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Abstract. Laser wakefield acceleration is an efficient method for generating and accelerating relativistic 
electron bunches. The parameters of these self-injected bunches depend on the laser and plasma parameters. 
In this paper, it is demonstrated that the formation of a self-injected bunch is sensitive to the profile of the 
driving laser pulse. The authors compared a steep-front pulse with a gradual-front pulse while keeping all 
other laser parameters identical. It is shown that a self-injected bunch forms for a steep front pulse, but no self-
injection is observed for a gradual front pulse. The formation and subsequent wakefield acceleration of self-
injected bunches were investigated in cylindrical and conical plasma channels for both homogeneous and 
longitudinally inhomogeneous plasma profiles. An increase in the energy of the self-injected bunch was 
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1. Introduction  
Laser wakefield acceleration (LWFA) is a promising method for generating and accelerating 
relativistic electron bunches due to the extremely high accelerating gradients achievable in 
plasma [1, 2]. The basic physical principles of plasma acceleration using a laser-pulse driver and 
the main LWFA regimes have been discussed in many theoretical and review papers [2-10]. The 
development of high-power femtosecond laser systems has made LWFA experimentally 
accessible and attractive for compact accelerator applications, for which conventional radio-
frequency structures are limited by dielectric breakdown [10]. Experimental demonstrations of 
monoenergetic and multi-GeV electron beams from compact laser-plasma accelerators have 
further confirmed the practical potential of this approach [11, 12]. 

An important feature of LWFA is the possibility of self-injection, when plasma electrons are 
trapped directly from the wakefield and then accelerated without the need for an externally 
injected bunch [1, 2]. At the same time, the formation of a self-injected bunch is highly sensitive to 
the laser and plasma parameters, because electron trapping depends on the wakefield structure 
and electron dynamics. These processes are nonlinear, self-consistent, the dynamics of one 
electron influences the dynamics of others. As a result, injection control remains one of the 
central problems of LWFA. And numerical simulation in this context is an effective method for 
investigation wakefield processes. In the present work, numerical simulations were performed 
using the WarpX code [13]. 

A number of approaches have been proposed to improve injection control and to increase 
the bunch energy. Multistage and hybrid acceleration schemes can overcome some limitations of 
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a single accelerating section, but they require multiple synchronized stages, separate targets, or 
additional preionization systems [14, 15]. Plasma methods (plasma lenses) are widely used as 
accelerator sections, including for focusing self-injected bunches [16-18]. Other modern 
approaches to improving the performance of laser-plasma accelerators include the use of 
uniform, high-density gas cells and dielectric structures. Such configurations can provide 
acceptable conditions for beam generation and acceleration, but they often remain sensitive to 
synchronization requirements and may still suffer from laser defocusing [19] and beam 
instability [20-24]. 

The formation and acceleration of self-injected bunches are studied by both the authors 
of the current paper and other authors. Studies of wakefield excitation in plasma often focus 
on electron trapping itself. In the paper [25], electron trapping was investigated 
experimentally, and stable electron beams with quasi-monoenergetic peaks in the 100 keV 
range were obtained. The low-power laser that can be used in this case (8 mJ) facilitates a 
high repetition rate (500 Hz). However, the authors use a downramp plasma density, which 
increases the number of captured electrons but, in this case, does not maintain the bunch in 
the wake-wave acceleration phase. 

Previously, it was considered the formation of an entire self-injected electron bunch in 
high-density plasma [26]. This study focused on bunch dynamics and the maximum 
achievable acceleration field (2 TV/m) but was less focused on the bunch parameters. In 
[27], the dynamics of the self-injected bunch and its longitudinal momentum were 
investigated for a configuration that allowed the bunch to remain in the accelerating phase. 
Bunch acceleration was observed, but the prevention of laser pulse defocusing was not 
considered. Therefore, further optimization of the configuration was needed, in particular, 
by reducing the steepness of the plasma density gradient while saving the acceleration effect. 

Since the acceleration distance is limited by laser pulse depletion and diffraction, 
authors of [28, 29] proposed a way to extend the acceleration distance by changing from 
acceleration driven only by the laser pulse to a combined (laser and plasma-based) 
acceleration regime. In the combined case, the leading bunches become drivers, generating 
their own wakefield that continues to efficiently accelerate the next self-injected bunches. 
This appears to be an effective approach. At the same time, as noted by the authors of [29], 
the beam quality achieved in this scheme still requires further improvement. Moreover, the 
problem of radial divergence in the laser driver remains an issue. 

At the same time, cylindrical plasma channels and capillary discharge waveguides have 
been considered as ways to keep the laser pulse within the channel and prevent defocusing. 
In particular, guiding of laser pulses in hydrogen-filled capillary discharge waveguides was 
demonstrated in [30]. In related studies with preformed channels [31, 32], propagation of 
intense pulses over extended distances was investigated. 

In this paper, conical channels are investigated as a means not only to preserve the laser 
pulse but also to focus it. In addition, the conical channel shape is used to prevent the wake 
bubble from expanding. Since the self-injected bunch propagates within the wake bubble 
structure, suppressing its expansion and the wake bubble's collapse leads to the decay of the 
self-injected bunch. 

The temporal profile of the laser driver is a practically controllable parameter. Modern 
plasma-mirror techniques [33, 34] enable the generation of high-contrast ultrashort laser 
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pulses, thereby providing the experimental basis for forming a steep pulse front. In the 
present work, this possibility is used to initiate self-injection near threshold under otherwise 
identical laser parameters. The formed bunch is then further accelerated in cylindrical and 
conical plasma channels with homogeneous and inhomogeneous plasma. 

Because of the earlier description and related studies, the general principle of 
increasing the energy of self-injected bunches, plasma channels, and a longitudinally 
increasing density gradient has usually been considered either separately or as parts of the 
system configuration, rather than as key factors directly influencing the bunch itself. 
Moreover, in studies of wakefield acceleration, the self-injection threshold (typically a0 ≥ 2.0) 
is usually exceeded by increasing the laser amplitude a0. 

In related studies, self-injection was typically achieved by increasing the laser 
amplitude above threshold, whereas the role of the laser front profile in near-threshold 
trapping has been insufficiently studied. 

In the current paper, a different approach is considered. Self-injection is initiated not by 
increasing a0, but by using a laser pulse with a steep front, with other laser parameters 
identical. The formed self-injected bunch is then accelerated in cylindrical and conical 
plasma channels with homogeneous and longitudinally inhomogeneous plasma profiles. 
Thus, the aim of the current paper is to investigate self-injection near threshold for different 
laser front profiles and to show how channel geometry and plasma inhomogeneity affect the 
acceleration and properties of the formed self-injected bunch. 

2. Formation of a self-injected bunch in laser wakefield acceleration with a 
steep front laser driver 

To study self-injection near the trapping threshold, 2D3V particle-in-cell (PIC) simulations 
were performed using the WarpX code [13]. The simulations were completed in Cartesian  
(x, z) geometry, where z is the laser propagation direction, and x is the transverse coordinate. 
The computational domain is rectangular. The laser pulse was initialized with a Gaussian 
transverse profile and a prescribed temporal envelope. Two temporal profiles (Fig. 1) were 
considered: a laser pulse with a gradual front and one with a steep front. In both cases, the 
laser wavelength, peak normalized amplitude a0, was the same, where a0=eE0(mecω0)-1 (E0 is 
the laser peak electric field amplitude, ω0 - laser angular frequency), so that only the effect of 
the laser pulse front shape was compared. 

The plasma density is normalized to the initial on-axis value, ne0=1.74×1019 cm-3; the 
value ne/ne0=1 in the figures corresponds to the initial uniform density on the axis. In the 
text, the normalized density is written as ne/ne0, while the label [ne0] on the color scale 
indicates that the density values are given in units of ne0. Spatial coordinates are given in 
units of c/ωpe=1.27 µm, where ωpe is the electron plasma frequency (the characteristic 
plasma length scale). The laser wavelength is λ=800 nm (ω0 = 2.36×1015 rad/s), the waist is 
w0=4.05 c/ωpe, and the initial channel radius is rch=4.15 c/ωpe. The pulse duration is 
full=21.6 fs. The simulation window is 142 c/ωpe long and 12 c/ωpe wide. The density at the 
channel walls is taken to be 10ne0. 

For a laser pulse with a steep front, the ratio of the rise and fall times is τrise/τfall = 1/7. 
In both cases, the peak normalized amplitude is a0 = 2.15. Figs. 2 and 3 show the plasma 
configurations considered in this work, namely cylindrical and conical plasma channels with 
homogeneous and inhomogeneous plasma profiles. 
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Fig. 1. Initial longitudinal profiles of the normalized laser vector potential in the co-moving coordinate 
ξ=z−vgt: (a) a(ξ) and (b) a2(ξ) for the gradual-front (blue dashed line) and steep-front (green solid line) 
laser pulses. Both pulses have the same peak normalized amplitude a0=2.15. The ratio of the rise times is 
τrise. Gradual. / τrise. Steep. = 4. For a pulse propagating with the group velocity vg, the temporal rise time τrise 
corresponds to the longitudinal front width Δξrise=vgτrise. Therefore, τrise. Gradual. / τrise. Steep. = 4 means that the 
front region of the laser pulse gradual front is 4 times wider in ξ than that of the steep-front pulse.  

In Figs. 2 and 3 the color map represents the 2D normalized distribution ne(z, x)/ne0. 
The blue curve, referenced to the blue right vertical axis, shows the on-axis longitudinal 
density profile ne (z, x=0)/ne0. Thus, panel (a) corresponds to a homogeneous plasma profile, 
whereas panel (b) shows a longitudinally inhomogeneous profile.  

A remark needs to be made about the laser pulse with a steep front discussed in the current 
paper. Experimentally, such a front can be realized using temporal-contrast cleaning techniques, 
most commonly plasma mirrors [33, 34]. 

In this paper, a two-dimensional geometry is used as a comparative numerical model to 
identify the roles of the laser front profile and plasma channel configurations. In such a 
formulation, the main features of wakefield formation, electron trapping, and the relative 
effects of changes in the channel geometry and plasma profile are clearly resolved. At the 
same time, some quantitative characteristics may depend on the model's dimensionality. For 
this reason, the present study focuses on the comparative trends revealed between cases 
calculated under the same numerical conditions. 

 
Fig. 2. Initial plasma-density distributions ne(z, x) in a cylindrical plasma channel: (a) homogeneous 
plasma channel; (b) cylindrical plasma channel with longitudinally inhomogeneous plasma. The color 
map shows the normalized density distribution ne(z, x)/ne0 in the (z, x) plane. The blue curve, read from 
the blue right-hand vertical axis, shows the on-axis longitudinal density profile ne(z, x=0)/ne0. In panel 
(a), this profile is constant, but in panel (b) it increases along z. The laser and self-injected bunches in 
these configurations move from left to right.  
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Fig. 3. Initial plasma-density distributions ne(z, x) in a conical plasma channel: (a) homogeneous 
plasma channel; (b) conical plasma channel with longitudinally inhomogeneous plasma. The color map 
shows the normalized density distribution ne(z, x)/ne0 in the (z, x) plane. The blue curve, read from the 
blue right-hand vertical axis, shows the on-axis longitudinal density profile ne(z, x=0)/ne0. In panel (a), 
this profile is constant, whereas in panel (b) it increases along z. The laser and self-injected bunches in 
these configurations move from left to right 

The self-injected bunch sizes are the maximum longitudinal size (Length) in the z-
direction and the maximum transverse size (Width) in the x-direction. The bunch size is 
characterized by its 2D area, defined by its length×width (Sb [μm2]). The criterion for a small 
bunch was set at Sb ≤ 1 μm2. 

The characteristics of the self-injected electron bunch were determined through 
statistical analysis of the macroparticle data. Since the statistical weights of all 
macroparticles were equal, the mean energy of the bunch was calculated by directly 
averaging the total relativistic energies of the individual particles, <E>=<γ>mec2. For the 
obtained highly relativistic bunches (pz>>px and pz>>mec), the Lorentz factor can be 
approximated as γ≈pz/(mec), and therefore <γ>≈<pz>/(mec). Particular attention was given to 
the transverse quality of the bunch. 

The transverse bunch quality was completed using the RMS emittance. For this purpose, 
a classical phase-space calculation was performed. The geometric emittance was calculated 
based on the transverse coordinates of the particles and their divergence angles 

   arctan /x zx p p : 

              
22 2x x x x x x x x x  .    (1) 

Here, εx is the geometric RMS emittance, x is the transverse coordinate, and x′ is the particle 
divergence angle in the (x, z) plane. Eq (1) is the standard statistical phase space expression 
for the RMS emittance and is based on the second moments of the beam distribution: the 
RMS beam size, the RMS angular spread, and the correlation between the transverse position 
and the divergence angle. 

The quantity shown in Fig. 4 was obtained from the initial longitudinal profiles a2(ξ) 
presented in Fig. 1b by calculating the derivative −∂a2/∂ξ. This quantity is proportional to 
the longitudinal ponderomotive force averaged over the laser cycle and therefore 
characterizes the steepness of the laser pulse front. 

The ponderomotive force Fz drives the electron displacement and wakefield excitation, and 
is proportional to the longitudinal derivative of the squared normalized vector potential a2(ξ). 
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Fig. 4. Profiles of the quantity -∂a2/∂ξ for the laser pulses with a gradual and a steep front, calculated from 
the initial longitudinal profiles a2(ξ). This quantity is proportional to the longitudinal ponderomotive force Fz. 

The longitudinal ponderomotive force acting on plasma electrons is determined by the 
gradient of the ponderomotive potential: 


 


p

z
U

F
z

.       (2) 

Using the standard relation between the normalized laser amplitude and the electron quiver 
motion, the relativistic ponderomotive potential can be written as   2 1p eU m c . For a 
linearly polarized laser field, after averaging over the fast laser oscillation, the relativistic 
factor averaged over the laser cycle becomes   21 / 2 a [2], which gives: 

    
 

2
2 1 1

2p e
aU m c ,      (3) 

Where   a a  is the dimensionless normalized laser amplitude defined above, 0a  is the peak 

value of a . By differentiating Eq. (3) with respect to z, the following expression is obtained: 
 


22
2

1
4 1 / 2z e

aF m c
za

.    (4) 

Since   gz v t , at a fixed time t : 

 
 z

 

When two pulses with the same peak amplitude a0 are compared, the factor is  21 / 1 / 2a  
identical in both cases and does not affect their ratio. Therefore, the ponderomotive force is 
determined by the gradient: 

   
 



2
,




z
a

F .      (5) 

Thus, the derivative  2 / a  of the squared normalized vector potential with respect to the 
co-moving coordinate characterizes the steepness of the pulse front. For laser pulses with 
the same peak amplitude 0a , the maximum ponderomotive force can be estimated from the 
characteristic front length frontL . Let  / fronts L  be the dimensionless longitudinal 

coordinate across the pulse front. In this representation, 0a  sets the peak amplitude, frontL  
defines the characteristic front length, and the dimensionless function ( )f s  describes only 
the front shape. Then the laser envelope can be written as: 

 
 

     
 

0 0 ( ), 0 1,
front

a a f a f s s
L

    (6) 
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where f  is a dimensionless shape function normalized so that 1f  at the pulse peak and 
0f  ahead of the pulse and  / fronts L  is the dimensionless longitudinal coordinate 

across the pulse front. From Eq. (6), squaring both sides gives   22 2
0a a f s . Differentiating 

with respect to   by the chain rule,  


1
 front

d
L ds

it can be obtained: 

 


2 22 0 .
 front

a dfa
L ds

     (7) 

This result can be verified directly: since   22 2
0a a f s  and  / fronts L , applying the chain 

rule gives            2 22 2 2
0 0/ / / / /  fronta a df ds ds d a L df ds . The maximum of the 

derivative can be written as: 
 

 

2 22 0

max
max

 front

a fa
L s

    (8) 

For the two profiles shown in Fig. 1, the dimensionless coefficient 



2
maxf

fC
s

 

is a shape factor of order unity. Therefore, for comparable normalized front shapes, the 
leading dependence of the maximum gradient is determined by Lfront, i.e. 

 


22 0

max front

aa
L

     (9) 

Assuming that the front length is related to the rise time by  front g riseL v , it can be 
obtained: 

 


22 0

max g rise

aa
v

                  (10) 

Thus, for two laser pulses with identical peak amplitude 0a  propagating in the same plasma, 
the ratio of the maximum longitudinal ponderomotive forces is 

 
 

 
  
 

2 2
,0max, ,

22 ,,0max,

/ /
/ /

  
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g rise SteepSteep Steep rise Gradual

Gradual rise Steepg rise GradualGradual

a a vF
F a a v

. (11) 

In the present case, 

  ,

,
4 4




Steeprise Gradual

rise Steep Gradual

F
F

.    (12) 

This scaling estimate indicates the expected difference between the two driver laser 
pulses. For laser pulses with the same peak amplitude a0 propagating in the same plasma, the 
characteristic maximum longitudinal ponderomotive force increases as the rise time decreases. 
Therefore, for the laser pulse profiles considered here, where τrise,Gradual/τrise,Steep = 4, the laser 
pulse with a steep front is expected to provide a stronger longitudinal ponderomotive drive 
than the laser pulse with a gradual front. Since self-injection is a nonlinear process, the actual 
effect of electron trapping needs to be determined from PIC simulations rather than from 
scaling estimates alone. 

To compare the wakefield structure of the two laser pulse profiles, the normalized 
plasma density distribution, ne(z, x)/ne0, and the on-axis accelerating field are shown next. In 
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the current paper, the accelerating field refers to the longitudinal electric field component Ez 
on the channel axis, Ez(z, x=0), which is responsible for accelerating trapped electrons. In 
these plots, the color map shows ne(z, x)/ne0, while the red curve, referenced to the right 
vertical axis, shows Ez(z, x=0). 

Figs. 5 and 6 show the wakefield structure in the homogeneous cylindrical channel at 
the same propagation time (t=342.1 fs) for the two laser pulses profile. In both figures, the 
color map represents the normalized plasma density distribution ne(z, x)/ne0, while the red 
curve shows the on-axis accelerating field Ez(z, x=0), referenced to the right vertical axis.  

In the case of the laser pulse with a gradual front (Fig. 5), no compact self-injected 
bunch forms in the rear of the wake bubble. In contrast, for the laser pulse with a steep front 
(Fig. 6), a clear compact self-injected electron bunch appears near the back of the bubble, in 
the accelerating phase of the wakefield. Therefore, keeping all other laser and plasma 
parameters constant, modifying only the laser front profile leads to electron trapping and 
self-injected bunch formation in the threshold case, a0=2.15. 

 
Fig. 5. Normalized plasma density distribution ne(z, x)/ne0 (color map) and on-axis accelerating field Ez(z, 
x=0) (red curve, right vertical axis) in the cylindrical channel with longitudinally homogeneous 
plasma at t=342.1 fs for the laser pulse with a gradual front. No formed self-injected bunch is observed. 

 
Fig. 6. Normalized plasma density distribution ne(z, x)/ne0 (color map) and on-axis accelerating field 
Ez(z, x=0) (red curve, right vertical axis) in the cylindrical channel with longitudinally homogeneous 
plasma at t=342.1 fs for the laser pulse with steep front. A compact self-injected electron bunch is 
formed near the rear part of the wake bubble. 

3. Acceleration of a self-injected bunch formed in the wake acceleration  
with a steep front laser pulse driver 

The Wakefield structures and the formed self-injected electron bunches for the laser pulse 
with a steep front are shown in Figs. 7-9 for the cylindrical channel with longitudinally 
inhomogeneous plasma and for the conical channels with homogeneous and longitudinally 
inhomogeneous plasma. Table 1 summarizes the parameters of these self-injected bunches. 
Analysis of the presented results shows that the proposed LWFA scheme, when the laser 
driver has a steep front, initiates self-injection, whereas with a gradual front, self-injection is 
absent under the same parameters across all configurations. The results also demonstrate 
several ways to increase the longitudinal momentum of the formed self-injected bunch. This 
is achieved using a conical channel, longitudinal plasma inhomogeneity, or both. 

Relatively small changes in density (from 1·ne0 to 2·ne0) and channel radius (from 
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4.15 c/ωpe to 2.29 c/ωpe) were considered to prevent the defocusing and decay of the self-
injected bunch, as well as to avoid inhomogeneous acceleration of the bunch front and tail. 
The data presented in Table 1 demonstrates how both the plasma channel geometry and the 
density profile determine the properties of the injected electron bunch. 

 
Fig. 7. Normalized plasma density distribution ne(z, x)/ne0 (color map) and on-axis accelerating field 
Ez(z, x=0) (red curve, right vertical axis) in the cylindrical channel with longitudinally 
inhomogeneous plasma at t=342.1 fs for the laser pulse with steep front. A self-injected electron 
bunch is observed near the rear part of the wake bubble. 

 
Fig. 8. Normalized plasma density distribution ne(z, x)/ne0 (color map) and on-axis accelerating field 
Ez(z, x=0) (red curve, right vertical axis) in the conical channel with longitudinally homogeneous 
plasma at t=342.1 fs for the laser pulse with steep front. A self-injected electron bunch is observed 
near the rear part of the wake bubble. 

 
Fig. 9. Normalized plasma density distribution ne(z, x)/ne0 (color map) and on-axis accelerating field 
Ez(z, x=0) (red curve, right vertical axis) in the conical channel with longitudinally inhomogeneous 
plasma at t=342.1 fs for the laser pulse with steep front. A self-injected electron bunch is observed 
near the rear part of the wake bubble.  

Table 1. Parameters of self-injected bunches. Steep front laser pulse profile. 

Cylindrical channel Conical channel 
Parameter 

Hom. Inh. Hom. Inh. 
Longitudinal size of the bunch, μm 0.65 0.70 1.03 0.91 
Transverse size of the bunch, μm 0.42 0.49 0.83 0.62 

Sb (2D), μm2 0.273 0.343 0.855 0.564 
<pz>, mec 97.11 116.87 106.86 128.13 

Std. deviation <pz>, mec 2.03 (2.1%) 3.23(2.8%) 0.54(0.5%) 3.55(2.8%) 
Emittance, mm×mrad 7.5×10-4 7.5×10-4 2.1×10-4 9.0×10-4 

Mean energy, MeV 49.6 59.7 54.6 65.5 
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The maximum accelerating field Ez increases from 291 GV/m in the homogeneous 
cylindrical channel to 626 GV/m in the inhomogeneous cylindrical channel, 478 GV/m in the 
homogeneous conical channel, and reaches its highest value of 769 GV/m in the 
inhomogeneous conical channel. 

For the ultrarelativistic bunches considered in this paper, the mean energy values are 
consistent with the corresponding mean longitudinal momentum values, because the total 
momentum is dominated by its longitudinal component, p≈pz, so that γ≈pz/(mec) and, 
consequently, <E>=<γ>mec2≈<pz>c. 

Comparison of conical geometry in the inhomogeneous case and cylindrical 
geometry in the homogeneous case. The main result shown in this section is the combined 
effect of the conical geometry, which prevents the laser pulse from expanding radially and 
focuses it, and the longitudinally inhomogeneous plasma, which, together with the conical 
geometry, keeps the self-injected bunch in the wake-wave acceleration phase. An increase in 
the bunch energy by 32.1% (from 49.6 MeV to 65.5 MeV) is observed. The standard deviation 
of the pz increases slightly (by 0.7%). The emittance and area of the bunch increase, but the 
emittance remains <1×10-3 mm×mrad, and the bunch area <1 μm2. 

Comparison of conical and cylindrical geometry in the homogeneous case. In the 
homogeneous conical channel a larger bunch was formed (0.855 μm2 in the conical case and 
0.273 μm2 for the cylindrical channel) while simultaneously providing better bunch quality: the 
emittance is reduced to 2.1×10-4 mm×mrad and the relative momentum spread reaches 0.5%, 
compared with 7.5×10-4 mm×mrad and 2.1% in the cylindrical configuration. The conical 
geometry also maintains a higher accelerating field (Ez,max = 478 GV/m in conical case, and 
291 GV/m in cylindrical case), which gives higher momentum and energy (pz = 106.86 mec, 
energy = 54.6 MeV) relative to the homogeneous cylindrical case (97.11 mec, 49.6 MeV). 

Comparison of conical and cylindrical geometry in the inhomogeneous case. When 
the plasma density is inhomogeneous, both geometries show a significant increase in 
wakefield amplitude and energy gain compared with homogeneous plasma. The cylindrical 
channel increases to Ez,max = 626 GV/m and mean energy = 59.7 MeV, while in the case of the 
conical channel, the amplitude reaches the highest value, Ez,max = 769 GV/m, the mean energy 
is 65.5 MeV, and pz=128.13 mec. The corresponding bunch sizes show a moderate 
adjustment: in the cylindrical case, bunches become slightly larger (0.343 μm2), whereas in 
the conical case, they become 64.4% compact (0.564 μm2) under a stronger accelerating 
field. The length of the accelerating interval was 98.4 μm for all cases. Fig. 10 shows the 
longitudinal momentum pz of the self-injected bunches for the considered configurations. 

The results show that the self-injected bunch maintains its transverse compactness and 
avoids radial spreading during propagation across all considered setups (Fig. 10). 

Fig. 11 shows a graph of laser pulse energy density in cylindrical and conical channels. It can 
be observed that the laser pulse radius is reduced by a factor of 2 in the case of a conical channel. 

The maximum energy density on the x=0 axis is 0.65 PJ/m3 in the cylindrical channel 
and 1.1 PJ/m3 in the conical channel (Fig. 11). In the conical channel, radial laser focusing not 
only keeps the pulse inside the channel but also increases the maximum on-axis energy 
density by 69.2% relative to the cylindrical case.  

For the cases considered in this paper, the bunch charge ranged from 1 to 4 pC. It was 
obtained from the simulation results data. This charge range is practically relevant for 
applications based on diffraction and imaging with MeV electrons [35, 36]. 
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Fig. 10. Longitudinal momentum pz(z, x). Cylindrical channel: a) homogeneous plasma, b) inhomogeneous 
plasma profile. Conical channel: c) homogeneous plasma profile, d) inhomogeneous plasma profile. 
t=342.1 fs. Steep front laser pulse profile. 

 
Fig. 11. Energy density of the laser pulse: (a) cylindrical channel, (b) conical channel. The color map 
shows the 2D energy density distribution, and the red line shows the energy density profile on the 
system axis x=0).  

A comparison can be made with the experimental studies [37, 38], since they describe 
injection-sensitive LWFA regimes with measured bunch parameters. In [37], 
quasimonoenergetic electron bunches with energies up to 15 MeV, a charge of about 2.5 pC, 
and a divergence below 7 mrad were reported, while in [38] stable self-injected bunches with a 
peak energy of about 36 MeV, a charge of about 4 pC, and a divergence on the order of 10 mrad 
were obtained. In this paper, the authors present bunch energies ranging from 49.6 to 
65.5 MeV for bunch charges of 1-4 pC, with the highest value obtained in the longitudinally 
inhomogeneous conical channel. Thus, even the lowest-energy bunches obtained in the present 
paper exceed the maximum energy reported in [37] several times, with emittance on the order 
of 10-3 mm×mrad, while the best simulated case is also higher than the level achieved in [38]. 
This interpretation is also consistent with published simulations. In [39], PIC simulations 
showed that small density ripples as short as about 50 μm are sufficient to trigger self-injection 
at a0=2.2, whereas below this threshold, injection is absent. In the present work, a similar near-
threshold sensitivity is observed: at a0=2.15, a pulse with a steep front leads to self-injection, 
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whereas a pulse with a gradual front does not under the same conditions. In addition, the PIC 
study of sharp density transitions in [40] predicted additional energy gain relative to the 
reference case, which is consistent with the increase in mean bunch energy obtained in the 
present paper for the longitudinally inhomogeneous conical channel compared with the 
homogeneous cylindrical channel. The results indicate that initiating self-injection by a steep-
front laser pulse and then accelerating the bunch in a plasma channel can be an effective way to 
increase electron energy while keeping the bunch charge in the picocoulomb range. 

The present results were obtained in 2D, so some quantitative values may depend on 
the model's dimensionality. In particular, the self-injection threshold, transverse focusing, 
emittance, and beam divergence may differ slightly in a fully 3D description. At the same 
time, 2D particle-in-cell simulations are widely used in laser wakefield acceleration studies 
[25, 41]. Moreover, in [25], qualitatively identical results were obtained in 2D and 3D 
simulations for the relevant injection dynamics. In the present work, however, the use of a 
2D geometry does not affect the main comparative conclusions, because all cases were 
calculated within the same numerical model and under the same basic laser and plasma 
parameters. Therefore, the observed differences in self-injection and bunch acceleration are 
determined by the laser pulse front shape and the plasma configuration rather than by the 
dimensionality itself. 

4. Conclusions 
In contrast to previous studies, the current paper shows that self-injection near threshold 
can be obtained by changing the temporal front profile of the laser pulse, without increasing 
the laser pulse's peak normalized amplitude. In addition, the present work analyzes not only 
the formation of a self-injected bunch, but also its acceleration in cylindrical and conical 
plasma channels with both homogeneous and longitudinally inhomogeneous plasma profiles. 
Among the considered configurations, the combination of a laser pulse with a steep front, 
conical channel geometry, and longitudinal plasma inhomogeneity provides the highest 
accelerating field and the highest bunch energy. 

The combined effect of the conical geometry and the longitudinal density gradient 
increases the maximum accelerating field from 291 GV/m to 769 GV/m compared with a 
homogeneous cylindrical channel. This leads to a 32.1% increase in the mean bunch energy, 
rising from 49.6 MeV to 65.5 MeV. The longitudinal momentum increases from 97.11 mec to 
128.13 mec.  

The conical channel also prevents radial laser expansion, thereby focusing the pulse and 
increasing the maximum energy density on the axis by 69.2% while reducing the laser pulse 
radius to 50% of its initial value. 
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Анотація. Лазерне кільватерне прискорення є ефективним методом генерації та 
прискорення релятивістських електронних згустків. Параметри цих самоінжектованих 
згустків залежать від параметрів лазера та плазми. У цій роботі показано, що формування 
самоінжектованого згустку є чутливим до профілю лазерного імпульсу - драйвера. Автори 
порівняли імпульс із крутим переднім фронтом та імпульс із пологим переднім фронтом за 
всіх інших однакових параметрів лазера. Показано, що для імпульсу з крутим переднім 
фронтом формується самоінжектований згусток, тоді як для імпульсу з пологим переднім 
фронтом самоінжекція не спостерігається. Формування та подальше кільватерне 
прискорення самоінжектованих згустків досліджувалися в циліндричних і конічних 
плазмових каналах як для однорідних, так і для поздовжньо неоднорідних профілів плазми. 
Збільшення енергії самоінжектованого згустку було досягнуто в конічному каналі, а також у 
циліндричному каналі з неоднорідною плазмою. 

Ключові слова: лазер, плазмовий канал, кільватерне прискорення, неоднорідна плазма, 
електронний згусток 


