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Abstract. In this article, we establish a wide class of exact soliton solutions to the Kudryashov generalized
nonlinear refractive index equation and the fractional complex Ginzburg-Landau equation. The fractional
derivative provides a general mathematical framework for modeling complex dispersive and nonlinear effects
in optical media. Its exact solutions help in understanding the qualitative features of wave propagation, such as
stability and localization. The conformable derivative framework confirms mathematical reliability and
physical applicability in modeling fractional-order dispersion and nonlinear effects. The sine-Gordon
expansion (SGE) approach is used within the conformable fractional derivative framework to systematically
analyze the models. The approach yields a broad spectrum of analytical solutions, including bell-shaped, anti-
bell, kink, breather, cusp, W-shaped, parabolic, and singular solitons. The results show that the wave
parameters, such as wave frequency, soliton shape, and amplitude, are well described by fractional order a.
They provide insight into the pulse propagation and waveform characteristics in nonlinear media. Graphical
representations, including two- and three-dimensional visualizations and contour plots, illustrate the
amplitude, phase interplay, and structural transitions between soliton families. This study demonstrates that
the SGE approach effectively generates exact solutions for fractional nonlinear evolution equations relevant to
nonlinear fiber optics and other systems with complex wave interactions.
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Introduction
Fractional derivatives extend classical derivatives to non-integer orders and naturally

include memory and non-local effects into models of wave propagation. These features are
crucial in complex optical media where past field evolution and spatially distributed
interactions significantly influence soliton dynamics. This generalization implies that all
models are fractional. The nonlinear fractional Schrédinger and related models provide a
more realistic description of dispersive, fractal-like, and anomalous dispersive optical media
than the classical model. As a result, these equations support a broader class of optical
soliton solutions with controllable amplitude, width, and stability. Recent studies employed
various fractional operators, such as the conformable, beta, M-fractional, and Atangana-
Baleanu derivatives, to obtain exact analytic soliton solutions in optical fibers,
metamaterials-based couplers, and time-fractional higher-order systems. These

Ukr. ]. Phys. Opt. 2026, Volume 27, Issue 3 03041



Wael W. Mohammed et al

investigations demonstrate that the characteristics of soliton propagation, such as amplitude,
width, and velocity, depend on system parameters, and that fractional-order theory provides
a flexible framework for describing the model. These developments highlight the importance
of fractional calculus in improving the theory and applications of optical communications
and nonlinear photonics. Optical solitons have attracted significant attention from
researchers in mathematics, engineering, and physics due to their inherent stability and
well-localized structures. These properties make them significant in diverse applications,
including nonlinear optics, Bose-Einstein condensates, water-wave dynamics, biophysics,
nanoelectromechanical and microelectromechanical systems, Josephson junctions, granular
crystals, and solid waveguides. Thus, many mathematicians and researchers have developed
various methods and techniques to obtain analytical and numerical soliton solutions for
these models. For example, the modified Kudryashov scheme [1], the g-homotopy analysis
technique [2], the sine-Gordon and the rational sine-Gordon expansion approach [3, 4], the
tanh-coth method [5], the Hirota bilinear scheme [6], the improved Bernoulli sub-equation
function procedure [7], the directed extended Riccati method and the generalized Riccati
equation technique [8, 9], the new Kudryashov extension technique [10], the mapping
method [11], the modified extended direct algebraic process [12], the (G'/G,1/G)-expansion
approach [13], the finite difference method [14], the localized meshless technique [15, 16],
the collocation technique and deep learning method [17, 18], etc.

In fiber optics and optoelectronics, soliton dynamics has significantly transformed
telecommunications and precision measurement technologies. Numerous results from this
theory are now being applied across a wide range of practical systems [19-24].
Consequently, researchers from various disciplines have proposed several novel concepts.
These developments include diverse solitonic structures, such as pure cubic solitons, highly
dispersive solitons, Bragg grating configurations, and cubic-quartic solitons, among others
[25, 26]. The standard cubic nonlinear Schrodinger equation (NLSE) with Kerr (cubic)
nonlinearity describes self-phase modulation (SPM). El-Sheikh, et al [27] considered the
fractional model of the nonlinear Schrédinger equation (SNLE) with the Kudryashov
generalized refractive index of nonlinear form. This includes the effect of the full intensity as
well as the effect of the perturbation term. The model is structured as presented in [27]:

{|u7‘1*” “ :lg “ u”|§ +|2_F’+ bi[ul"+ by [u*" + b ™" +b8|u|4"]u+ iD#u+ aDou

= i(lD}g‘ (u|u|zm) +60D¢ (|u|2m)u + /.t|u|2m Dgu)

(1)

Here, m is the strength index of the nonlinearity (when m=1, it recovers the classical cubic
self-steepening). Physically, it causes the pulse peak to steepen on the trailing edge due to
intensity-dependent group velocity, n is the exponent for nonlinear power behavior with
0<n<1/2, b, (where k=1, 2, 3,...,8) are the constant coefficients of nonlinearity, and a

is the chromatic dispersion. & and u are introduced as the coefficients for higher-order and
nonlinear dispersion effects, respectively. The operators D¥u, D¢u, and D2¢u represent the

conformable fractional derivative with respect to time ¢ and spatial coordinate x of order
a and 2a, respectively, with 0<a <1.
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Elsherbeny et al. [28] investigated the classical form of the equation (1) through the
modified Jacobi elliptic function method and the extended auxiliary equation method.
Besides, a number of researchers have recently extensively explored the integer or fractional
versions of this model. Murad et al. [29] used the Kudryashov approach to construct various
optical soliton solutions of the fractional time-space Schrédinger nonlinear equation,
incorporating a Kudryashov-type arbitrary refractive index and two distinct nonlocal
nonlinearities. Rizvi et al. [30] analyzed optical soliton formations of the Biswas-Milovic
coupled nonlinear equations by using the extended modified auxiliary equation mapping
technique. Elsherbeny et al. [31] applied the generalized integration approach to derive
optical soliton solutions for the dispersive model with an arbitrary refractive index. Fahad et
al. [32] exploited the new mapping technique to develop novel soliton solutions to fractional
nonlinear Kudryashov’s equation, using beta fractional order derivative and M-truncated
fractional derivative. Murad et al. [33] made use of the Kudryashov auxiliary equation
scheme and the modified tanh expansion scheme to derive the optical soliton solutions for
the fractional nonlinear Schrodinger equation.

Wave dynamics in optical transmission lines are commonly described by the fractional
complex Ginzburg-Landau (FCGL) equation, which effectively captures the underlying
physical processes. It has been shown to be highly effective in analyzing optical solitons in
optical transmission systems. By employing the finite-bandwidth idea [34], Newell and
Whitehead proposed the complex Ginzburg-Landau equation. Weitzner and Zaslavsky [35]
introduced the Ginzburg-Landau fractional complex model. In various studies on nonlinear
optics, the FCGL model has been used successfully. We assumed the following space-time
Ginzburg-Landau complex fractional equation [36, 37]:

| ¢|21 - {vl«élz Dge|of - B(Dglo?) } vop,  (2)

where ¢(x,t) denotes a complex-valued function of the spatial coordinate x and the temporal

iDZ¢ +aD2eh + bH(|¢|2)¢ =

coordinate t, respectively, ¢* denotes the complex conjugate of ¢, ensuring consistency with
physics. H(|¢|2) s the nonlinear term that describes how the refractive index of the optical

medium depends on the light intensity. For different choices of H model, different types of
optical nonlinearities, such as for H(s)=s gives gives the standard Kerr nonlinearity |¢|2 ¢, for
H(s)=sp gives the power law nonlinearity, for H(s)=s+ks2 gives the parabolic nonlinearity,

etc. The parameters a and b correspond to the group velocity dispersion and nonlinearity,
whereas the coefficients v and g are real parameters that control the strength of two specific
higher-order nonlinear dispersive terms, and 6 denotes the detuning coefficient. The
operators D¢, D¢, and DZ¢ represent the fractional conformable order derivatives with
respect to time t and the spatial coordinate x of orders a and 2a, respectively, with O<as<1.
Eq. (2) is a variant of the Schrédinger nonlinear equation that governs the dynamics of pulse
propagation through an optical fiber. In [37], Huang et al. studied the time-space FCGL
equation for nonlinearities of the Kerr and power-law cases via the complete discrimination
system method. Akram et al. [38] considered the FCGL equation by employing the generalized
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projective Riccati equation method. Siddique et al. [39] construct the soliton solutions to the
FCGL equation by using the modified (G' / GZ) and (1/ G’) -expansion approach. Leta et al. [40]

utilized the bifurcation approach to investigate soliton solutions of the conformable complex
Ginzburg-Landau equation. Murad et al. [41] analyzed the optical soliton behaviors arising
from the time-fractional Ginzburg-Landau equation with Kerr-type nonlinearity by applying
the modified sub-equation technique. Akram et al. [42] construct soliton solutions and apply
the new extended ¢¢-model expansion approach to study the FCGL equation with the Kerr-law
nonlinearity for fractional operators of multiple variants. Zafar et al. [43] obtained dark, bright,
kink, and W-shaped solitons of the FCGL equation using the modified Exp-function and
Kudryashov approaches. Sadaf et al. [44] obtained the periodic, singular, complexiton, dark,
and bright solitons of the GLFC model with Kerr law nonlinearity by employing an improved
tan(w(g )/ 2)-expansion scheme. This study examines the FCGL equation in the context of

optical fibers with power-law nonlinearity. The SGE technique has become an effective
analytical tool for studying precise solitary wave solutions to fractional and standard nonlinear
evolution equations (NLEEs) in mathematical physics and engineering. This analytical
technique has proven effective in generating traveling and optical soliton wave solutions to
numerous nonlinear models, such as the Fokas-Lenells equation [45], the fractional Wazwaz-
Benjamin-Bona-Mahony (WBBM) equation [46], the Tzitzéica-type equations arising in
nonlinear optics [47], the conformable time-fractional regularized long wave (RLW) equation
[48], the Klein-Gordon equation [49], the space-time fractional nonlinear Schrédinger type
models in (1+1)-dimensions [50], etc.

Thus, it is observed that the former studies have investigated integer-order and certain
fractional forms of the nonlinear Schrodinger Eq. (1) using the modified Kudryashov scheme,
g-homotopy analysis, tanh-coth method, extended auxiliary equation approaches, etc. Also,
studies on the space-time fractional complex Ginzburg-Landau Eq. (2) have been carried out
using the generalized projective Riccati equation, modified exp-function, bifurcation
methods for Kerr or power-law nonlinearities, etc. However, these equations have not yet
been examined using the SGE approach in the conformable fractional framework. Moreover,
the combined effects of fractional-order derivative, generalized nonlinearity parameters, and
dispersion coefficients on soliton shapes have not been fully studied. In particular,
transitions among bell-shaped, kink, breather, cusp-like, and W-shaped solitons remain
unexplored within a unified analytical framework. This absence limits the understanding of
how fractional operators modulate wave stability, phase evolution, and structural diversity
in advanced photonic and nonlinear optical systems. Therefore, the objective of this article is
to address these gaps by means of the sine-Gordon expansion approach to the conformable
fractional Kudryashov generalized nonlinear refractive index model and the fractional
complex Ginzburg-Landau equation. The study also aims to systematically construct a broad
spectrum of exact and stable optical soliton solutions, including periodic, singular-periodic,
parabolic, breather, bell-shaped, anti-bell-shaped, kink, and cusp-like structures. This study
also pursues the role of fractional order, wave frequency, and nonlinear parameters in
modulating soliton dynamics. This analysis provides deeper physical insight into optical
pulse propagation in nonlinear and nonlocal photonic systems. The key contributions of this
study are to:
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e Explore new and assorted soliton solutions,

e  Study the effect of fractional order on soliton dynamics,

e  Study analytically and graphically the fractional optical systems,

e The sine-Gordon expansion method is put in use to demonstrate its efficacy and
expand its range of applicability.

In this article, we define the conformable fractional order derivative in Section 2. In
Section 3, the sine-Gordon expansion method has been discussed. In Section 4, the method
has been implemented for some solutions of Kudryashov’s form of generalized fractional
nonlinear refractive index model and FCGL equation. In section 5, graphical descriptions and
discussions are presented. Finally, in Section 6, the conclusion is presented.

Conformable fractional derivative
Khalil et al. [51] introduced a new formulation of fractional derivative, referred to as the

conformable fractional derivative (CFD), and explored its mathematical properties. This
derivative satisfies several differentiation rules, namely the Leibniz, chain, product, power,
and quotient rules, making it a well-structured and consistent operator.

Definition: Let us assume h(x) is a function defined from [0,:0) into R; then the CFD of

order a relative to the variable x is defined as follows:

Dy (h(x)) = lim h(x +ex1-a)—h(x)

-0 &

,forall x>0 and 0<a <1.

Theorems on CFD: Consider 0<a <1, and u(x), v(x) be «a -differential at the point x >0

and p, q are real parameters. Then the following theorem holds:
(1) Dg(pu+qv)=pDg(u)+qDg(v).

du
(2) el

uv)=uDg (v)+vD¢ (u).

Dy (u(x))=x1-aZ2
() Dg(
(4) Dg(
) (%)_vDa —uDg (v )
((uov)(x)) = Dg ((wov)(x))V'(x).-

(7) Dg(xk)=kxk-a,VkeR.

SN

k) 0, where k is constant.

(6) D¢

Theorems (1-7) can be proved directly, and each is satisfied under the conformable
fractional derivative framework.

Description of the SGE method
Let us consider the standard form of the sine-Gordon fractional equation of two variables, y
and t, as follows [46-48]:

Dzeg-D2*g = Alsin(g), (3)
where A is a constant. The suitable fractional form of the function g(y,t)=Q(w ), where the

. a o . .
wave transformation t;/=a—+ct—, converts the fractional form of the sine-Gordon
a a
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equation into a one-dimensional form of the following:

d? 2.
Eg = azA_ 2 sin(Q), (4

where c is the velocity of the traveling wave. Some simplification leads to the following equation

(48) -stam8)er

where f is the integration constant. For simplicity, let us assume that f=0,

- Az . .

W(y)=0Q(v)/2,and o 1. Then equation (5) is converted to

Z—Zlvz sin(W(y)). (6)
Eq. (6) gives the following relations

. __ 2rev  _

Sm(W(W))_—rZeZW I =sech(y), (7

or
2020 —1
W(y))=C222=2 _tanh(y), 8
cos(W(v)) ==, 1 = tanh(v) (8)

where r is non-zero integral constant.
Now, we consider the conformable fractional equation of the form

F(g,Dtag,D)qg,tht“g,D)z,gg,D;g‘g,...) =0. (9
The fractional wave transformation y = (aﬂ + vt—a) reduces Eq.(9) to the subsequent
a a
nonlinear equation.
F(Q.Q,Q".Q",...... ) =0. (10)

In agreement with the SGE approach, the solution of Eq. (10) can be considered in the
following form:

Qy)=A4,+ itanhi—l (y/)(Bjsech(y/)+ A].tanh(u/)) , (11)
j=1

With the assistance of (7) and (8), Eq. (11) can be rewritten as
N
Q(W) =4y + > cosi~L(W)(B;sin(W)+A;cos(W)), (12)
j=1
The value of the positive integer N in Eq.(12) may be calculated by applying the
homogeneous balancing principle to the highest-order derivative terms and leading
nonlinear terms in Eq. (10). Substituting the predicted solution (12) into (10) and taking the
coefficients of like powers of sin(W)cos(W) as zero, we get the system of algebraic
equations. By solving the given system of equations, we determine the corresponding values
of Ay, 4, A, By, B,,...,a, and c. Then the required solutions, if they exist, are built using
Egs. (7) and (8) and v .

Extraction of analytical solutions
The aim of this module is to implement the SGE method to obtain expansive, consistent, and

stable soliton solutions to Kudryashov’s fractional generalized nonlinear refractive index model
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and the Ginzburg-Landau complex fractional FCGL equation, reproducing several established

solutions and introducing new explicit waveforms documented in recent studies.

4.1. The generalized form of the fractional nonlinear refractive index model
Assume the solution of Eq. (1) has the traveling wave solution of the form
u(x,t)=U(&)ei@. (13)
The wave variables £ and Q are defined by
fzn(ﬁ—vt—a),and Q=—kﬁ+a)t—a+9, (14)
a a a a
where 1, v, @, k,and 9 are the width of the soliton, wave velocity, wave frequency, wave
number, and phase constant, respectively.
Using the transformation (13) and (14), the nonlinear Schrédinger Eq. (1) is separated into
real and imaginary parts. The imaginary part of the equation is
nu2my'(A+o+2m(0+2))+Un(v+2ak)=0. (15)
Eq. (15) gives
A+a+2m(0+A)=0,and v=-2ak. (16)
The real part of the equation is
an2U" —U(w+ak?)+ b;U1-4n + b,U1-3n 4 bU1-2n + b,U1-n

17
+hgUT+n + bgU1+2n 4 b, U1+3n + hgUL+4n — e (A + p)U2m+1 = 0, (17)
We assume the transformation
1
U(&)=gan. (18)
By using Eq. (18) and considering b, = b, =bs =b; =0, Eq. (17) can be written as
—4n2¢2 (o +ak?2)+ an? (anogo" +(1- Zn)(go')z) +4b;n2
(19)
m
+4byn2¢p + 4bgn2p3 +4bgn2¢p* — 4kn2 (A + y)go;+2 =0,
and this leads to the solution of:
iDfu+aDzou + {%+ b3’2n + b6|u|2" + b8|u|4Ju
™ ul (20)
= i(lD}g‘ (u|u|2m) +60D¢ (|u|2m)u + /.t|u|2m Dgu).
To make it solvable, let m=2n, then Eq. (19) can be rewritten as
—4n2¢2(a)+ak2)+an2(2n¢g0”+(1—2n)(g0')2) 21)

+4b 2 + 4b3n2¢p + 4bgn2¢3 + 4bgn2p4 — 4kn2 (A + u)p* =0.
The balancing principle between @4 and @¢" gives 4N =2N +2, where N is the degree

of the polynomial in Eq. (11), and thus we find N =1. Then the solution of Eq. (21) can be
taken as

9(&)= Ay + B, sin(w)+ 4, cos(w), (22)
where A,, A;, and B; are unknown parameters to be determined. Differentiating Eq. (22)

with respectto &, we get
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@' =B cos(w)sin(w)— A;sinZ(w). (23)
Again, differentiating Eq. (23) with respect to &, we have
@" =—Bysin3(w)+ BycosZ(w)sin(w ) — 24;sin (w)cos(w) , (24)
dw .
where — =sin(w .
b —sinw(2))
By substituting the Egs. (22), (23), and (24) into Eq. (21) and then equating the coefficients

of similar powers of sin(w)cos(w), we achieved some algebraic system of equations. Using

Mabple to solve this algebraic system, we derived the following set of solutions:
Set1:

~ a(3A§n2 -n24? - ZnZkZA%)

B,=0, o= )
! 2n2A2
9 (—A$ +242A2 + 2nA} — 4nARA? — At + 2nAf) b @74 (—A% + A? +nAZ —nA?)
1_ 4n2 A2 S n2A? ’
b - an? Ay(1+n) b= (an2 —4kn2pA? + 2nan? —4kn21A%)
6~ n2A? © 8 n2A? '
Set 2:
A 0 a(6A§n2 —-n2Bf + 4n2k23%) 5 (an2 +4kn2uB? + 2nan? +4knle%)
e 4n2B? $ e 4n2B? ’
- Afan?(—A% —2nB} + B} +2nAg) 91 4 (B} —nB} —24% +2nA% )
1 4n2B? $ 3 2n2B? ’
an? Ay(1+n)
by =———" L,
n2B?
Set 3:
a(3A3n? +n2B} +8n2k2B7) (an? + 16kn2uB} + 2nan? + 16kn2AB? )
AlzilBl, = ,b8= 1]
8n2B? 16n2B?
) an?(2n—1)(243B} + B} + A}) by an? Ay(-B} +nB} — A% +nAg) . Ay(1+n)
1= ) = yDg = .

16n2B? 4n2B? 4n2B?
Using the solutions stated earlier from the algebraic system of equations, we can
construct the solution to Eq. (1) as follows:

For Set 1: Solution of Eq. (1) together with the Egs. (11), (13), (18), and (22) can be written as

u(x,t)=(4y+4 tanh(f))?lrzeiQ. (25)

By the transformations

E= n(ﬁ+ Zakt—a)
o (04

a(3A3n% —n2A} —2n2k2A2 ) | o
2n2A2 a

and Q= —KkXE
o

+9,

and simplifying, solution (25) can be written as
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1
u(x,t)= (Ao +4; tanh(n(ﬂ + Zakt—aj)jzn

* , * i i . (26)
a(343n2 —n2As —2n2k2A
xexp|i| —kXZ+ (340> —n2A¢ ) e gl
a 2n2A2 a
For Set 2: Solution of Eq. (1) together with Eqgs. (11), (13), (18), and (22) can be written as
1
u(x,t)=(Ay+Bjsech(&))mei?. (27)
- —a(6A%n2 —n2B2 + 4n2k2B?
By the transformations Q= fexe + ( UL ! ) 4,9 and
a 4n2B? a
é= n(ﬁ+m) and simplifying solution (27) can be rewritten as
o o
1
u(x,t)= (AO + Blsech(n (ﬂ + Zakt—aJDZ"
o o (28)

[ x« [ a(64gn2—n?Bp+4n2k?Bt) |«
xexp[z[ ka [ 4n2B? ]a+9]:|'
For Set 3: Solution of Eq. (1) together with Eqgs. (11), (13), (18), and (22) can be written as
1
u(x,t)=(Ay+Bjsech(&)+ B tanh (i) )2n eiQ. (29)

kxa —a(3A%n2 +n2B} + 8n2k2B?) g g
8n2B? '

By using the transformations Q=-—

a a

éE= n(ﬁ+ Zakt—a), and simplifying, solution (28) can be rewritten as
o o

1
u(x,t)= (AO + Blsech(n(ﬁ+ Zakt—a)) +B; tanh(ni(ﬁ + Zakt—ajjjzn

a a a a
xexp[i[—kﬁ_[ “(34%'72+’723%+8"2sz?)jﬁw]}.
a

8n2B? o

(30)

Similarly, varying the free parameters yields a broader set of intricate solutions to
Kudryashov’s generalized refractive form of the fractional nonlinear Schrédinger equation.
For brevity, these are not included in this analysis.

4.2. The fractional complex Ginzburg-Landau equation

We assumed the solution of Eq. (2) is of the form

d(x.t)=u(n)ei. (31)

The wave variables n and Q are defined as

X ta
=55
and (32)
Q:—kﬁ+wt—a+9,
a a

Inserting Eqgs. (31) and (32) into Eq. (2), and simplifying, we get
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(—wu +a(u"-uk2)+bH(u2)u-2(v- Zﬂ)ﬂ -2vu’ —5ujeiQ

u (33)
+i(—vu' —2aku’)eiQ = 0.

Since eiQ # 0, the above equation becomes

—ou+a(u"—uk?)+bH (u2)u—2(v- Zﬂ)ﬁ— 2vu" —Su—i(vu' +2aku’)=0. (34)
u
Now, we separate the imaginary and real parts of Eq. (34). The imaginary part of Eq. (34) is

vu'+2aku’ =0. (35)

Since u' # 0, thus, from Eq. (35), we obtain
v =-2ak. (36)

Eg. (36) gives the velocity of the soliton.
The real part of Eq. (34) is

—a)u+a(u”—uk2)+bH(uZ)u—Z(v—Zﬂ)ﬁ—Zv u"-5u=0. (37)
u

To remove the singularity, we assume v=2f. From a physical point of view, a singular

equation means the model ceases to work or changes its behavior when the variable u
becomes zero. Such equations are studied in nonlinear wave theory since they can describe
real phenomena, such as sharp-peaked solitary waves, compactons, peakons, and wave
breaking that a smoother, regular model cannot describe. Then the above equation takes the
following form

(a—4B)u"—(w+ak2+5)u+bH(u2)u=0. (38)
Power-law nonlinearity can be considered a generalization of the Kerr power-law

nonlinearity. In this case, the function H(u) is defined as H(u)=un. Therefore, Eq. (38) can

be rewritten as

(a—4B)u"—(w+ak?+8)u+bun+1 =0, (39)
Here, in Eq. (39), the parameter n indicates the power-law nonlinearity. The condition
0<n<2, and in particular n#2, ensures that the model describes stable and physically
meaningful wave propagation, whereas values outside this range may correspond to
unstable or nonphysical behavior. Since the balance principle fails in Eq. (39), we consider

the transformation
1

u=U2n. (40)
Using the above transformation into Eq. (39) and simplifying, we obtain
(a—4B)((1-2n)U'2 +2nUU") - 4n2 (o +ak2 + 5 )U2 + 4bn2U3 = 0. (41)

The balancing norm between U3 and UU” yields 3N =2N +2, and we find N=2. Now, the
solution of Eq. (41) can be taken as

U(n)=ay+b;sin(w)+aj; cos(w)+b,sin(w)cos(w)+a,cos2(w). (42)
Here, ay, a;, a,, by, and b, are undefined constants that are not specified in advance. Their
values are determined systematically during the solution process by substituting them into

the governing equations and applying the necessary constraints. Differentiating Eq. (42) with
respect to 17, we attain
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U'=b, cos(w)sin(w)—a;sin2(w)

43
+b,cos2 (w)sin(w) — b,sin3(w)— 2a, cos(w)sin2 (w). (+3)
Again, differentiating Eq. (43) with respect to 1, it becomes
U" =—b;sin3(w)+ b;cos2(w)sin(w) —2a;sin2 (w ) cos(w ) — 5b, cos(w )sin3 (w) (44)

+b,cos3(w)sin(w )+ 2a,sin4 (w) —4a,cos2 (w)sinz (w),
odwo
with = =sin(w .
an =W ()
By substituting Eqgs. (42)-(44) into Eq. (41) and equating the coefficients of similar powers of
sin(w)cos(w), we can simplify Eq. (41) into an algebraic system of equations. Using Maple
to solve this algebraic system, we derived the following set of solutions:
Set1:
2ak2 +n2 - - —
w=_n ak? +n26 +4p a a,=b =by=0, a0=a 45 +an 4ﬂn’
n2 bn2
a—-4p+an—-4pn
bn2 '

azz

Set 2:
_4n2ak? +4n26 +4B -a a _a—4p+an—4pn

B 4n2 > o 2bn2

g, __a-4B+an—4pn _#i(a—-4p)(1+n)
z 2bn? r 2 2bn2 '
By utilizing the solutions established previously, Eq. (2) can be resolved accordingly:

For Set 1: The solution of Eq. (41) with Eq. (11) can be written as

) a1=0, b1=0,

_(a-4B+an—4pn a—-4p+an—4pn
utn) _( bn2 )_( bn2 )tanhz (n). (+2)
Therefore, Eq. (40) becomes
1
_|(a-4B+an—4pn a-4p+an—4pPn 2n
u(n)= [( e )—( Pz jtanh2 (n) } . (46)

The wave variables 7 and Q with Eq. (36) can be written as

2qk2 4+ n2 _
U=(ﬁ+2akt—a),and Q=—kﬁ—(n ak? +n?0 + 4 a)t—a+9.
a a a n2 a

Hence, the solution of Eq. (2), together with Eq. (31), is achieved as follows
1
¢(x,t)=Ka_4ﬂ+an_4ﬂnj—(a_4ﬂ+an_4ﬂnjtanh2(ﬂ+2akt—a) :|2n
bn2 bn2 a a (47)

Xexp[i(—kxz“—(nzakz +n2§+4ﬁ—a )L“+9) :|

nz a

For Set 2: The solution of Eq. (41) with Eq. (11) can be written as
- - ti(a-4p)(1
U(n)z(a 43 +an 4ﬂnj+( i(a—4p)( +n)jtanh(n)sech(n)

2bn2 2bn2

_4B+an—4
_(a ﬂ;};: ﬂnjtanhz(n).
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Thus, Eq. (40) becomes

- - +(a-4p)(1 2n
(a 4 +an 4ﬂnj_k( (a-4B)( +10jtanh(n)sech(n) n
u(n)= 2bn2 2bn2
a—4ﬂ+an—4ﬂnj
- tanh2
( 2bn2 (U)
The wave variables n and Q with Eq. (36) can be written as
n=(£5+hm95)
o o
2ak? 2 —
and Qz_kﬁ_(tln ak?2 +4n25 + 48 a)t_a+3_
a 4n2 a

Hence, the solution of Eq. (2), together with Eq. (31) achieved

a—-4p+an—-4pn

a-4p)(1+n)

(

2bn2
§(xt)=

a

2bn2

1

xtanh (ﬁ + Zakt—aj sech (ﬂ +2ak t—aj
a

a a

xXa

)

1/2n

(48)

a-4p+an—-4pn

g

2bn2

jtanhz(———
a

+ Zakt—aj

a

deake 46 +4f-a

ol sy

Similarly, varying the free parameters yields a broader set of intricate solutions to the

4n2

fractional complex Ginzburg-Landau equation. For the sake of brevity, these are not included
in this analysis.

Results and discussion
In this section, we will discuss the results obtained through graphical representations of the

solutions for different parameter values. We draw the graph of these solutions by using the
symbolic computation tool Mathematica.

5.1. The generalized form of the fractional nonlinear refractive index model

In this section, we describe the graphical representation of the obtained solutions of
Kudryashov’s generalized form of the fractional nonlinear refractive index model for
different values of the parameters. The 3-dimensional plot, 2-dimensional plot, density plot,
and contour plot of the accomplished solutions are provided below:

The absolute value of solution (26) gives the kink-shaped soliton for the definite values
Ay=4A; =10, a=0.5, k=-04, n=0.3, n=-3, =2, and a=0.9. Fig. 1a 3D and Fig. 1c
contour graphs are drawn within the interval 0<x, t<10. For t=6, the 2D plot is
represented in Fig. 1b with the same interval. If we increase the value of n from -3 to 2.5

while the remaining parameters are the same, the absolute value of the solution (26)
represents the anti-kink wave type soliton with the interval 0<x <10, 0<t<10. Fig. 2a 3D
plot, Fig. 2b 2D plot for t=6, and Fig. Zc contour plot are illustrated. Breather soliton is
obtained from the real part of Eq. (26) for the corresponding value of A4,=30, A4;=10,
a=1, k=26, n=044, n=-52, 9=4,and a =0.99 with the interval 0<x, t <20. Fig. 3a
3D plot, Fig. 3b 2D plot at t =15, and Fig.3c density plot are presented. For definite values of

03052 UKr. ]. Phys. Opt. 2026, Volume 27, Issue 3



Soliton Propagation

Ay=76, A =10, a=0.22, k=7, n=0.33, n=0.5, 9=4, and a =0.99, the real part of
Eq. (26) represents the periodic soliton, which is shown in Fig. 4a 3D plot, Fig. 4b 2D plot for
t =1.5, and Fig. 4c contour plot with the interval 0<x, t <2. The imaginary part of Eq. (26)
gives the periodic soliton, which is traveling along the t-direction for a certain value of
Ay=4, A =25, a=1, k=7, n=033, n=2, 9=7, and =099 with the interval
0<x<20, 0<t<2. 3D and contour graphs are represented in Fig. 5a and Fig. 5c. Further,
the 2D plot for x =10, is shown in Fig. 5b.

The modulus of Eq. (28) represents the W-shape wave soliton for definite values of the
parameters a=0.2, k=-2.6, n=03, a=09, 9=2.2, 4A;=10, B;=-21, and n=15.
Fig. 6a 3D, Fig. 6b 2D plot for t=5, and Fig. 6¢c contour graphs are depicted within the
interval 0<x, t<10. Keeping all the parameters constant without B;, the modulus of
Eq. (28) gives the anti-bell-shaped soliton for B; =—7 and the bell-shaped soliton for B; =7

with the same interval. The 3D plots, (2D for t=5), and contour plots are shown in Fig. 7
and Fig. 8.

For all values of a=0.2, k=-2.6, n=03, a=09, $=22, A =10, B;=7, and
n=-0.25, the absolute value of Eq. (28) represents the parabolic soliton. The 3D, contour,
and 2D plots for t =5 are shown in Figs. 9a, 9¢c, and 9b within the interval 0<x, t<10.If we
change the value of B; from 7 to-7 and n from —-0.25 to —5.2 while the remaining values

are constant, the cusp-like dark soliton is obtained for the modulus of Eq. (28). Fig. 10a 3D
plot, Fig. 10b 2D plot for t =5, and Fig. 10c contour plot are illustrated in the same interval.

107

2 @

o o
Abs[u(x,t)]

Abs[u(x,t)]
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Fig. 1. Graph displays anti-kink soliton of the
absolute value of the solution (26) for

Ay=4,=10, a=05, k=-04, n=0.3,
n=-3, $=2,and ¢ =0.9: (a) 3D, (b) 2D,
° 2 e 5 e s 10 and (c) contour plot.
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Abs[u(x,t)]

Abs[u(x,1)]

o

€ 8 10

)

Fig. 2. Graph displays kink soliton of the absolute
of the solution (26) for Ay =4; =10, a=0.5,

k=-04, n=03, n=-25, 9=2, and
a =0.9:(a) 3D, (b) 2D, and (c) contour plot.

Fig. 3. Graph displays periodic soliton of the real
part of the solution (26) for 4, =30, 4; =10,

a=1, k=2.6,n=044,n=-52, $=4,and

o 5 10 15 20

X a =0.99: (a) 3D, (b) 2D, and (c) contour plot.
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Re[u(x,t)]

10 20

(b)

Fig. 4. Graph displays periodic soliton of the real part
of the solution (26) for 4;=7.6, A; =10,
a=022,k=7,n=033,n=0.5, 9=4,and
: o : 5 = o =0.99: (a) 3D, (b) 2D, and (c) contour plot.
________________________ R
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Im[u(x,t)]
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Im[u(x,t)]

(b)

Im[u(x,t)]

20

05

Fig.5. Graph displays periodic soliton of the
imaginary part of the solution (26) for A;=4,
ol A1=25,a=1,k=7,n=033,n=2, 9=7,and
° : “x * ® 2=099: (a) 3D, (b) 2D, and (c) contour plot.
()
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Fig. 6. Graph displays W-shaped soliton of the
modulus of the solution (28) for a=0.2,

k=-26,n=03, =09, 9=2.2, 4,=10,
B;=-21, and n=1.5: (a) 3D, (b) 2D, and (c)
contour plot.

Fig. 7. Graph displays anti-bell-shaped soliton of
modulus of the Eq.(28) for a=0.2, k=-2.6,
n=03, a=09, 9=22, 4, =10, B;=-7

and 17 =1.5: (a) 3D, (b) 2D, and (c) contour plot.
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Fig.8. Graph displays bell-shaped soliton of
modulus of the equation (28) for a=0.2,

k=-26,n=03, =09, 9=2.2, 4,=10,
B;=7 and n=15: (a) 3D, (b) 2D, and (c)
contour plot.
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Fig. 9. Graph displays compacton of modulus of
the Eq.(28) for a=0.2, k=-2.6, n=0.3,
a=09, 9=22, A,=10, B;=7 and
1n=-0.25:(a) 3D, (b) 2D, and (c) contour plot.
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Fig.10. Graph displays singular soliton of
modulus of the Eq.(28) for a=0.2, k=-2.6,

n=03, =09, 9=22, A;=10, B;=-7
and n=-5.2: (a) 3D, (b) 2D, and (c) contour
plot.
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Fig.11. Graph displays pulse-type soliton of
modulus of the Eq. (30) for a=0.1, k=-0.05,
n=04, =055, 9=05, 4,=4, B; =1

and n=-6.5: (a) 3D, (b) 2D, and (c) contour
plot.
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Fig.12. Graph displays bell-shaped soliton of
modulus of the Eq. (30) for a=0.1, k=-0.05,

n=04, a=09, 9=05, Ay=4, B;j=1 and
1n=-6.5:(a) 3D, (b) 2D, and (c) contour plot.

X
C

The modulus of Eq. [30() )constructed a singular-periodic wave soliton for all values of the para-
meter a=0.1, k=-0.05, n=0.4, ¢ =0.55, $=0.5, 4y=4, B;=1,and n=-6.5.3D and con-
tour plots are drawn in the intervals -3 <x <2, 0<t <2 as shown in Fig. 1a,c. Further, for t=1.5,
the 2D plot is portrayed in Fig. 11b. If we increase only the value of fractional order o from 0.55
to 0.9 while the other parameters remain the same, then the bell-shaped soliton is found modu-
lus of the solution (30) within the intervals -1<x<1, 0<t<2. Fig.12a 3D graph, Fig.12c
contour graph, and Fig. 12b 2D plot for t =1 are drawn for the interval -1<x<1.

From the aforementioned description of the soliton profile, we see that the soliton shape
changes mostly as a result of the values of power nonlinearity n, wavenumber k, fractional
order o, n,and Bj.

5.2. The space-time fractional CGL equation with power law nonlinearity

The modulus of the Eq. (47) represents the singular bright soliton for different values of a=1, b=2,
k=0.06, n=0.7, =-0.09, 6=0.5, $=1, and a =0.99. Fig. 13a, the 3D plot, and Fig. 13c, the
contour graph are shown over the intervals -10<x <10 and -6 <t <6.For t =0, the 2D graph
is presented in Fig. 13b. If we increase the value of power-law nonlinearity n from 0.7 to 1.5

while the others are constant, then the modulus of the solution (47) gives the bell-shaped soliton
with the same intervals. Fig. 14a 3D plot and Fig. 14b 2D plot for t =0 are drawn in the interval

—10<x <10, and the contour plot is shown in Fig. 14c. The real part of Eq. (47) yields a periodic-
like wave soliton for the specific values a=-5, b=2, k=0.1, n=0.55, 6 =1, f=-2, 9=4, and
a =0.9. Fig.15a 3D graph and Fig. 15(c) contour graphs are represented for the interval
0<x<4, 0<t<4. Also, for x=2, the 2D graph is drawn in the interval 0<t <4, which is
shown in Fig. 15b.
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Abs[u(x,t)]
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Fig. 13 Graph displays singular bright soliton of
the modulus of the solution (47) for a=1,

b=2, k=0.06, n=0.7, f=-0.09, §=0.5,
9=1 and v=0.99: (a) 3D, (b) 2D, and (c)
contour plot.

Abs[u(x,t)]

Fig. 14. Graph displays bell-shaped soliton of the
modulus of the solution (47) for a=1, b=2,
k=0.06, n=1.5, p=-0.09, 6§=0.5, 9=1
and v=0.99: (a) 3D, (b) 2D, and (c) contour
X plot.
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Fig. 15: Graph displays periodic soliton of the real
portion of the solution (47) for a=-5, b=2,
k=0.1, n=055, §=1, pB=-2, =4 and
v =0.9:(a) 3D, (b) 2D, and (c) contour plot.

_________________________ R

. _Im[u(x,t)]

(b)

Fig.16. Graph displays periodic soliton of the
imaginary portion of the solution (47) for a=1,

b=-40, k=01, n=199, 6=-2, =20,

3=0.5 and v=0.9: (a) 3D, (b) 2D, and (c)
contour plot.
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The imaginary portion of the solution (47) represents the periodic soliton, which is
traveling along the ¢ -direction for a certain value of a=1, b=-40, k=0.1, n=1.99,
6=-2, p=20, 8=0.5,and a =0.9 within the intervals 0<x<1, 0<t<1.

3D and contour graphs are presented in Fig. 16a and 1(c. Further, the 2D plot for
x=0.5 is shown in Fig. 16b. Keeping all the values constant without £, a parabolic soliton is
obtained for B =0.3 of the imaginary part of Eq. (47) in the same interval. The 3D plot, 2D

plot for x=0.5, and contour plots are depicted over the interval 0<x,t<1 as shown in
Fig. 17.

A flat-kink soliton wave is found for the modulus of the Eq. (48) for the value of a=2.9,
b=25, k=09, n=19, 6=-2, =6, %=1, and v=0.24 within the intervals
-10<x,t<0.A 3D plot, a 2D graph for t =-9, and contour plots are illustrated in Fig. 18.

The absolute value of the solution (48) represents the bell-shaped soliton for the value
of the parameters a=3, b=25, k=0.1, n=19, 6=-2, =6, 0=1, and v =0.99 within
the intervals -10<x <10 and -6 <t <6. The 3D and contour graphs are shown in Fig. 19a,c.

Further, Fig. 19b represented the 2D graph for t=0. When we increase the value of wave
number k from 0.1 to 1.8 while the other variables are constant, then a singular bright

soliton is formed in the same intervals. 3D plot, a 2D plot for x=0, and contour graphs are
presented in Fig. 20.

(b)

Fig. 17. Graph displays parabolic shape soliton of
the imaginary portion of the solution (47) for

a=1, b=-40, k=01, n=199, 6=-2,
=03, 3=0.5 and v=0.9: (a) 3D, (b) 2D,
and (c) contour plot.
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-SV Fig. 18. Graph displays flat kink soliton of the
modulus of the solution (48) for a=2.9,

b=25, k=09, n=19, 6=-2, p=6,
9=1 and v=0.24: (a) 3D, (b) 2D, and (c)
contour plot.
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Fig. 19. Graph displays bell-shaped soliton of the
modulus of the solution (48) for a=3, b=2.5,
A k=01, n=19, 6§=-2, =6, 9=1 and
i g i v =0.99: (a) 3D, (b) 2D, and (c) contour plot.
@]
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(a)

Fig. 20. Graph displays singular bright soliton of
the modulus of the solution (48) for a=3,

b=25, k=18, n=19, 6§=-2, p=6,
9=1 and v=0.99. (a) 3D, (b) 2D, and (c)
contour plot.
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Based on the graphical analysis presented, it is evident that the soliton profile is

predominantly influenced by the wavenumber k, the coefficients v and £ of two higher-order
nonlinear dispersive terms, and the nonlinearity power n. The remaining parameters appear
to exert minimal influence on the evolution of the wave structure.

Conclusion
In this article, we have thoroughly investigated the soliton dynamics of the generalized

fractional nonlinear refractive index model and the fractional complex Ginzburg-Landau
equation with power-law nonlinearity in optical systems. The sine-Gordon expansion
approach within the conformable fractional derivative framework is used to establish a wide
spectrum of exact soliton solutions for both models. The obtained waveforms demonstrate
that changes in the fractional order, nonlinearity coefficients, and dispersion parameters
strongly affect the soliton shape. These effects provide clear insight into how pulses can be
modulated and controlled in dispersive and nonlinear media. The graphical analysis further
clarifies the phase-amplitude interaction and highlights how fractional operators modulate
wave structure in optical systems. The conformable derivative preserves standard
properties of classical derivative, making physical interpretation easier, and it also
introduces a scaling effect that allows more flexible modeling of non-integer-order
processes. The results confirm that the SGE method is an effective analytical tool in optical
wave applications. It reproduces several known solutions and also yields new types of
solutions that enrich the existing solution structure.
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In the future, this framework can be extended to other fractional operators, higher-
dimensional models, or coupled nonlinear systems. Numerical simulations, stability analysis,
and experimental validation in photonic and complex media in mathematical theory and
physical applications are also the directions for future work.
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AHomayis. Y yili cmammi Mu 6CmaHo8AHEMO WUPOKUL KAAC MOYHUX COATMOHHUX PO38 's13Ki8
y3020/16HEHO020 HeAIHIlHO020 pIGHSAHHSI NOKA3HUKA 3a1omaeHHss Kydpsiwoea ma dpo6osozo
KomnsekcHozo pisHsaHHS [iH36ypea-/landay. [po6osa noxidHa 3a6e3neuvye y3aza/abHeHY
Mamemamu4Hy OCHO8Y 0/151 MOOe18AHHS CKAAJHUX duchepcCiliHuXx ma HeAlHIlHUX eoekmie 8
onmuuHux cepedosuwax. Ii mouni pose'sasku donomazaroms 3po3ymimu sKicHi oco6augocmi
NOWUpeHHs X8U/Ab, Maki K cmabinbHicmbs ma sokaaizayis. Cmpykmypa KOHPOPMHUX
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noxidHux nidmeepdycye mamemamuyHy HadiliHicmb ma @i3uyHy 3acmocosHicms npu
ModearweaHHi ducnepcii dpo608020 nopsidky ma HeaiHiliHux egexkmis. [1idxi0 poskaadaHHs
cuHyc-I'opdoHa (SGE) eukopucmogyemwvcsi 8 pamKax CmMpykmypu KOH@POPMHUX Opo608uX
noxioHux 0.5 cucmemamu4yHozo auanaidy modesell. Lleii nidxid dae wupokull cnekmp
aHaAiMu4HuUx po3e'si3Kie, 8KAYaAYU 0380HONO00JI6HI, AHMUA38IHONOJIOHI, KIHKO8I, 6pU3epH],
2ocmpi, W-nodi6Hi, napaboaiuHi ma cuHeyAsipHi conimoHu. Pe3ysbmamu nokasyrnms, Wo
napamempu xeusai, maki K wacmoma xeusi, gopma cosimoHa ma amnaimyda, dobpe
onucyrmbucsl 0pob6osumM nopsidkom a. BoHu daromb ysi8/41eHHS NPo NOWUPEHHs IMNY/1bcie ma
xapakmepucmuku ¢dopmu xeusi 8 HesiHiliHux cepedosuwjax. I'pagiuHi npedcmaseHHS,
gK/04a4u 080- ma mpusumipHi ma KOHMYypHI ei3yanizayii, inrocmpyroms amnaimyady,
dazosy 83aemodito ma cmpykmypHi nepexodu mixc cimelicmeamu coaimonis. Lje docaidxiceHHs
demoHcmpye, wo nioxid SGE epekmusHo 2eHepye moYHI p0o38's13Ku 015 dpo6080-HeAIHITIHUX
€801 YIlIHUX PiIBHSIHb, WO CMOCYHMbCS HeAIHIlIHOT 80.10KOHHOI onmuKu ma iHWux cucmem 3i
CKAAOHUMU X8UALOBUMU 83AEMODISAMU.

Kawuoei caoea: dpo6osa noxidHa, Mo0enr08AHHS, ONMUYHI COAIMOHU, HEAIHITHUL NOKA3HUK
3010 M/EHHS1, KoMNn/eKcHe pieHsiHHA ['iH36ypza-/laHday, memod poskaady cuHyc-I'opdoHa
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