=/sech(25¢), (31)

and the singular soliton solution:
R(&)=Jcsch(26¢). (32)

4. Application of the methods and deriving the solutions
This section applies the proposed methods to Egs.(2) and (3). The NKM and UREEM

methods are used for Eq. (2), while the SAEM26 method is applied to Eq. (3).
4.1. Application of the NKM for Egq. (2)
Substituting Eq. (20) and its derivatives into Eq.(6), together with Eq.(21), yields a

solution:

polynomial in R(&). Setting the coefficients of its powers to zero gives:
RO: Ay (4ko2(p+20) A} +9B2ak —12w02) =0,
R1:-8A303k +4(ad2%k3 — kA3 + o) o2 —3p2ak =0,
R2: Ay(u+20)=0,
R3:(u+20)A? +6ak252y =0.

(33)

Solving Egs. (33) using algebraic or symbolic methods yields the following solution sets:

w= _a_k(gzkzgz _ﬁj
o2 4

Sety , =14y =0, , (34)
—6(u+20)aysk

A =
1= F u+2c

where (u+20)ay <0. Combining Set 1 with Egs. (4), (20), and (23) yields the combined

bright-singular soliton solution of Eq. (2) as:
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) 4LA,
u(xt)= {(4112 + 7 ) cosh(8(kx +wt))+ (412 — y)sinh(5 (kx + ot )

xexp(i{f—;—&’%k(ZﬂZak —3w02)t +¢, D,

where o, 4, are defined as in Eq. (34). Eq. (35) reduces to the following bright soliton solution:

} (35)

u(xt)= _%sech(é(kx +wt))}exp(i{§%—2c’%k(2ﬂzak ~3002)t +¢0D, (36)
and the following singular solution:
u(xt)= _%csch(é(kx+wt))}exp(i{f—;—zc’%k@ﬂzak—3@02)t+¢0D. (37)

4.2. Application of the UREEM for Eq. (2)
Substituting Eq. (26) and its derivatives into Eq. (6), together with Eq. (27), yields a polynomial in
R(&). Setting the coefficients of its powers to zero gives:
RO:-1202 (ak3qrA1 + @A, ) + 4A8c72k(y + 2(_‘7) +9p20 Ak =0,
R1:(-8A303k +4(a(pr+q2)k3 - kA + 0) o2 —3B2ak) =0,

(38)
R2 :3ak2pq —(p+20)AyA; =0,
R3:+6k2p20 — (11 +20) A? = 0.
Solving Eq. (38) yields:
B ak(ZkZGZ(qZ - 4pr) +3ﬂ2)
“= 402 '
qk\J6(u+20)a
Setz, = =, , 39
e 3,4 AO + 2(#_'_20) ( )
k6(u+20)a
4, = PK6(u+20)
u+2o

where (u+20)a>0. Combining Set 3 with Egs. (4), (26), and (28) gives the dark and

singular soliton solutions, respectively:

(1) { " _g_;{q +¢ztanh(%(kx +wt)ﬂ}

(40)
xexp(i{g—; —%%(Zﬂzak —3wo2)t +¢0D,
u(xt)= {AO —S—;{q + ﬂcoth(%(kx + wt)ﬂ}
(41)

xexp(i{f—;—za%k@ﬂzak —3w02)t +¢0D,

provided A>0.InEgs. (40) and (41) A=q2—-4pr and o,A,,A; are presented as in Eq. (39).

4.3. Utilization of the SAEM?26 for Eq. (3)
To determine the unknown parameters, we obtain the following system of algebraic
equations by substituting Egs. (29) and (30) into Eq. (19):
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(0,42 +9,)A3 =0,
(2n(20, 43 + ©Q,) -3k2yas?) Ay, =0,
3ay52k?2(4nhyA, + A2 ) —n2 (2404, + A2 )Q, — 2n2A% (249 A, +3A2)Q; =0,
3nA; Ajk2yad? - 2n2A, A\Q, + 124, Ay (k2yad? — n2A3Qy; ) — 4n2 Ay A3Q, =0,
12a52k2y A3 - ((Q, +643Q ) A3 + A2Q, (1244, + A2 ) )n2 =0, (42)
Ink2yya52AyAy +4n2A; AQ; (34gA, + AF) =0,
3ayk252 y | 8nd, A + A} (2n+1) |+ 2n2Q, A% (24,4, +3A7) =0,
3A1ayyk252(7n+4)+4n2A A2Q, =0,
n2Q, A% +12k2yyas?(n+1)=0.
Where Q, = ( P —acl),Qz = (a3y - b). A representative solution set obtained via symbolic or
algebraic methods is:

22 ~1262K? Sky-120 11
Set, , == 2190 ) A=A =04+ 1200y (n41) | (43)
’ n2 nQ,

Combining Egs. (11), (18), (29), and (31) yields the bright and singular soliton solutions of
Eq. (3):

u(x,t)= {51(\/12(?(1(1;1/)_);;;)/@ +1) sech(25k(x + ®t))}n

(44)
xexp[i{ax + ay (a%n” _21252k2)t +¢0D,
n
u(x,t)= 5k\/12(ac1 —p)axy(n+1) csch(25k(x +®t)) "
' n(ac, - p) (45)
xexp[i{ax + ay (a%n” _21252k2)t +¢0D,
n

202 212 _ 212
where ®=8n a y+y(;: 1262k )
n

5. Results and discussion

Fig. 1 illustrates the bright optical soliton solution obtained from Eq. (36) under the selected
parameter set. The chosen parameters provide the required balance between dispersion and
nonlinearity, ensuring the solution is physically admissible.

Specifically, Figs.1(a-c) present the three-dimensional spatiotemporal evolution of the
absolute, real, and imaginary components of the complex field u(x, t), respectively. The localized
peak structure clearly confirms the formation of a bright soliton propagating along the positive
spatial direction. The contour plots in Fig. 1(d-f) further emphasize the strong localization and
stable energy confinement in the (x,7)-plane. Meanwhile, the two-dimensional profiles in
Fig. 1(g-i), plotted at t=0,2,4,6,8,10, demonstrate that the waveform preserves its shape while
translating in space, which is a key signature of soliton dynamics. The oscillatory behavior
observed in the real and imaginary components reflects the phase evolution of the complex
optical field, whereas the absolute profile remains smooth and localized.
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Fig. 2 presents the bright soliton solution corresponding to the power-law nonlinear model
described by Eq.(44). The parameter values are selected to ensure the existence of
physically meaningful solutions in non-Kerr media. In Fig. 2(a-c), the three-dimensional
plots of the absolute, real, and imaginary components reveal a localized structure similar to
the standard Kerr-type soliton; however, noticeable differences in amplitude distribution
and waveform sharpness can be observed due to the influence of the power-law
nonlinearity. The contour representations in Fig. 2(d-f) highlight a more pronounced
localization and slight modification in the propagation trajectory compared to the classical
case. The two-dimensional slices in Fig. 2(g-i), evaluated at t=0,2,4,6,8,10, confirm that the
solution maintains its coherent structure during propagation, although the peak amplitude
and width are affected by the nonlinear exponent n.

Overall, the comparison between Figs. 1 and 2 demonstrates that while both models
support stable bright soliton propagation, the inclusion of power-law nonlinearity
introduces additional flexibility in controlling the soliton’s amplitude, width, and
propagation characteristics. This highlights the broader applicability of the generalized
model in describing nonlinear optical wave dynamics beyond the standard Kerr regime.

It should be noted that the coefficients appearing in Egs. (2) and (3) are normalized
parameters representing the combined effects of dispersion and nonlinearity in optical
waveguides. The parameters o and y characterize third-order dispersion, § and p represent
Kerr-type and generalized power-law nonlinear responses, while y, 0, c1 and c¢; describe
higher-order nonlinear perturbations associated with self-steepening and nonlinear
dispersion effects. The numerical values employed in the simulations were selected to satisfy
the analytical existence conditions of the obtained solitons and to illustrate their propagation
characteristics. Although these values do not correspond to a specific material system,
similar normalized parameter regimes can be realized in highly nonlinear fibers, photonic
crystal fibers, semiconductor waveguides, and chalcogenide-based optical structures where
higher-order dispersive and nonlinear effects play an important role.

6. Conclusion

In this study, the Kerr and power-law forms of the nonlinear Schrédinger equation (NLSE)-often
referred to as the third-order or pure-cubic Schrédinger model—are investigated in the presence
of perturbation effects. Using the NKM, UREEM, and SAEM26 methods, we successfully derive the
fundamental optical structures of nonlinear wave propagation: bright and dark solitons. We
selected these analytical techniques for their computational efficiency, minimal redundancy, and
ability to generate physically meaningful localized optical solutions.

The results confirm the existence of both bright and dark soliton regimes and
demonstrate how key system parameters influence their amplitude and propagation
characteristics. In particular, the investigation contributes to the ongoing study of soliton
dynamics in regimes with negligible or absent chromatic dispersion, which remains a
significant topic in modern nonlinear optics.

From the perspective of the governing models in Egs. (2) and (3), several extensions
can be envisioned, including fractional-order formulations, stochastic perturbations, multi-
soliton and N-soliton interactions, as well as more complex structures such as breathers and
lump-type solutions. These directions provide promising avenues for future research in
advanced optical soliton theory.

Ukr. ]. Phys. Opt. 2026, Volume 27, Issue 4 04165



Muslum Ozisik et al

Funding: This work was funded by the budget of Grambling State University for the
Endowed Chair of Mathematics.

No additional grants have been received to conduct or direct this particular study.

Author Contributions: Muslum Ozisik: Conceptualization, methodology, formal analysis,
investigation, writing-original paper. Aydin Secer: Validation, methodology, writing-review
& editing. Mustafa Bayram: Formal analysis, supervision, validation, investigation, writing-
review & editing. Yakup Yildirim: Methodology, software, visualization, validation.
Mohammd E. M. Alngar: Investigation, data curation, formal analysis, writing-review &
editing. Anjan Biswas: Conceptualization, supervision, methodology, validation, funding. All
authors have read and agreed to the published version of the manuscript.

Conflict of interest: The authors declare no conflict of interest.

References

1.  Russell, J. S. (1844). Report on Waves. Report of the 14th Meeting of the British Association for the Advancement of
Science, York, London, 311.

2. Korteweg, D. ], & de Vries, G. (1895). On the change of form of long waves advancing in a rectangular canal.
Philosophical Magazine, 39, 422-443.

3. Zabusky, N. ], & Kruskal, M. D. (1965). Interaction of “solitons” in a collisionless plasma and the recurrence of initial
states. Physical Review Letters, 15, 240-243.

4. Gardner, C. S, Greene, J. M,, Kruskal, M. D., & Miura, R. M. (1967). Method for solving the Korteweg-de Vries equation.
Physical Review Letters, 19, 1095-1097.

5. Miura, R. M. (1968). Korteweg-de Vries equation and generalizations I: A remarkable explicit nonlinear
transformation. Journal of Mathematical Physics, 9(8), 1202-1204.

6.  Wabhlquist, H. D,, & Estabrook, F. B. (1973). Biacklund transformation for solutions of the Korteweg-de Vries equation.
Physical Review Letters, 31,1386-1390.

7.  Rogers, C, & Shadwick, W. F. (1982). Bdcklund Transformations and Their Applications. Academic Press, New York &
London.

8. Akhmediev, N, & Ankiewicz, A. (1997). Solitons: Nonlinear Pulses and Beams. Springer, New York.

9. Hirota, R, & Satsuma, J. (1976). N-soliton solutions of model equations for shallow water waves. Journal of the Physical
Society of Japan, 40, 611-612.

10. Satsuma, J, & Yajima, N. (1974). Initial value problems of one-dimensional self-modulation of nonlinear waves in
dispersive media. Progress of Theoretical Physics Supplement, 55, 284-306.

11. Munteanu, L., & Donescu, S. (2004). Introduction to Soliton Theory: Applications to Mechanics. Springer, Dordrecht.

12. Osborne, A. R. (2010). Nonlinear Ocean Waves and the Inverse Scattering Transform. Academic Press, San Diego, USA.

13. Zakharov, V. E, & Wabnitz, S. (1998). Optical solitons: Theoretical challenges and industrial perspectives. Springer-
Verlag, Berlin Heidelberg (Les Houches Workshop).

14. Debnath, L. (2012). Nonlinear Partial Differential Equations for Scientists and Engineers. Springer, Birkhduser Boston.

15. Logan, . D. (2013). Applied Mathematics (4th ed.). John Wiley & Sons.

16. Schrodinger, E. (1926). Quantization as an eigenvalue problem. Annalen der Physik, 79, 361-376.

17. Arnous, A. H, Biswas, A, Kara, A. H,, Yildirim, Y., Moraru, L., Moldovanu, S., Georgescu, P. L., & Alghamdj, A. A. (2023).
Dispersive optical solitons and conservation laws of Radhakrishnan-Kundu-Lakshmanan equation with dual-power
law nonlinearity. Heliyon, 9(3), e14195.

18. Zayed, E. M,, Alngar, M. E, Shohib, R. M,, Biswas, A,, Yildirim, Y., Moraru, L., Moldovany, S., & Georgescu, P. L. (2023).
Dispersive optical solitons with differential group delay having multiplicative white noise by It6 calculus. Electronics,
12(3), 634.

19. Al Qarni, A. A, Bodagah, A. M., Mohammed, A. S. H. F., Alshaery, A. A., Bakodah, H. 0., & Biswas, A. (2023). Dark and
singular cubic-quartic optical solitons with Lakshmanan-Porsezian-Daniel equation by the improved Adomian
decomposition scheme. Ukrainian Journal of Physical Optics, 24(1), 46-61.

20. Ma, G, Zhao, ], Zhou, Q. Biswas, A, & Liu, W. (2021). Soliton interaction control through dispersion and nonlinear
effects for the fifth-order nonlinear Schrédinger equation. Nonlinear Dynamics, 106(3), 2479-2484.

21. Maxwell, J. C. (1865). A dynamical theory of the electromagnetic field. Philosophical Transactions of the Royal Society of
London, 155,459-512.

22. Wabnitz, S, Kodama, Y., & Aceves, A. B. (1995). Control of optical soliton interactions. Optical Fiber Technology, 1(3),
187-217.

23. Agrawal, G.P. (2013). Nonlinear Fiber Optics (5th ed.). Academic Press, Oxford, UK.

04166 UKr. ]. Phys. Opt. 2026, Volume 27, Issue 4



Perturbation of Pure-Cubic Optical Solitons

24. Ablowitz, M. ], Prinari, B, & Trubatch, A. D. (2004). Integrable Nonlinear Schrodinger Systems and Their Soliton
Dynamics. Cambridge University Press.

25. Blanco-Redondo, A, de Sterke, C. M,, Sipe, J. E,, Krauss, T. F., Eggleton, B. ],, & Husko, C. (2016). Pure-quartic solitons.
Nature Communications, 7, 10427.

26. Al-Kalbani, K. K, Al-Ghaftri, K. S, Krishnan, E. V., & Biswas, A. (2021). Pure-cubic optical solitons by Jacobi’s elliptic
function approach. Optik, 243, 167404.

27. Biswas, A, Kara, A. H,, Sun, Y., Zhou, Q,, Yildirim, Y., Alshehri, H. M., & Belic, M. R. (2021). Conservation laws for pure-
cubic optical solitons with complex Ginzburg-Landau equation having several refractive index structures. Results in
Physics, 31,104901.

28. Zayed, E. M. E, Alngar, M. E. M,, Biswas, A., Asma, M,, Ekici, M,, Alzahrani, A. K, & Belic, M. R. (2020). Pure-cubic optical
soliton perturbation with full nonlinearity by unified Riccati equation expansion. Optik, 223, 165445.

29. Ozkan, Y. S, Eslami, M., & Rezazadeh, H. (2021). Pure cubic optical solitons with improved tan(¢/2)-expansion
method. Optical and Quantum Electronics, 53, 566.

30. Gonzalez-Gaxiola, O., Biswas, A, Yildirim, Y., & Asiri, A. (2024). Pure-cubic optical solitons with Kerr law by Laplace-
Adomian decomposition. Journal of Applied Science and Engineering, 27(10), 3225-3236.

31. Younas, U, Bilal, M., & Ren, ]. (2021). Propagation of pure-cubic optical solitons and stability analysis in the absence of
chromatic dispersion. Optical and Quantum Electronics, 53(9), 490.

32. Khalid, F, Souleymanou, A.,, Arash, P., Alphonse, H., Shaowen, Y., & Ahmad, H. (2023). Pure-cubic optical solitons to the
Schrodinger equation with three forms of nonlinearities by Sardar subequation method. Results in Physics, 48,
106412.

33. Abdelrahman, M. A. E,, Alharbi, A, & Almatrafi, M. B. (2020). Fundamental solutions for the generalized third-order
nonlinear Schrédinger equation. International Journal of Applied and Computational Mathematics, 6, 160.

34. Malik, S, Kumar, S, Nisar, K. S,, & Saleel, C. A. (2021). Different analytical approaches for finding novel optical solitons
with generalized third-order nonlinear Schrédinger equation. Results in Physics, 29, 104755.

35. Albayrak, P, Ozisik, M., Bayram, M,, Secer, A, Das, S. E., Biswas, A., Yildirim Y., Mirzazadeh M. & Asiri, A. (2023). Pure-
cubic optical solitons and stability analysis with Kerr law nonlinearity. Contemp. Math, 4(3), 530-548.

36. Kudryashov, N. A. (2020). Method for finding highly dispersive optical solitons of nonlinear differential equations.
Optik, 206, 163550.

37. Ozisik, M, Secer, A, Bayram, M., & Aydin, H. (2022). An encyclopedia of Kudryashov’s integrability approaches
applicable to optoelectronic devices. Optik, 265, 169499.

38. Sirendaoreji. (2017). Unified Riccati equation expansion method and its application to two new classes of Benjamin-
Bona-Mahony equations. Nonlinear Dynamics, 89, 333-344.

Ozisik, M,, Secer, A., Bayram, M,, Yildirim, Y., Alngar, M.E.M., Biswas A. (2026). Perturbation of
Pure-Cubic Optical Solitons with Kerr and Power-Laws of Self-Phase Modulation. Ukrainian
Journal of Physical Optics, 27(4), 04155 - 04167.

doi: 0.3116/16091833 /UKkr.].Phys.Opt.2026.04155

AHomayis. Y ybomy docaidxnceHHi susuaemuvcst GUHAMIKA ONMUYHUX COAIMOHIB, U0 pegy/IHEMbCs
HeqiHilHUM pigHsiHHAM IllpediHzepa (HPILLI) mpemwvozo nopsidky, 8 sikoMy Hexmyrwmb Y/AeHOM
Xpomamuy4Hoi ducnepcii, pexcum, sikuii HeWodasHoO NPUBEPHY8 3HAYHY Y8azy 8 HeAIHIliHIll onmuyi,
Ak Keppiecbka, mak i cmeneHega HeniHiliHi gpopmu HPII poszasdaromubesi 0159 MOOeAOBAHHS
yucmo Kyb6iuHoi onmuuHoi HesiHiliHocmi nid eniugom 36yprosanvHux egexkmis. AnanrimuyHi
p038'513KU No6ydosaHi 3 euUKopucmaHHiM Hogozo Memody Kydpsiwoea (NKM), yHigikoearozo
Mmemody po3kaadaHHs pieHsHb Pikkami (UREEM) ma nideepcii memody poskaadauHsl 3a
donomixcHUM pigHsAHHAM (SAEMZ26). 3acmocosani Memodu do36015110mb eghekmusHo susodumu
@PyHdameHmanbHI /0KAM308aHI X8UMLOBI cmMpyKmypu, a came ceimsai ma memHi onmuyHi
conimoHu, sKi gidizparomb YeHMpaabHy poib Y NOWUPEHHI ONMUYHUX X8U/Ab 68 HEAIHIUHUX
cepedosuwjax. Kpim mozo, nposedeHo demasibHull napamempuyHuli aHaiz 0151 BUBUEHHS MO20, K
Kawuosl izuyHi napamempu enausarwmv HaA amnaimydy, @dopmy ma Xapakmepucmuku
NOWUPEHHSI OMPUMAHUX COJIMOHHUX p038'si3kie. Pe3ysbmamu nidkpecaworoms 30amHicmb
po3aasHymoi modesi nidmpumysamu pi3HOMAHIMHI HeAIHITIHI onmuvHi pexcumu ma Hadarmeo
nodasvbuie po3ymiHHS nhosediHKU coaimoHie y cepedosuwjax 6e3 duchepcii abo 3i caabkow
ducnepciero.

Krouoei caoea: HPLL mpemwbozo nopsidKy, 2amMinbmoHose 36ypeHHs], meMHUll ma ceim.uli coaimoH
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