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Abstract. This study investigates traveling-wave solutions of a perturbed Schrédinger-Hirota equation that
includes third-order dispersion, nonlinear dispersion, intermodal dispersion, self-steepening, and self-
frequency-shift terms. The complex equation is decomposed into an equivalent real coupled system, and its Lie
point symmetries are determined. A compatible linear combination of the translation and phase-rotation
generators yields a traveling-wave reduction, subject to an explicit relation between the phase frequency and
the symmetry coefficient. For the zero integration-constant branch, the reduced nonlinear ordinary differential
equation is treated with a generalized auxiliary-equation method. Hyperbolic, exponential, and Jacobi-elliptic
solution families are obtained under stated nondegeneracy, reality, and denominator conditions. Their limiting
behaviors distinguish kink-type, dark-type, bright-type, singular, and nonlocalized profiles. Intensity plots
illustrate representative propagation morphologies but are not used as evidence of stability.
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1.Introduction
In optical fibers, the balance between chromatic dispersion and self-phase modulation

supports pulse localization. For ultrashort pulses, third-order dispersion, nonlinear
dispersion, self-steepening, and self-frequency-shift effects can modify this balance and
motivate higher-order nonlinear Schrdodinger-type models [1-10]. Eq. (1) is therefore
treated here as a generalized perturbed Schrodinger-Hirota equation. Lie symmetry analysis
does not derive this model from the nonlinear Schrédinger equation (NLSE); instead, it is
applied to the already specified governing equation to identify invariant reductions. Because
arbitrary perturbation coefficients generally destroy complete integrability, soliton radiation
is not analyzed in the present work, and no inverse-scattering representation is assumed.
Recent studies on nonlinear Schrédinger-type optical models have further confirmed
the importance of analytical schemes in constructing periodic waves, stochastic optical

03238 UKr. ]. Phys. Opt. 2026, Volume 27, Issue 3



Dispersive Optical Soliton

solitons, higher-order dispersive structures, and optical-fiber solitary waves [11-13]. These
contributions support the continued relevance of exact solution methods for investigating
nonlinear wave propagation in dispersive optical media.

Previous studies of Schrodinger-Hirota-type equations (SHE) have frequently used
auxiliary equations or direct traveling-wave substitutions to construct exact waves. The
novelty of the present work does not lie in the generalized auxiliary-equation method alone
or merely in producing an additional catalog of closed-form expressions. Instead, the
governing complex equation is first written as an equivalent real coupled system, and its
admitted Lie point-symmetry algebra is determined. A compatible combination of the
translation and phase-rotation generators then produces an invariant traveling-wave
reduction. Compatibility of the reduced real and imaginary equations selects an explicit
nondegenerate coefficient branch and yields a Duffing-type amplitude equation whose
effective coefficients combine the higher-order perturbation parameters. The auxiliary
equation is subsequently used to classify the admissible hyperbolic, exponential, and Jacobi-
elliptic orbit families, including their reality conditions, singularity criteria, asymptotic
states, and elliptic-to-hyperbolic limits. Thus, the principal contribution is the symmetry-
derived reduction, the associated parameter compatibility, and the unified classification of
the resulting traveling-wave structures for the perturbed Schrodinger-Hirota model.

2.Lie symmetry reduction

2.1. Governing model

The SHE is an important extension of the standard NLSE and enables the modeling of
ultrashort pulse dynamics in nonlinear dispersive media more accurately when higher-
order effects become significant, due to its ability to incorporate higher-order dispersive and
nonlinear effects. In this study, SHE is therefore considered:

iq, +aqu +¢|qP? q+i(yqux + o 191? qy) 0
=iaq, +iAq 12 @)y +iv(1q2),q,

where q=q(x,t) represents the complex envelope of the wave field, with x denoting the

spatial propagation coordinate and t the temporal coordinate. The coefficient a represents
the chromatic dispersion (CD), while ¢ characterizes the cubic Kerr nonlinearity responsible
for self-phase modulation. The higher-order dispersive contribution is described by the
parameter y, which accounts for third-order dispersion effects that become prominent for

femtosecond pulses. The coefficient o describes nonlinear dispersion. On the right-hand
side, the term involving « corresponds to inter-modal dispersion. The coefficient A
represents self-steepening, which produces an intensity-dependent group delay, introduces
temporal asymmetry, and can promote optical-shock-like edge formation in ultrashort
pulses, while v accounts for the soliton self-frequency shift.

Lie group analysis provides a systematic framework for determining continuous
invariances, similarity variables, and reduced differential equations [14,15]. For the present
higher-order optical model, the complex field is first decomposed into real and imaginary
components. The resulting coupled system is then prolonged to third order, and the
determining equations are solved to obtain the admitted translation and phase-rotation
symmetries used below.
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In this section, Lie symmetry analysis has been implemented for Eq.(1). As a
preliminary step, the complex function q(x,t) is decomposed into its real and imaginary
components, expressed as

q(x.t)=u(xt)+w(xt), (2)
where u(x,t) and v(xt) are real-valued functions. This representation facilitates
transforming of the governing equation into an equivalent system of real partial differential

equations, which is more convenient for carrying out this symmetry analysis. Then, Eq. (1) is
rewritten as the following system of nonlinear equations for further analysis:
“Vp + AUy + (U2 +V2)u—y vy —o (U2 +V2)v, = —av, - A((u2 +v2)v) —v(u2+v2),v, 5
Up + AV +C(U2 +V2 )V + YUy + 0 (U2 +V2)u, = au, — A((U2 +v2)u) —v(u2 +v2),u. 2
Here, x and t denote the spatial propagation coordinate and the temporal coordinate,

respectively, while u(x,t) and v(x,t) are the real and imaginary parts of the complex
envelope q(x,t). Subscripts indicate partial differentiation; for example, u, =0u/ot,
U, =02u/0ox2, and v

real constants a, ¢, y, o, a, A, and v denote chromatic dispersion, Kerr nonlinearity,

=03v /0x3. The quantity u?+v2=|q|? is the optical intensity. The

XXX

third-order dispersion, nonlinear dispersion, intermodal dispersion, self-steepening, and
self-frequency shift, respectively. Parentheses followed by the subscript x, such as
((u2 +v2)v)x , mean that the entire enclosed expression is differentiated with respect to x.

2.2. Symmetry structure of the real coupled syetem
Let us assume that the system of nonlinear partial differential Eq.(3), involving two

dependent variables u(x,t) and v(x,t), is represented as

Ay (X,8,U,V,Uy Uy .o Uy Vi ) =0, @
Ag (X, 6,U,V,Uy Uy U Vi ) = 0,
Here, x and t denote the independent variables, and the system includes derivatives up to
third order.
We introduce a one-parameter local Lie group of transformations acting on the

variables x, t, u(x,t),and v(x,t) as
x*=x+e&x(x,t,u,v)+0(e2),
t =t+e&t(x,t,u,v)+0(e?), 5)
u* =u+enu(x,t,u,v)+0(e?),
v =v+en(x,t,uv)+0(e?),
where ¢ is a small parameter. The functions &x, &t, nu, nv represent the infinitesimal

generators of the considered transformation, and the corresponding vector field is expressed as
0 0 0 0
X=Efx—+&t—4nu—+nv—. 6
St W o (%)
Since the system involves derivatives up to third order, the symmetry generator must
be prolonged accordingly to generate the invariance conditions. The third prolongation of X

is written as
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(3)X = u(j)_9_ v())_0_
préX=X+> 75 au]+zn v, (7)

where J denotes multi-indices corresponding to derivatives of order up to three. The

associated coefficients with first-order derivatives are given by
=Dy () —u,D, (&%) ~u,D, (&),
' =D () —u, Dy (§%)—u.D, (£¢),

=D, (1)~ D, () vD, (), )
% =D () =v, D (&%) —v, D, (&°).

Higher-order terms are obtained recursively. For instance,
M = Dylm) =t Dy (€)1 Dy (), .

Mhxx = Dx (nuxx ) - uxxxDx (éx ) - uxxth (ét)’
and analogous expressions hold for nv. The prolongation coefficients are computed using

the total derivative operators such as
0 0 0 0 0

D, =—+u,—+v, —+u, —+v,—+-,
ox ou ov ou, ov,
(10)
D, =g+uti+vti+uxti+vxti+m.
ot ou ov ou, ov,

The system is said to admit the symmetry generated by X if the prolonged vector field
annihilates the system on its solution manifold, that is,

pr(3)X(A1)|A1:0_ a-0 =0
pr(3)X(A2)|A1:0' Az:o =0

Substitution of the prolonged expressions into the invariance conditions yields a system

(11)

of linear partial differential equations for the infinitesimals &x(xtu,v), &t(xtuv),
nu(x,t,uv), and nv(x,tuv). Solving this system provides the symmetry structure of the

given PDE system. Using symbolic computation via Maple, the determining equations for the
infinitesimals are solved systematically. As a result, the admitted infinitesimal generators are
obtained as follows:

fx :0, ft :1, nu :0, nv :0’ [12)
fx :1’ ft :0, nu :0, nv :0’ [13)
Ex=0, &t=0, nu=y, pv=-—u. (14)

These infinitesimals correspond to fundamental continuous symmetries of the
governing system. In particular, they generate time translation, space translation, and phase
rotation invariances, respectively. The associated Lie point symmetry generators can
therefore be written in vector field form as

0
X, ==, 15
175 (15)
0
X, ==, 16
27 ox (16)
0 0
Xo=v—=——u—. 17
3 ou ov (17)

Ukr. ]. Phys. Opt. 2026, Volume 27, Issue 3 03241



Lakhveer Kaur et al

Here, X; and X, represent invariance under translations in time and space, while X3
corresponds to rotational invariance in the (u,v) -plane, which is equivalent to the phase
invariance of the complex function q(x,t).

2.3. Lie algebra structure
To understand the underlying algebraic structure, the commutation relations between the
symmetry generators are computed. A straightforward calculation yields
[ X1,X,]=0, [X1,X3]=0, [X,,X3]=0. (18)
This shows that all generators commute pairwise, and hence the symmetry algebra is
Abelian. Consequently, the admitted Lie algebra is a three-dimensional Abelian Lie algebra
given by
9=(X1,X,,X3) =R3. (19)
Since the Lie algebra is Abelian, the adjoint action is trivial, i.e., the generators remain
invariant under the adjoint representation. These generators provide inequivalent symmetry
reductions of the governing system. In particular,
e The generator X; yields time-independent (stationary) solutions.
 The generator X, produces spatially invariant solutions.
e The generator X; corresponds to phase-invariant solutions, preserving the modulus
of the complex field.
2.4. Similarity reduction
Next, we consider the following combined generator to produce invariant traveling-wave
families for Eq. (1):
X=X1+AX2+QX3=Q+Ai+ﬂ(vi—ui), (20)
ot ox ou ov
where A is the traveling velocity and Q is the phase-rotation rate. Solving the
corresponding characteristic equations,
dx _dt _du_dv
gx gt oqu v
gives the similarity representation
q(x,t) =p(r)exp(ig(x.t)), 21
where p is the new dependent variable. The representation in Eq. (21) is invariant under the

generator in Eq. (20) provided that
Q=Ak; —k,. (22)
This compatibility relation shows that the phase and traveling coordinate follow from the
same symmetry action, rather than from an independently imposed traveling-wave ansatz. The
similarity variables in (21) are substituted into Eq. (1). Then, the real and imaginary components
are separated to obtain the following ordinary differential equations (ODEs):

(Aky —oky —c)p(z)3 + (73 +ak? +aky + ky )p() +(-3yky —a)p(z),, =0, (23)

(3yk? +3p(r)2A +2p(r)2v — p(1)20 + 2aky + A+ a)p(r), —y p(t),,; = 0. (24)
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Eq. (23) yields the following parameter expressions for kq, k,, a:

w . la =1a(—2a2+9ay) . - 3y 25)
1 ’ —-o+A

’

3y z 27 y2
The symmetry-compatible branch in Eq. (25) requires y#0 and A#o . The latter

condition excludes the degenerate case in which the carrier wavenumber and the chromatic-
dispersion compatibility relation become undefined. Substituting the parameter values in
(25) into (24) leads to the following modified ODE:
(3A3 +242v —7A20 — 4Avo +5102 + 2vo2 —o3)p'(7) plr)?
+(—yA2+2yA0 —yo2)p"'(7) (26)
+(AA2 -2AA0 + Ao? +ad? —2aA0 +ac?—3c2y)p'(t) =0.
Eq. (26) is integrated with respect to 7, and the reduced ODE is written as

%(313 +2A2v —7A20 —4Avo +5102 4+ 2vo2 — 63)p(1)3

+(—yA2+2y20 —yo2)p"(7) (27)
+(AA2 -2MAo + Ao2 +al? —2aA0 +ao?—3c2y)p(7) =0.
The polynomial coefficients in Eq. (27) admit the factorizations
3A3+2A% —7A20 —4Avo +5102 + vo2 —03 =(A-0)2(34+2v -0),
and
—yA2+2yAc —yo2 =—y(1l—0oc)2.
Consequently, Eq. (27) can be written in the compact form
(A-0)2(3A+2v-0o
3
For y#0 and A # o, division by —y(1 —0c)2 gives the Duffing-type amplitude equation

3c2 A+a 3A+2v—0o
"+ —+ 3:0’ = — , ==,
p"+up+pp e B 3

—y(A-c)2p’+

)p3 +[(A+a)(2-0)2-3c2y]p=0. (28)

(29)
Its first integral is
Lpp+bipreLpi-g, (30)

where E is an integration constant. This representation shows that the higher-order
perturbations do not act independently on the exact branch considered here. Their influence is
organized through the combinations A-o, 31+2v—0o, and A+« . The first combination
controls the carrier-wavenumber and dispersion compatibility, the second determines the
effective cubic response, and the third represents the combined propagation and intermodal
drift. The hyperbolic, exponential, and elliptic expressions derived below are therefore orbit
families of the quartic effective potential in Eq. (30), rather than unrelated closed-form formulas.

For example, the zero-pedestal canonical bright branch, when 1 <0 and f > 0, has the form
sech( —/.w), (31

()= [

so its peak intensity is 2(—;4) / B and its characteristic width scales as (—u)-1/2. When x>0

and B <0, the canonical kink branch is
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p(r)=\/%tanf(\/%rj, (32)

with asymptotic intensity —u /B and transition width proportional to +/2/u . These

expressions provide direct measures of how the perturbation parameters modify the
amplitude and width while preserving the compatibility conditions.

Next, the generalized auxiliary equation approach is employed for the reduced
nonlinear Eq. (27) to construct its exact solutions. This method is based on a systematic
procedure that combines an appropriate functional transformation with a balancing
principle that relates the highest-order derivative terms to the nonlinear components of the
equation. By introducing a suitable ansatz, the governing equation is reduced to an auxiliary
ordinary differential equation, which can be solved analytically. The strength of this
methodology lies in its ability to generate a wide class of exact and closed-form solutions,
including solitary-wave and periodic structures. In the subsequent analysis, this technique is
used to derive exact solutions of Eq.(27), and a wide range of exact solutions is then
obtained in a unified manner by reverting to the original spatial and temporal variables, with
several free parameters.

By applying the homogeneous balancing principle to the higher-order linear and
nonlinear terms in Eq. (27), the subsequent solution structure is formulated:

p(r) =Ty + o+ T (5), (33)

F()

where F(7) satisfies the following auxiliary equation:
1

By substituting (33) into Eq. (27), together with its derivatives, as defined by Eq. (34), a
polynomial expression in F(7) is found. Collecting the coefficients corresponding to each

power of F (r) and setting them to zero yields a system of equations in the unknown

parameters. Solving the resulting system of equations, the following categories are recovered
to generate exact solutions of (27):

m3(4m2m4 —m32) (4m2m4 -m3 )2
2.4.1. Category I For the parameter values m; = , My = , the
8m3 64m;3
solution of the resulting algebraic system is obtained as follows:
Case 1.
A= h T, =+1 ym; /6
8m,(A2-24c+02) " T4 [2v-0+32)ym,’
(35)
! _8\/(2v—c7+3l))/m4m4’ 2

where

Y, =8yA2m,m, — 3yA2m% — 16yAcm,m, +6yAoms +8yc2m,m
1 My 3 My 3 My

-3yo2m? —8al2m, +16alom, —8ac2m, + 24c2ym,.
3 4 4 4 4
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Consequently, Eq.(27) has the following hyperbolic function solution, with

pi(r)=+ (4mym, —mg2)yJ6
8,(2v—-c+31)ymym,

-1
{ m \J-8mymy +3my2 tanh[ J-my (8mymy, —3mg2)r B 36)

4m, 4m, 4m,

i ?”"3\/g
“4f(2v-oc+31)ym,’

py(r)=+ (4mym, —”’32)?’\/g
8,(2v—-c+31)ymym,

-1
{ my \J-8mym, +3mg2 coth[ J-my (8mym, —3mg2)r B 37)

4m, 4m, 4m,

i ?”"3\/6
_4\/(2v —o+3A)ym, '

The corresponding solutions of Eq. (1), written in the original variables x and t by
using equation (21) together with Egs. (36) and (37), are given by

) o (18 N (38
ex‘{{gy(—am)[ (o a7 ayj‘—mf'%n
qz(x,t)zpz(x—At)
) o (18 N (39
ex‘{{gy(—am)[ (coraf ayj‘—am”%B

The solution g is a reciprocal tanh-type nonsingular kink soliton on a finite pedestal,
provided that its denominator is nonzero. The solution g, is a reciprocal coth-type singular

soliton because the coth factor generates a pole in the traveling-wave profile.

Case L

A= h ,

8m, (A2 —-2A0 +02)
sl yml6 (40)
4 J(2v-0+34)ym,
T, -0, T, =i\/6\/(2v—c7+3&);/m4
2v—o+3A

where

Y; =8yA2m,m, — 3yA2m§ — 16yAcm,m, + 6yAcms + 8yc2mym,
-3yo2m§ —8aA2m, +16aiom, —8aoc2my + 24cZym,.
Consequently, Eq.(27) has the following hyperbolic function solution, with
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J6./(2v-o+31)ym
p3(7)== \/(2 Jrms
v —o +34

{ m \—-8mymy +3mg2 tanh( J-my (8mym, —3mg?)r B (41)

4m, 4m, 4m,

" ymg/6
“4f(v-oc+34)ym,’

i\/g\/(2v—0+31))/m4
2v—o+34

{ my \J-8mymy +3my2 coth( J-my (8mymy, —3mg?)r JJ (42)

4m, 4m, 4m,

}/m3\/6
“4f(2v-oc+31)ym,’

The corresponding solutions of Eq. (1), written in the original variables x and t by
using Eq. (21) together with Egs. (41) and (42), are given by

_ _ tc 18c2y2 _xc
qz(x,t)=p3(x At)eXp{{‘)y(—o+/l)[ (_0+i)2+9ayJ —0+l+k3}} (43)

_ _ tc 18c2y2 _xc
qq(xt)=ps(x At)eXp{{‘)y(—o+/l)[ (_0+i)2+9ayJ —0+l+k3ﬂ (44)

Here q; is a tanh-type dark/kink soliton on a nonzero background because its
amplitude approaches two finite limiting states as 7 — +o. The solution g, is a coth-type

singular soliton, since coth(-) is unbounded at the wave center.

my(4mym, —m3 ) g = m§ (16m,m, —5m3 )

2.4.2. Category II. For the parameter values m; =

)’

8mj 256m3
the solution of the resulting algebraic system is obtained as follows:
Case 1.
A= )
8m, (A2 2o +02) '
T, =0,
. rm6 (45)
¢ J16BA+2v—o)ym,’
e V6 /(34 +2v —c)ym,
2T Bi+w-o
where

Y, =8yA2mymy —3yA2m§ — 16yAom,m, + 6yAoms + 8yc2mym,
-3yo2m§ —8aA2m, +16alom, —8ac2my + 24c2ym,.

Consequently, Eq. (27) has the following hyperbolic function solution:
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For 8mym, —3mg2 <0 and m, <0, we have

ps(r)zi«/g\/(3/1+2v—c)ym4
3l+2v-o

16 6m2 m, (8m,m, —3m?
{ 1m3+1 MyMa + O3 sec{iﬁ\/ 4( Gl 3)1'}} (46)

4m, 4 my, my
yms\6
- 4\/(3/1 +2v—0)ym, .
For 8mym, —3mg2 >0 and m, >0, we have

V6. /(31 +2v —o)ym
pG(T)zi \/( ) 4
3M+2v—0o

16 —6m2 m, (8m,m, —3m?
{ 1m3+1 M,y m3usc{i\/§\/ 4( 2!y 3)TB (47)

4m, 4 my, my
?”’13\/g
4 )BA+2v-o)ym,
The corresponding solutions of Eq. (1), written in the original variables x and t by

using Eq. (21) together with Egs. (46) and (47), are given by

1_1 2 8 -3 2
gs(xt)=| T, 1M 1 oy + bms sec lx/i\/rm'( i m3)r +Tp
4m, 4 my 4 my
xexpl(ip( x,t)),
p(14(x1)) (48)
1 m 8m m, —3m
q6(x,t)= 7, im3 i\/ 6m,my, — 6m3 \/—\/ 4 2y 3) B+T0
xexp(1¢(x,t))

The solution qs is a sech-type bright soliton on a constant pedestal; for admissible
parameters that remove the pedestal, it becomes a pure bright soliton. The solution g, is a

csch-type singular soliton because csch(-) has a pole at the origin.

tc ( 18c2y2 xc
,t 9 - ki ||,
¢(X ) {{9;/ —G+A L _U+/1 z" ayJ —c7+l+ 3}}

Y t.
8m, (/12 2o+ 02)

Here,

T=X—

2.4.3. Category IIl. For the parameter values my=0, m; =0, m3=0, the solution of the
resulting algebraic system is obtained as follows:

yA2m, —2yAom, +yo2m, — a2 + 2alc —aoc? + 3cZy
A2 -2)c +0?

S e
T,=0, T; =0, T2=i\/_ ( v cr))/m4

3l+2v—-0o

A=

’

(49)
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Consequently, Eq. (26) has the following solution structure:

p;(7)= W6y (324 +2v — ) mymyels+Cm. )

(—4m2m4e21\/ﬁz + ezclﬁ)(B/l +2v-o0)

The corresponding solution of Eq. (1), written in the original variables x and t by
using Eq. (21) together with Egs. (49) and (50), is given by

Q7(x,t)={(4\/8\/;\/(3’“2"‘0)m4m2e(x_m+c‘)ﬁ JeXp(tfﬁ(x,t))' (51)

—4m,m,e2(x-At)Jm, 4 ezcn/m—z)(B/l +2v—0)

The exponential family g, gives a localized bright-type solitary wave when the

denominator remains nonzero. If the denominator vanishes for an admissible parameter set,
the same expression represents a singular soliton.

MXI):H 9y(—tci+/l)[ (}:CZZ)Z +9ay} ey +k3B'

mg (4m2m4 - m%)

Here,

2.4.4. Categor IV. For the parameter values m; = , my =0, the solution of the

8my

resulting algebraic system is obtained as follows:
Case 1.

A= % ,

8m, (A2 -2Ao +02)
(52)
Ty=+ r6my T 0, T,— s M6
0 4Jm,(34+2v-o)y’ ! 2 Jm, (34 +2v —o)y

where

Y; = 8yA2mymy, —3yA2m§ —16yAom,m, + 6yAom3 + 8yc2mym,
-3yo2mé —8aA2m, +16alom, —8aoc2my +24c2ym, '
Consequently, Eq. (1) has the following solution structures in terms of Jacobi elliptic
functions: for the elliptic solutions below, the unity-modulus limits sn(u,m) — tanhu,

sn(u,m)— tanhu, cn(u,m)—> sechu, dn(u,m)— sechu, ns(u,m)— cothu, nc(u,m)— coshu,
nc(u,m)—)coshu, are used as m—1. In each case, 7 =x— At and the same phase factor
exp(1¢(x,t)) is retained.

Subcase 1.1.1f my <0 and (4mym, —m3)>0, then

QB(X't)z[T0+T2( ~ + i Cn[\/_m4(4m2m4_m32)(x_m) i JJ]

dmy - Am 2my 2,/4mym,, —mg?
xexp(ip(x,t)), .
B(x0)= {TO +T2[ 534 * 4734 dn(4\/n_l3rn4 (x - Ag), DAL 4m‘::;2 —ms JB
xexp(ip(x.t)),
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As m— 1, the identities cn(u,m)— sechu and dn(u,m)—> sechu give

-m, (4 —m2
qgl)(x,t)= Ty +T{— ™ s sec}{\/ g (4mamy m3)rj}

4m, 4m, 2my
xexp(1g(x,t)), 54)
W) (xt)== My M 3
qy " (x,t)== {TO +T2( am, + am, sech[4 — rjﬂ
xexp(1g(x,t)).

Thus gg and qq are cnoidal/dnoidal periodic waves, and their unity-modulus limits are
bright-type solitons on a finite pedestal.

Subcase 1.2.1f my <0, (4mym, —m%) <0, and (16mym, —5m%) <0, then

m, (4m4m2 - m32)

(x—At),
2m, (x—At)

m
Gio(xt)=| Ty+T; 4m, 3Cn \/(4m4m2_m§)(16m4m2—5m§)

2(4mym, -m3)

1t )
P (55)
\/m4(16r:4m2_5m§)(X—At),
m my
qi1(x,t)=| Ty +T -3 +T. dn
1(xt) 0" "2 4m, 3 2\/(4m4m2—m§)(16m4m2_5m32)
16mym, —5m3
xexp(1p(x,t)),
In the limit m — 1, the solutions in this subcase reduce to
I m.(4m,m _m2 ]
- T
xexp(z¢(x,t)), »
_ —5m2
q(lll)(x’t)z Ty+T, —&iﬁsech \/m4(16m4m2 5m3)r J
4m, 4m,
xexp(14(x,t)).

Therefore, q;, and q;; are elliptic periodic waves whose unity-modulus limits are

bright-type solitons on a pedestal.
Here,

\/—(16m4m2 —5m3 )
4m,

Subcase 1.3.1f my <0, (4mym, —m%)>0, and (16mym, —5m%) <0, then
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Gz (xt)=| To+T, {\/_

xexp(1g(x,t)), 57)
my \/—(16m4m2—5m3)
( ) 7T 4m4_ 4m,
qi3(x,t)=| Ig+1;
f )
xnd my (X_At)’w
4. /-m, my
xexp(zq)(x,t)),
Since nc(u,m)—> coshu and nd(u,m)— coshu as m— 1, this subcase gives
_ _ 2
q(112)(x,t)= T, +T{—4m3 J_r\/_(16nrm2_5m§)cosh(\/ m4(4;n4m2 m3)rB]
m4 m4 m4
xexp(1g(x,t)), (58)
—(16mym, —5m?
q(113)(x,t)= Ty +T{—4m3 J_r\/ ( rrrmz m3)cosh[dr\/n% r}ﬂ
my my -m,
xexp(1g(x,t)).

Thus g4, and q,3 are reciprocal elliptic waves, and the hyperbolic cosh growth makes

their unity-modulus limits nonlocalized singular-type profiles.

Subcase 1.4.1f (4mym, —m3 ) >0 and (4m,m,—m3 )(16mym,—5m)>0, then

qua(xt)=

qis(x.t)=

2 2
m4( ’;’;mz m3)(x—At),
m m 4
T, +T,| -8+ ™ e explig(x.t)).
072 am,  4m, \/(4m4m2_m§)(16m4m2—5m§) )
2(4mym, —m3) (59)
9
\/m4(16’;’4m2‘5m§)(x_m),
m m My
T 4T, -8 + M3 explig(x.)).
072 am, 4m, 2,J(4mymy —m2 ) (16mqm, —5m? ) e
16m,m, —5m3

Using the same reciprocal limits, nc(u,m)— coshu and nd(u,m)— coshu , one obtains

(1)

di4

4ty

m:
(x,t)== {TO +T{ 4;4

4m, 2my

+ cosh{ vm4(4m4m2—m§)rﬁ exp(1h(x,t)),

(60)

4m,

(x,t){ro +T{— ™ 4

4m, 4m,

e Cosh{\/m4(16m4m2 —5m§) TJ ]exp(z(b(x,t))_
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Accordingly, q;4 and qq5 are reciprocal elliptic periodic waves, while their unity-
modulus limits are unbounded singular-type profiles.
Subcase-1.5.1f m, >0 and (16m,m, —5m3)<0, then

_Mm3 M3
4m, 4m
4 4
m3 my

4m, ~ 4m, xns{ my (X_At)’\/—(16m4m2—5m§)J

4my mg

xexp(ip(x.t)),

my Jr\/—(16m4m2—5m32)

4m, 4m,

bt)=|Ty+T
Q7 (x6)=|To+T, \/—m4(16m4m2—5m§){ A6) my
xns x—At),
4my ' J-(16m,m, —5m3) (61)

xexp(ip(x,t)),

4my 4m,
)= Tn+T t)),
G1g(X.t) 0t 12 m, \/—(16m4m2—5m32) exp(z¢(x ))
xsn (x—At),
4m, mg
_ M My
4m,  4m,
Gho(xt)=| To+T; \/—m4(16m4m2—5m§) m
xsn (x—At), 3
4m, \/—(16m4m2 ~5m3 )
xexp(1p(x,t)),

For this last elliptic set, nc(u,m)— coshu, ns(u,m)— cothu , and sn(u,m)— tanhu yield

(l)xt=T+T M M cosh e TNUL coth s T exp(id(x,t
Che(') otz 4m4—4m4 4m4—4m4 4m, p(¢())

q(117) (x,t) = To+T, {— M 4 \/_(16m4m2 _ Sm“%) coth(\/_mA‘ (16m4m2 —5m§) r}ﬂ

| 4m, 4m, 4m,
xexp(1g(x,t)), (62)
q(lg)(x't) = _To +T,| -8 \/_(16m4m2 ~5m3) tanh| B¢ exp(ip(x.t)),
4m, 4m, 4.Jm,

4m, 4m, 4m,

aly (x1)= TO+rz[_&i&t3nh(¢—m4<16m4mz—5’"5>Tmexp(z¢<x,r>>-

Consequently, q;¢ is a reciprocal elliptic family with a nonlocalized singular limiting profile,

q17 is a reciprocal-snoidal family whose limit is a coth-type singular soliton, and g;g and g4
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are snoidal families whose limits are tanh-type dark/kink solitons on a nonzero background.

18c2y2
Here, ¢(x,t)= __te ——yz+9a?/ X +ky | | in all the above subcases.
Yy (-o+A)\ (-o+4) o+ A

3.Results and discussion

This section presents the graphical interpretation of the recovered families of dispersive
optical solitons. Since the exact solutions are complex-valued wave fields with a traveling-wave
amplitude and a phase factor, the physically relevant measurable quantity is the intensity
|g(x,t)|?. The exponential phase factor has unit modulus; therefore, it does not affect the
intensity distribution. Consequently, the graphical profiles shown in Figs. 1-6 represent the
propagation behavior of the corresponding amplitude functions along the traveling coordinate
x — At . Figs. 1-6 display the intensity evolution of the selected solutions q,93,95,97,9g, and
qq. For each solution, three complementary views are provided. The first panel shows the
three-dimensional profile of |g; (x,t)[2, illustrating the overall spatiotemporal propagation

pattern. The second panel gives the contour representation, which clarifies the localization,
trajectory, and width of the wave structure in the (x,t)-plane. The third panel presents two-

dimensional intensity cuts at different fixed times, showing how the profile is translated during
propagation while preserving its qualitative structure.
Fig. 1 corresponds to the solution ql(x,t), which is generated from a reciprocal tanh-

type amplitude. The intensity profile exhibits kink-type behavior on a finite background. The
transition between the two asymptotic intensity levels is clearly visible in both the three-
dimensional and two-dimensional plots. This confirms that g; does not represent a localized

bright pulse, but rather a dark/kink-type structure whose intensity connects finite limiting
statesas x — At — to.

Fig. 2 shows the behavior of the tanh-type solution q; (x,t) . Similar to g4, this solution

describes a dark/kink optical soliton on a nonzero background. The two-dimensional cuts
demonstrate that the transition region shifts with time without changing its essential shape.
This behavior is consistent with the traveling-wave reduction, in which the wave motion is
governed by the single variable x—At. The contour plot further confirms the oblique
propagation of the intensity front along the traveling direction.

Figs. 3 and 4 represent the localized bright-type structures associated with gs (x,t) and

q;(x,t), respectively. The solution g5 originates from a sech-type amplitude and therefore

produces a localized peak in the intensity distribution. The maximum intensity remains
concentrated around the wave center and moves along the characteristic line
x = At +constant . The exponential family g, also gives a localized solitary-wave structure

for admissible parameter values that keep the denominator nonzero. The corresponding
plots show a well-defined propagating peak.
Figs. 5 and 6 correspond to the elliptic-function solutions gg(x,t) and gg(x,t). These

solutions are originally expressed in terms of cnoidal and dnoidal waves. In the unity-modulus
limit, the Jacobi elliptic functions reduce to hyperbolic functions, and the resulting profiles
become bright-type localized structures on a finite pedestal. The graphical results show
localized intensity peaks superimposed on a nonzero background, which is consistent with the
analytical reduction of the cnoidal and dnoidal solutions to their hyperbolic soliton limits.
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Fig. 1. Graphical representation of the intensity
dynamics of the reciprocal tanh-type kink soliton
solution ¢i(xt). (a) Three-dimensional intensity
profile of the reciprocal tanh-type kink soliton
|q1(x,0)|%2. (b) Contour plot of the intensity
distribution|q(xt)|2. (c) Two-dimensional inten-
sity profiles of |¢(x,t)|2at different times.
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Fig. 2. Graphical representation of the intensity
dynamics of the tanh-type dark/kink soliton

solution ¢3(xt). (a) Three-dimensional intensity
profile of the tanh-type dark/kink soliton
|g3(x,0)|2. (b) Contour plot of the intensity
distribution |¢3(x,t)|2. (c) Two-dimensional inten-
sity profiles of |g3(x,t)|? at different times.

The graphical results confirm the analytical classification of the recovered solutions. The
profiles q; and gz display dark/kink-type behavior with finite background states, whereas ¢z,

47, qg, and qq show localized bright-type propagation under the selected parameter settings.
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These plots also demonstrate that the obtained solutions preserve their shapes during
propagation, which is a characteristic feature of soliton dynamics. Thus, the graphical analysis
supports the validity of the recovered exact solutions and highlights the role of the traveling-
wave coordinate in controlling the motion of the dispersive optical structures.

3
2

1

lgs (2, t)?

0
-20

3-
—_—t=0
—_—t=2
25¢ t=4
—_—t=6
2L
@
=
S 15
&
=
0.5}
0
-20 -10 10 20

8 Ot

25
5
) 2
4
15 5
-~
1
]
05
5 05
0 0
20 -10 0 10 20
. 2 0 ¢ @) z

6

w

[V}

—

(b)

Fig. 3. Graphical representation of the intensity
dynamics of the sech-type bright soliton solution

gs(xt). (@) Three-dimensional intensity profile of
the sech-type bright soliton |¢gs(x,t)|2. (b) Contour
plot of the intensity distribution |gs(x,t)|2.
(c) Two-dimensional intensity profiles of |gs(x,t)|2

(c)  atdifferent times.
6
2
2 5
N 15 4 18
= -3
= 1
= 1
= 2
. 0.5
20 > 0.5
)
0
-20 -10 0 10 20
0 t (@) v (b)
2.5
— =0
—t=2
20 t=
—t=6
2150
bt Fig. 4. Graphical representation of the intensity
T 1l dynamics of the exponential localized soliton
o solutiongy(xt). (a) Three-dimensional intensity
05 profile of the exponential localized soliton
|g7(xt)|2. (b) Contour plot of the intensity
0 istributi 2 _di i i -
o~ =T 5 0 5 distribution |g7(x,t)|4. (c) Two-dimensional inten
2 © sity profiles of |g7(x,t)|? at different times.
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Fig. 5. Graphical representation of the intensity
dynamics of the cnoidal wave solution gg(xt) in

its unity-modulus bright-type soliton limit.
(@) Three-dimensional intensity profile of the

cnoidal bright-type soliton limit |gg(x,t)|2.
(b) Contour plot of the intensity distribution
|gs(x,t)|2. (c) Two-dimensional intensity profiles

of |¢s(x,t)|% at different times.
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Fig. 6. Graphical representation of the intensity
dynamics of the dnoidal wave solution gq(x,t) in

its unity-modulus bright-type soliton limit.
(@) Three-dimensional intensity profile of the

dnoidal bright-type soliton limit |go(x,0)|2.
(b) Contour plot of the intensity distribution
|ga(x,t)|2. (c) Two-dimensional intensity profiles
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©) of |qo(x,0)|% at different times.

The third-order-dispersion coefficient ¥ determines the dispersive-curvature scale in the
reduced amplitude equation. It appears in both effective coefficients 4 and g, so changing its

magnitude or sign modifies the balance among profile curvature, the linear restoring
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contribution, and nonlinear self-action. Consequently, y affects the admissible amplitude and

localization scale and may change the sign conditions required for bright, dark, kink, or periodic
structures. This dependence is branch-specific and need not be monotonic because y also enters
the coefficient compatibility relation (Table 1).

The nonlinear-dispersion coefficient o acts jointly with the self-steepening coefficient A .
Their difference A —o determines the carrier wavenumber and enters the effective linear
coefficient through (4 —o)-2. Thus, the limit 1 — o is singular for the selected reduction and

must be excluded (Table 1). The combination 31 +2v —o controls the effective cubic response.
Variations in ¢ can therefore modify the peak and background intensities, width, and existence
conditions, and may shift the solution between bounded and singular parameter regimes.

The intermodal-dispersion coefficient a enters the reduced equation through A+« . It
therefore acts primarily as a drift or velocity correction. For fixed A, a change in @ modifies
u and hence the profile amplitude and width. Alternatively, A may be adjusted to
compensate for o , thereby allowing the intrinsic shape to remain unchanged while shifting
the pulse trajectory in the (x,t) -plane. The coefficient a also contributes to the temporal
phase frequency through Eq. (25) (Table 1).

The self-steepening coefficient A represents an intensity-dependent group-velocity cor-
rection (Table 1). In general ultrashort-pulse propagation, self-steepening produces temporal
asymmetry and can promote optical-shock-like edge formation. Within the invariant exact
branch considered here, this effect is projected onto the combinations A —o and 34 +2v—-o .1t
consequently changes the admissible amplitude, pedestal, propagation speed, and coefficient
constraints. Because the present solutions are shape-preserving traveling waves, they do not
reproduce the full transient development of an optical shock.

The self-frequency-shift coefficient v enters the amplitude equation through
341+2v —o . Changing v therefore modifies the effective cubic coefficient £, which controls
the nonlinear contribution to the peak or background intensity and may alter the reality
conditions of the exact solutions. Since the present ansatz contains a fixed linear carrier
phase, these solutions do not describe a continuously evolving spectral displacement.
Instead, the self-frequency-shift term influences the stationary traveling-wave balance and
the associated admissible profile parameters (Table 1).

Table 1. Dependence of the symmetry-reduced wave profiles on the higher-order perturbation
coefficients.

Coefficient Appearance in the Principal influence on the wave profile
reduced branch

/4 u, B, Dispersive scale, width, amplitude, and the sign
and the curvature term conditions for bounded branches.
o A-oc and 34 +2v -0 Nonlinear dispersion, carrier wavenumber, effective
cubic response, and degeneracy at o = 4.
a A+« and the temporal  Drift velocity, pulse trajectory, phase frequency, and,
phase for fixed A, amplitude and width.
A A-oc and 31 +2v -0 Self-steepening contribution, pedestal, amplitude,
propagation speed, and existence conditions.
v 3+2v-o Effective cubic response, peak or background

intensity, and branch reality conditions.
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The figures should be interpreted as illustrations of exact translation along 7 =x-At,
not as evidence of dynamical or spectral stability. The slope of each ridge or transition front
in the (x,t) -plane is governed by A. The peak intensity, nonzero pedestal, and transition

steepness are controlled by u and £, and hence by the effective parameter combinations

identified above. Bright profiles correspond to localized orbits of the quartic effective
potential, dark and kink profiles connect finite-amplitude asymptotic states, and Jacobi-
elliptic profiles represent periodic orbits whose modulus-one limits approach hyperbolic
solitary waves. Singular profiles arise when the complete amplitude expression develops a
pole at a finite value of the traveling coordinate. Any parameter-sensitivity comparison must
preserve the compatibility condition in Eq. (25) and the reality conditions of the selected
family; varying one coefficient while leaving an incompatible parameter set unchanged
would not represent a solution of the governing equation.

4.Conclusions
This study derived symmetry-invariant traveling-wave solutions for a generalized perturbed

Schrodinger-Hirota equation containing third-order dispersion, nonlinear dispersion,
intermodal drift, self-steepening, and self-frequency-shift terms. The equivalent real system
admits time translation, space translation, and phase rotation, which form a three-
dimensional Abelian Lie algebra. A compatible combination of these generators produces the
traveling coordinate and phase relation, while consistency of the reduced real and imaginary
equations selects a nondegenerate coefficient branch.

On this branch, the amplitude equation reduces to a Duffing-type oscillator with a
quartic first integral. Its effective linear and cubic coefficients depend on the combinations
A-o, 31+2v—0o, and A+a. This representation clarifies how the higher-order
perturbations control the profile amplitude, background level, width, propagation velocity,
and admissibility. The generalized auxiliary-equation approach then generates regular and
singular hyperbolic waves, exponential localized structures, and Jacobi-elliptic periodic
waves, together with their limiting bright, dark, and kink profiles.

The principal contribution is therefore the symmetry-compatible reduction, the explicit
parameter constraints, and the unified orbit classification, rather than the auxiliary-equation
procedure by itself. The graphical results illustrate exact shape-preserving translation but do
not establish spectral stability, soliton radiation, optical-shock development, or a
continuously evolving frequency shift. These effects require perturbation analysis or direct
numerical propagation of the full equation and remain suitable topics for future
investigation.
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AHomayis. Y yvomy docaidxiceHHI susuaromuvcsi po3s’sisku muny 6ixcyvoi xeusi 36ypeHo2o
pieHsitHa IlpediHeepa-Xipomu, sike epaxogye duchepcito mpembo20 hopsidKy, HeAIHIUHY
ducnepcito, MixncModogy ducnepcito, CaAMOKpPYMu3Hy IiMNnyAbCy ma camouyacmomuull 3cys.
KomnaekcHe pigHAHHS 3600umbcst do ek8isa1eHMHOI 38°a3aHoi cucmemu OiticHUX pi8HSIHb, 0415
sAKkoi eusHauarmuvcsi moukosi cumempii Jli. CymicHa siHiliHa Kom6iHayis 2eHepamopis
mpancaayii ma ¢pazosozo obepmanHs npueodumsv 0o pedykyii muny 6Gixcyuoi xeusi, ujo
3a0080.16HS1€ I8HUT 38’130K MiXc (ha308010 Yacmomorw ma hapamempom cumempii. s eiaku
3 HY/b0BOK CMAJ/OKW I[HMezpy8aHHs pedykosaHe HejiHiliHe 38uuailiHe JdugepeHyiaibHe
PIBHSIHHSI p036’S13y€EMbCST MemoooOM y3a2d/AbHEH020 GONOMINCHO20 pIGHSHHS. OMmpumaHo
einep6o.iuHi, exkcnoHeHylia/nbHi ma eainmuyHi po3ga3Ku fkobi 3a 8idnogidHUX ymos
Hesupodxcenocmi, dilicHocmi ma HeHy/nb08020 3HAMEHHUKA. IXHsA zpaHuuyHa nosedinka dae
3Mo2y po3pizHUmMU KiHKO8I, meMmHi, SICKpasi, CUH2y/sipHI ma He/aA0KaNi308aHI npodii.
Jiazpamu iHmeHcusHocmi inrocmpyroms xapakmepHi mopgosozii nowupeHHsl, 00HAK He
8uUKOpUCMO8YIOMbCsl SIK doKa3 cmitikocmi,

Kawuoei caoea: ducnepcis, cumempis Jli, kHoidaabHi xeusi, pieHsiuHs IlpediHeepa-Xipomu,
ONMUYHI CONTMOHU
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