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1.Introduction
Fractional nonlinear evolution equations (FNLEEs) provide a powerful mathematical

framework for studying complex systems with memory effects and nonlinear interactions,
yielding novel insights and applications in engineering and science [1-5]. The non-linear
nature of these equations makes them suitable for modeling an extensive range of
phenomena in engineering, biology, chemistry, and physics. As a result, it is significant to
solve these FNLEEs. Recently, various powerful techniques for finding exact solutions to
FNLEEs have been presented, such as the exp(—¢(§))-expansion method [6], the sine-

Gordon expansion technique [7], the Jacobi elliptic function expansion method [8], the
F-expansion method [9], the Riccati equation method [10], the exp-function method [11], the
(G’/G)-expansion method [12, 13], and the sine-cosine method [14], etc.

In recent years, several fractional operators, such as the Caputo, Riemann-Liouville, and
Atangana-Baleanu derivatives, have been widely employed to model memory and hereditary
effects in nonlinear systems. Despite their effectiveness, these operators present certain
limitations. For instance, the Riemann-Liouville derivative often poses difficulties in
prescribing physically meaningful initial conditions, whereas the Caputo derivative, although
more suitable in this regard, may impose analytical constraints when solving nonlinear
problems. On the other hand, the Atangana-Baleanu derivative introduces a nonlocal,
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nonsingular kernel, which enhances modeling capabilities but increases computational and
analytical complexity.

The fractional quadratic-cubic nonlinear Schrédinger equation (FQC-NLSE) is a
mathematical equation that explains the behavior of wave functions in certain physical
systems. This equation combines elements of quantum mechanics, nonlinear dynamics, and
fractional calculus to provide a more accurate representation of complex systems. The
quadratic-cubic nonlinearity term in the equation accounts for particle interactions in the
system and enables the study of phenomena such as solitons and rogue waves.

On the other side, the fractional quadratic-cubic nonlinear Schrédinger equation
(QC-NLSE) has attracted considerable attention, and a variety of analytical approaches have
been developed to explore its solution structures. For instance, Attia et al. [15] investigated
the space-time fractional QC-NLSE with the Atangana-Baleanu derivative using the modified
Khater and generalized exp (—¢(§)) -expansion methods, while Badshah et al. [16] employed

the unified method and the extended simple equation method to obtain exact solutions for
the same model. In a different direction, Islam et al. [17] considered the conformable
fractional QC-NLSE and derived analytical solutions via the improved tanh method and the
rational (G’/G) -expansion technique. Although these studies have significantly advanced the
understanding of fractional QC-NLSE models, they are primarily restricted to specific
fractional operators and solution techniques.

The QC-NLSE with M-truncated derivative (QC-NLSE-MTD) under consideration is
written as [15-17]:

thﬂ"Su+a1uxx—a2|u|u+a3|u|2u=0, (1)
where u=u(x,t) is a complex-valued wave function depending on the spatial variable x and

temporal variable t . The operator Mtﬂ © denotes the M-truncated derivative with respect to

time, which provides a generalized description of temporal evolution and can be used to
incorporate memory effects and nonlocal temporal behavior into the model. The coefficient
a, represents the group velocity dispersion, while a,and a;zare the strengths of the

quadratic and cubic nonlinear terms, respectively. The quadratic nonlinear term —a2|u|u is

associated with second-order nonlinear effects, such as three-wave mixing processes
. . . . 2

(e.g., second-harmonic generation). The cubic nonlinear term a3|u| u accounts for Kerr-type

nonlinearity, which can describe either self-focusing or self-defocusing behavior depending
on the sign of a;.

However, the use of the M-truncated derivative (MTD) in the context of the QC-NLSE
has not yet been adequately explored. This reveals a clear gap in the literature, particularly
regarding the development of exact solutions within alternative fractional frameworks that
may offer improved analytical tractability and greater flexibility in describing nonlinear
wave phenomena. Motivated by this gap, the present study considers the time-fractional
QC-NLSE with the M-truncated derivative and applies the F-expansion method to construct a
broad class of exact solutions. This approach not only complements existing results but also
extends the current body of knowledge by introducing a different fractional operator and
solution framework for the QC-NLSE.
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The main aim of this study is to obtain exact solutions to the QC-NLSE-MTD (1).
Solutions in the type of rational, elliptic, trigonometric, and hyperbolic functions can be
produced using the F-expansion approach. To address the influence of the MTD on the
acquired solutions of Eq. (1), several graphs are also produced using the MATLAB tool.

The paper’s outline is as follows: We define MTD and list its properties in Section 2,
while the QC-NLSE-MTD wave Eq. (1) is described in Section 3. After that, in Section 4, we
obtain the solutions of QC-NLSE-MTD (1) and plot figures to examine the influence of MTD
on the solutions. In Section 5, we present the physical interpretation of the solutions
obtained. The conclusion of the study is stated in the end.

2.The M-truncated derivative
Since fractional derivative operators are more effective than integer order derivatives for

simulating the behavior of complex systems, they are crucial in many fields of science and
engineering. Many types of fractional derivative operators are available, such as the Katugampola
derivative, Jumarie derivative, Caputo derivative, Hadamard derivative, and Griinwald-Letnikov
derivative, Riemann-Liouville derivative [18-21]. A new derivative, defined as the M-truncated
derivative (MTD), was recently introduced by Sousa et al. [22]. This derivative naturally evolves
from the classic derivative. The MTD incorporates classic calculus properties such as linearity, the
product rule, the quotient rule, the composition rule, and the chain rule.

Definition: Let u:[a,)— R be a continuous function. Then the MTD of order 0< <1 is

_ﬂ _
defined by: M{*u(t)= }Iiné u(tE5(hth ))-u(t) , where heR is an increment parameter and
—

6>0. The function E 5(-) denotes the truncated Mittag-Leffler-type function defined by
i k
E = Q—, eC, where kis the summation index, neN determines the
5(@) kzzor(kcsn) ¢
truncation order, and I'(-) is the Gamma function.
Theorem: Consider f(t) and g(t) thatare S -order differentiable, then the MTD satisfies

the following features for any real constantsa and b [22]:

MP? (af (¢)+bg(t))=aMP? f(£)+bMPOg(t), MP? ()= %tn—ﬂ’

ME2 (f(t)g(e))=f ()M g(e)+ g(e)MEf (¢),

ME O~ g MU0 =T (9(0)ME S (0).

3.Traveling wave equation for the QC-NLSE-MTD
The QC-NLSE-MTD wave Eq. (1) is obtained by applying

u(x, t)=Q(p)e, (2)
where @ is the real-valued amplitude profile, and 0 is the phase. The variables p and
0 describe a traveling wave structure with fractional temporal evolution. The wave variables

p and 6@ are defined by

AT(5+1

)5, and 0= g,x+ 21O+,

p=kx+ B

’

where k, A, 0;, and 0, are the wave number, wave velocity, spatial frequency of the phase,

UKkr. J. Phys. Opt. 2026, Volume 27, Issue 3 03085



Sofian T. Obiedat et al

and temporal frequencies of the phase, respectively. We note that
MPPu=[AQ +i6,Q)e®, and u, = [ k2Q" +2ik6,Q' —62Q Jei®, (3)

where Q' =Z—Q and Q" =%. Plugging Egs. (2) and (3) into Eq. (1), we get for the real part
p p

a1k2Q" (162 +6,)Q —a,Q2 +a3Q3 =0, (4)
and for the imaginary part

Q'(?\+2ka191)= 0 (5)
Let

A=—2kay0;, (6)

which gives the velocity of the travelling wave.
Rewriting Eq. (4) as follows

Q"+ AQ+AQ%+ A3Q3 =0, (7)
—(a,0% + 6. -
alkz alkz alkz

4.Exact solutions of the QC-NLSE-MTD
Let us utilize the F -expansion method (for more information, see [23-24]). Assuming the

solution of Eq. (7) is

m
Q(p)=21Fi(p), (8)
i=0
where /4, (5, ls,...... ,{nq1 and ¢, #0 are unknown constants to be computed. The

coefficients ¢; are amplitude parameters that determine the contribution of each power of
the auxiliary function F( p) to the wave profile. They control the shape, localization, and

nonlinear characteristics of the solution, such as its amplitude, width, and type. While F
solves the auxiliary equation:

(F'Y’ = hyF4 + hyF2 + b, (9)
where hy,h,, and h; are real constants that determine the qualitative behavior of the
auxiliary function F ( p). They control the type of solutions obtained (solitary, periodic, or
elliptic) and are indirectly related to the system's physical properties through the balance
between nonlinearity and dispersion.

First, let us equate @3 with Q" in Eq. (7) to compute the parameters m as
3m=m+2 = m=1. With m=1, Eq. (8) becomes
Q(p)=to+4F(p), (10)
Putting Eq. (10) into Eq. (7) and using Eq. (9), we get
[2hy 01+ A31F3 +] Agpl3 +3Asl o(31F2+[ byl y + Ayl +20 01 Ay +3A,030, |F
+[ Aglo+ Ayl +Agl3 ] =0.
For i=3,2,1,0, we balance each coefficient of Fi with zero to have 2h/¢;+A3/3=0,

A2£%+3A3£0£2 =0, hzgl +A1£1 +2£0£1A2 +3A2€%€1 =0, and Algo +A2£% +A3£3 = 0
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By solving the above equations, we have

(11)
Substituting Eq. (11) into Eq. (10), we have the solution of the traveling wave Eq. (7) as:

_ Ay, [Zah
Q(p)= 3as * \| 9h,a3 F(p) (12)

Consequently, putting Eq.(12) into Eq.(2), we get the following solutions for the

QC-NLSE-MTD (1):
a, —2a5h .
u(x,t)=| ==+ | —&LF eid, 13
(xt) (333 \| 9hya3 (p)j (13)

There are several cases for the solutions of that Eq. (9) depend on hy,h, and h; as follows:
Case 1: If hj =@2,hy=—(1+®2)and hy=1, then F(p)=sn(p;@), where the parameter @ is

the elliptic modulus of the Jacobi elliptic function, which controls the shape of the solution. In this

case, Eq. (13) takes the form

2
u(x,t)= (a_z + zaz—wzsn(kx +%tﬂ;wn

3a; \9(1+w2)a}
xexp{i(@lx +w(€ﬂﬂ.

This solution represents a nonlinear periodic wave, in which @ controls the transition from

(14)

sinusoidal behavior to soliton behavior. When @ — 1, Eq. (14) (see Table 1) reduces to:

u(x,t)z(a—zi a—ztanh[kx+mtﬂn
3a;  \ 9a2 B
xexp{i{@lx +wwﬂ,

while this solution represents a localized solitary wave (kink-type soliton) described by the

(15)

hyperbolic tangent function.

Case 2: If hj=-w2,hy=2w2-1and ly=1-w2, then F(p)=cn(p;@). In this case, Eq.(13)

takes the form:
u(x,t)= A2 4 zaz—wzcn(kx+mtﬂ;wJ
3a; 9(2@2—1)a§ B
(16)
xexp{i(@1x+%tﬁﬂ,

for <1/+/2 . This solution represents a nonlinear periodic wave, where the elliptic modulus

@ controls the transition from periodic wave trains to soliton-like structures. When @ —1,
Eq. (16) (see Table 1) turns to:
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u(x,t)= 22 ﬁsech(kx +MtﬂJ
3a; \/9a3 B

xexp{i(@lx +%tﬁ ﬂ

This solution represents a localized, bright solitary wave (sech-type soliton) with a stable

(17)

envelope that propagates in the medium.
Case 3: If hy =—1, y=2-@2 and iy =w2-1, then F(p)=dn(p;w). In this case Eq. (13) takes

the form:
3a; \9(2-@2)a? B

W |

This solution represents a nonlinear periodic wave, where @ controls the transition

(18)

between periodic and soliton-like behavior. If @ — 1, then Eq. (18) transfer to Eq. (17).
Case 4: If hy =1, hy=—(@2+1) and &, = @’ then F(p) = ns(p;w). In this case, Eq. (13)

takes the form:
3a; \9(@2+1)aZ B

xexp{i{@lx +Wtﬂﬂ.

This solution represents a nonlinear periodic wave expressed in terms of Jacobi elliptic

(19)

functions, corresponding to a modulated wave train whose profile is governed by the elliptic
modulus @ . When @ — 1, Eq. (19) (see Table 1) becomes

u(x,t)= (a_z + \/zcoth(kx +Mtﬂ B
3a; \|9a% B
xexp{i{@lx +Wtﬂﬂ.

While this solution represents a localized singular solitary wave (coth-type kink solution),

(20)

exhibiting a sharp transition structure propagating in the medium. When @ —1, Eq. (19)
(see Table 1) reduces to:

u(x,t)= L I P kx+mtﬂ
5 B

3a; '\ 9a3
r 1
xexp{i{@lx +%tﬂﬂ.

This solution represents a nonlinear periodic wave with singular behavior, corresponding to

(21)

a csc-type periodic structure with oscillatory profiles in the medium.

Case 5: If hy=1, hy=—(w@2+1) and h;=w2, then F(p)zdc(p;w)zm. In this case,

cn(p;@

~—

Eq. (13) takes the form:
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(22)

This solution (22) represents a nonlinear periodic wave expressed in terms of Jacobi elliptic
functions, corresponding to a modulated wave train. The elliptic modulus @ controls the wave pro-
file and its transition toward soliton-like behavior. When @ — 1, Eq. (22) (see Table 1) reduces to:

u(x,t)= (a_z + \/Esec{kx +Mtﬂn
3a; \/9a2 B
xexp{i{@lx +Wtﬂﬂ.

While the solution (23) represents a nonlinear periodic wave with singular behavior,
described by a sec-type profile, corresponding to an oscillatory wave structure with sharp
peaks in the medium.

Case 6: If hy =1-@2, hy=202-1 and ly=-@2, then F(p)=nc(p;@). In this case, Eq. (13)

takes the form:
3a; \9(1-2w2)a3 B

xexp{i(@lx +%tﬁﬂ,

for 0<@ <1/~/2. The solution (24) represents a nonlinear periodic (elliptic) wave of nc-type,

(23)

(23)

describing a modulated wave train. The elliptic modulus @ controls the wave profile and its
transition between periodic and soliton-like behavior. If @ — 0, then Eq. (24) transfer to Eq. (23).

Case 7: If hy=w2-1, ,=2-w2 and hy=-1, then F(p)=nd(p;@). In this case, Eq. (13)

takes the form:
u(x,t)z(;Tzi /;‘E;(l_gzgnc(k’x+AF(Z+1)tﬂ;wJJ
3 —we)ag
(25)
xexp{i(@1x+%tﬂﬂ.

The solution represents a nonlinear periodic (elliptic) nc-type wave, corresponding to a
modulated wave train. The elliptic modulus @ governs the wave profile and controls the

transition between periodic and soliton-like structures.
Case 8: If h=—w2(1-@2), hy=2w2-1and hy=1, then F(p)=sd(p;@). In this case Eq.
(13) takes the form:

2(1=m2
u(ot)=| 2y (R2o2m0), ) AL
3a, 9(2w2-1)a3 B

xexp{i{@lx +—92F(g +1) tﬂﬂ,

for >1/~/2 . The solution (26) represents a nonlinear periodic (elliptic) wave of sd-type,

(26)

describing a modulated wave train. The elliptic modulus @ controls the wave profile and
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governs the transition between periodic and soliton-like behavior.
Case 9: If h =1 h=2w2-1and hy=-w2(1-w2), then F(p)=ds(p;@). In this case,
Eq. (13) takes the form:

u(x,t)= Ay | B g kx+mtﬂ;w
3a; \9(1-2w2)a? B
xexp{i{@lx +wwﬂ,

for <1/~/2. This solution represents a nonlinear periodic wave expressed in terms of Jacobi

(27)

elliptic functions, in which the elliptic modulus @ governs the transition between periodic
and soliton-like wave structures.

Case10:1f hy =1/4, hy=(@2-2)/2 and hy=w2 /4, then F(p)=ns(p;@)+ds(p;@). In this

case Eq. (13) takes the form:
ns(kx+mtﬂ;wj
— aZr ﬂ
3a; \9(2-@2)a3 r(s+1
3 ( @ )03 +d{kx+%tﬂ:w (28)

xexp{i(@lx +Wtﬂﬂ.

When @ — 1, Eq. (28) (see Table 1) turns to:

coth{kx+mtﬂj
ay, B
1 3a;  \9a2
I csch(k“%tﬂj (29)

xexp{i{@lx +w(€ﬂﬂ.

The solution (29) represents a localized singular solitary wave composed of hyperbolic
functions (coth-csch type), describing a sharply varying kink-like structure with singular
behavior propagating in the medium. When @ — 1, Eq. (28) (see Table 1) reduces to:

csc[kx +Mtﬂj
B

u(xt)= 22 4 —32’2
3a; \18a2 +C0t[kx+xr(5+1)tﬂj
B

xexp{i{@lx +w(€ﬂﬂ.

While the solution (30) represents a nonlinear periodic wave with singular behavior,

(30)

expressed through trigonometric functions (csc-cot type), corresponding to an oscillatory
wave profile with periodic singular structures.

Case 11: If hlz%z, h2=w22—2 and h3=wT2, then F(p)=~v1-w2(sd(p;@)+cd(p;w)). In

this case, Eq. (13) takes the form:
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sd(kx+mtﬂ;wj
2, [apoi(l-a?)

3a; \ 9(2-w@2)a2 +Cd(kx+xr(5+1)ﬂ

t ;wj (31
xexp{i(@lx +w(ﬁﬁﬂ.

Case 12: If h1=w24_1, h2=w22+1 and h3=“24‘1 , then F(p)=wsd(p;@)+nd(p;w). In this

u(x,t)=

case, Eq. (13) takes the form:

T - wsd(kx+%tﬁ;wj
u(x,t)= 2 4 B(l-a?)

333_ 9(1+w2)a§ +nd(kx+—xr(5+1)tﬂ'wJ (32)
ﬂ )

xexp{i(@lx +ww ﬂ

The solution (32) represents a nonlinear periodic wave constructed from Jacobi elliptic
functions and describes a modulated wave train. The elliptic modulus @ controls the wave
profile and its transition toward soliton-like behavior.

2 2_9 1 sn(p;w) .
Case 13: If h,=2- h =2 and h, ==, then F =————2—_ In this case, Eq. (13
1T T 37 )= dn(pior) e (13)

takes the form:

> sn(kx+)\r(5+1)tﬁ;wj
u(x,t)= A2 4 il B

_ 2
323 \9(2-0?)a3 1+dn(kx+”(;+1)tﬂ;wJ (33)

xexp{i(@lx +@tﬂ ﬂ

The solution (33) represents a nonlinear periodic (elliptic) wave expressed in terms of Jacobi
elliptic functions, describing a modulated wave train. The elliptic modulus wgoverns the transition
between periodic and soliton-like structures. When w—1, Eq. (33) (see Table 1) reduces to:

tanh(kx + M‘(i;l)tﬁj

[a
u(x,t)=| ==+ —22
3as /93 1+sech(kx+”(;+ D) tﬂ}

xexp{i(@lx +@tﬁﬂ.

The solution (34) represents a localized nonlinear solitary wave (kink-type structure) with a

(34)

modified hyperbolic profile. It describes a stable wave packet whose shape is governed by
the balance between nonlinearity and dispersion.

Case14:If y =—(1/4), b =(w2+1)/2and hy =(@2—-1)2 /4, then

F(p)=wcn(p;@ )+dn(p;@). In this case, Eq. (13) takes the form:
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wcn[kx+wtﬁ;wj
u(x,t)=| 22t |22 P

B \O(1+a?)as +dn(kx—}‘r(5+1)tﬁ-wj (35)
ﬂ 4

x exp{i(@lx + Wtﬁ ﬂ

This solution (35) represents a nonlinear periodic (elliptic) wave formed by a superposition
of Jacobi functions cn and dn. The elliptic modulus @ controls the wave profile, governing
the transition between periodic wave trains and soliton-like structures.

Case 15: If h; =1, hy=2—4w?2 and hy=1, then F(p)= Sn(p;w()dn(;o;w). In this case, Eq. (13)
cn(p;@

takes the form:

A2 4 4

3a, \9(202-1)a}

u(x,t)= sn(kx+}m(fgmtﬁ;den[kx+)Wig+l)tﬁ;wj

* N(G+1
cn(kx+(ﬂ+)tﬂ;wJ

xexp{i(@lx +%tﬁﬂ,

for >1/~/2 . This solution represents a nonlinear periodic (elliptic) wave, where @ governs

(36)

the transition from periodic behavior to a localized soliton.

1 1-2w2 1 sn(p;@) .
Case 16: hy==—,h,=—=——and hy,==, then F =———"—— In this case, Eq. (13) takes
17472 2 374 (p) 1+cn(p;w) q- (13)
the form:
r 1
sn(kx+)L(5Jr)tﬁ;wj

- “1)a2
3ag \9(2w%-1)af 1+cn(kx+xr(;+1) tﬁ'wj (37)

xexp{i(@1x+—gzr(g +1)tﬂﬂ.

for >1/+/2 . This solution represents a nonlinear periodic wave, where @ controls the

transition from sinusoidal to soliton behavior. We note that the limiting behavior of Jacobi
elliptic functions (JEFs) is summarized in Table 1.

Table 1. Limiting forms of Jacobi elliptic functionsas @ ->0and @ —> 1.

JEFs o —0 o—1 JEFs o —0 o—1
sn(pw)  sin(p) tanh(p) dn(p;@) 1 sech(p)
cs(p;m)  cot(p) csch(p) sc(p;@) tan(p) sinh(p)
cn(p;m)  cos(p) sech(p) ns(p;@) csc(p) coth(p)
ds(p;@m)  csc(p) csch(p)
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5.Discussion and influence of the M-truncated derivative
The obtained solutions reveal a wide variety of nonlinear wave structures governed by the Jacobi

elliptic functions and their limiting forms. In particular, the solutions expressed in terms of sn,
cn, and dn functions represent periodic wave patterns, where the modulus parameter
@ controls the transition between periodic and solitary wave behaviors. As @ — 1, these
solutions reduce to hyperbolic forms such as tanhand sech, corresponding to kink-type and
localized soliton structures, which are important in modeling stable wave propagation in
nonlinear optics. Conversely, the limit @ — 0leads to trigonometric solutions, indicating
oscillatory wave behavior. Moreover, the presence of different functional forms, such as ns, dc, sd,
and combined structures, indicates the existence of singular, periodic-singular, and composite
wave profiles, thereby enriching the model's dynamical features. These solutions describe
various physical phenomena, including wave modulation, energy localization, and interaction
patterns in nonlinear media.

A key observation from the graphical results is the significant influence of the fractional
parameters (3 and §, which arise from the M-truncated derivative. As § decreases, the wave
profiles exhibit noticeable changes in amplitude, width, and propagation speed, indicating
that the memory effect introduced by the fractional operator plays a crucial role in
controlling wave dynamics. In particular, smaller values of 8 tend to slow down the wave
evolution and modify the localization properties of the solitons. This behavior highlights the
advantage of the M-truncated derivative over classical and other fractional operators, as it
offers greater flexibility in tuning wave characteristics while maintaining analytical
tractability.

Overall, unlike many existing studies that primarily report standard solution forms, the
present results provide a broader spectrum of wave structures and a clear demonstration of
how fractional effects influence their physical behavior. This not only enhances the
understanding of the QC-NLSE model but also provides a more comprehensive framework
for describing complex nonlinear wave phenomena.

The M-truncated derivative (MTD) is a mathematical operator introduced to
incorporate memory and nonlocal effects in a fractional framework. It should be emphasized
that the MTD is not a physical mechanism; rather, it is a modeling tool for describing
fractional time dynamics.

In this context, the fractional parameters 3 and § arising from the MTD formulation
influence the temporal scaling and evolution of the solutions. These parameters modify the
effective wave dynamics by controlling the rate of evolution and the solution's time scaling
behavior. In particular, variations in  lead to changes in the propagation characteristics
such as wave speed, width, and localization properties. This reflects the MTD's role as a tool
for incorporating memory-dependent dynamics, rather than as a direct physical force or
mechanism.

The influence of the M-truncated derivative (MTD) on the QC-NLSE (1) solutions is
illustrated through two- and three-dimensional plots for selected parameter values. The
solution profiles given by Egs.(14), (15), and (17), shown in Figs. 1-3 correspond to
different pulse types. In particular, they describe periodic wave trains, kink-type solitons,
and bright solitary pulses, respectively. These profiles demonstrate the diversity of nonlinear
excitations supported by the model under the effect of the fractional framework.
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Fig. 1. (a-e) describe the 3D-profile of the amplitude |u(x,t)| for Eq. (14), while (f) describes the 2D-
profile of Eq. (14) with a distinct . The parameter values are @ =0.5, a; =az=k=1, A=-2, with
the ranges —4<x<4 and 0<t<3. The fractional parameters are specified as follows: (a) f=1,

6=0;(b) =0.8,6=09;(c) p=0.6,6=09;(d) f=05,6=09;() =04, 5§=0.9;and(f
£=1,0.8,0.6,0.5,0.4 with 5§ =0.9.
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Fig. 2. (a-e) describe the 3D-profile of the amplitude |u(x,t)| for Eq. (15), while (f) describes the 2D-
profile of Eq. (15) with a distinct 8 . The parameter values are a, =a3 =k =1, A=-1, with the ranges
—4<x<4 and 0<t<3. The fractional parameters are specified as follows: (a) =1, §=0; (b)
p£=08, §=09; (¢ =06, §=09; (d B=05, 6§=09; (¢) =04, §=0.9; and (f)
£ =1,0.8,0.6,0.5,0.4 with § =0.9.
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Fig. 3. (a-e) describe the( 3)D-pr0file of the amplitude |u(x,t)| for Eq. (17), while (f) describes the 2D-
profile of Eq. (17) with a distinct 8 . The parameter values are a, =az=k =1, A=-1, with the ranges
—4<x<4 and 0<t<3. The fractional parameters are specified as follows: (a) =1, §=0; (b)
p£=08, §=09; (¢ =06, 6§=09; (d F=05, 6=09; (¢) =04, §=0.9; and (f)
£ =1,0.8,0.6,0.5,0.4 with § =0.9.
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Figs. 1-3 reveal the significant influence of accounting for the M-truncated derivative
through the fractional parameter  on the evolution of the soliton structure. When g =1,

the model reduces to the classical (integer-order) case with stable amplitude and smooth
propagation along the spatial direction. The wave maintains its shape and travels without
noticeable distortion, which is consistent with classical QC-NLSE dynamics.

When 3 decreases to § =0.8 and {3 =0.6, the influence of the fractional modeling through
the M-truncated derivative becomes more apparent in describing the wave dynamics. The
soliton begins to experience a slight deformation, in which its amplitude decreases slightly
and its width increases.

For smaller values such as 3 = 0.5 and B = 0.4, the influence of fractional modeling
becomes more pronounced. The soliton exhibits noticeable broadening, accompanied by a
reduction in amplitude and slower propagation. The wave profile becomes more diffused,
reflecting enhanced memory and nonlocal characteristics as described by the M-truncated
derivative. This behavior suggests that the MTD effectively balances nonlinearity and
dispersion, leading to weaker localization and enhanced damping-like behavior in the wave
structure.

Overall, the results indicate that decreasing £ leads to broader wave profiles with reduced

amplitude and slower propagation. This behavior reflects enhanced memory and nonlocal
interactions in the medium, which redistribute the wave energy over a wider region and delay its
evolution. Such features are typical of fractional models and provide a more realistic description
of wave dynamics in complex media compared to the classical integer-order framework.

6.Conclusion
In this work, the quadratic-cubic nonlinear Schrédinger equation with the M-truncated

derivative has been investigated. By applying the F-expansion method, several classes of
exact solutions were obtained in terms of Jacobi elliptic functions and their limiting forms,
yielding elliptic, trigonometric, and hyperbolic wave structures. The obtained solutions were
illustrated through two- and three-dimensional visualizations for selected parameter values,
providing a clear description of their dynamical behavior. The influence of the fractional
parameters was interpreted in terms of their contributions to the mathematical description
of memory effects, with variations in 3 and 6 leading to noticeable changes in wave
amplitude, width, and propagation characteristics. These results provide a consistent
analytical framework for describing complex wave patterns in the QC-NLSE model. Future
work will investigate how different fractional operators affect the behavior of nonlinear
wave solutions.
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AHomayisa. Y yili cmammi mMu posaasHyAUu Keadpamu4HO-Ky6iuHe HesiHiliHe pIBHSIHHS
llpedineepa (KK-HPIl), c¢opmosane 3a donomozorwo M-ycivenoi noxidnoi (MII/]).
Bukopucmosyrwuu memod F-po3kaady, OmpumaHo pi3HOMAHIMHI MoO4HI aHaAimuyHi
p038's13KU, 8K/a04ayu nepioduyHi, scKpasi, KiHK08i, AHMUKIHKO8I, CUH2yAsIpHI ma memHi
cosnimoHHi cmpykmypu. [lokazaHo, wo mMemod € cucmemHumM ma edpekmusHum 0151 hobydosu
MOYHUX pO038'S3Ki68 HeAIHIlIHUX eBOo/NYIIHUX pIBHSAHbL 3 Xapakmepucmukamu 0po608020
nops10ky. OcHogHuUll 8Hecok yiei pobomu nossizae y sugedeHHi ma kaacudikayii pisHomaHimHoi
poduHU x8unbosux po3e'saskie das KK-HPII 3 MII/J. I'pagiuHe mModear08aHHS BUKOHAHO 34
donomozorw MATLAB Odas imocmpayii enaugy 0po60o8ozo hapamempa HA NOBEOTHKY
ompumaHux po3e's3kie. Peysbmamu nokadyroms, wo eapiayii yvozo hnapamempa
npu3godsimv 00 NOMIMHUX 3MiH Yy ¢opMi ma 0co6AUBOCMSX NOWUPEHHS X8U/AbO8UX
cmpykmyp, modi Ak aHaaimuvHuii mMemod cayxcumbs IHCMpyMeHmoM O0/51 ONnucy uyux
ssacmugocmetl.

Kawuoei caoea: M-yciuena noxioHa, onmuy4Hi conimoHu, Modeno8aHHs, Mmemod F-poskaady,
Keadpamu4Ho-Ky6iuHi HeiHIliHI e8oOYiliHI pIBHAHHA
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