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structures, together with their corresponding existence conditions. The bright and dark soliton solutions are
subsequently analyzed to illustrate the effects of stochastic perturbation. The analytical results reveal how the
hierarchy of higher-order dispersion interacts with Kerr nonlinearity to stabilize localized waveforms, while
the Itd stochastic term modifies only the internal phase without affecting the soliton modulus. Furthermore,
the obtained soliton families satisfy the derived stability conditions, demonstrating that the envelope profiles
remain robust despite the presence of multiplicative white noise. These findings provide new insight into
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1.Introduction
Optical solitons are self-sustaining nonlinear wave packets that preserve their shape during

propagation because of a precise balance between dispersion and nonlinear self-phase

modulation [1,2]. Since their discovery, solitons have played a fundamental role in nonlinear

optics and have become essential in modern photonic applications such as high-speed

communication, ultrafast optical processing, and nonlinear waveguiding technologies [3-5].
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In birefringent optical fibers, the propagation dynamics become considerably richer, as two
orthogonal polarization components interact through cross-phase modulation and higher-order
dispersion, giving rise to vector solitons, polarization rotation, and complex multi-component
nonlinear structures [6-8]. For ultrashort optical pulses, the standard NLSE fails to capture the
underlying dynamics because higher-order dispersion, self-steepening, and material-induced
corrections become significant [9-11]. Extended nonlinear Schrédinger equation NLSE models
that include these higher-order effects have been widely analyzed, particularly in studies that
systematically explored Kerr-type nonlinear systems with dispersive hierarchies [12-14]. Kerr-
law nonlinearity remains a primary mechanism in such media, and its role in soliton formation
has been extensively documented in various nonlinear contexts [15,16].

Real fiber systems, however, are never perfectly deterministic. Noise arising from
thermal fluctuations, manufacturing imperfections, fiber birefringence randomness, and
amplifier-induced perturbations introduces stochastic variations into the propagating
optical fields [17,18]. Stochastic NLSE models formulated in the It0 sense have therefore
become vital for describing noise-driven phase diffusion, coherence degradation, and soliton
stability under random perturbations [19,20]. Recent studies have shown that stochastic
perturbations can strongly affect the soliton phase while leaving the amplitude profile
essentially intact [21,22]. However, these investigations were primarily restricted to simpler
stochastic nonlinear Schrodinger models and did not address coupled birefringent systems
incorporating the complete hierarchy of higher-order dispersion together with Kerr-law
nonlinear interactions. Motivated by this gap, the present work develops a coupled
stochastic high-order NLSE model for birefringent optical fibers and derives exact analytical
families of bright, dark, singular, and Weierstrass elliptic vector soliton solutions using the
modified sub-ODE method. In addition to establishing the corresponding compatibility and
existence conditions, the analysis demonstrates that the phase-preserving effect of It
stochastic perturbations remains valid even in this significantly more general high-order
framework.

The present article investigates a coupled stochastic NLSE system that incorporates the
full hierarchy of high-order dispersion and Kerr-type nonlinear interactions in birefringent
fibers. This framework extends several analytical models that have contributed significantly
to high-order NLSE soliton theory and exact analytical methodologies [23,24].

To derive explicit analytical solutions, we employ the modified sub-ODE method
[24,25], a powerful technique that has been refined and applied to a wide class of nonlinear
evolution equations. Using this framework, we obtain families of bright, dark, singular,
periodic, and Weierstrass elliptic solutions, representing a broad spectrum of nonlinear
behaviors arising from the interplay between dispersion hierarchy, Kerr nonlinearity, and
stochastic phase modulation.

Beyond their mathematical significance, these solutions provide physical insight into
noise-modulated soliton dynamics in birefringent Kerr media. The analytical results
demonstrate that, for the coupled stochastic high-order birefringent Kerr-law model
considered in this work, the Itd stochastic perturbation modifies only the soliton phase while
leaving the envelope modulus unchanged. This extends the phase-preserving property
previously reported for simpler stochastic nonlinear optical models to a more general
birefringent system incorporating the full hierarchy of higher-order dispersion. This
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indicates a notable degree of robustness that is highly relevant for practical fiber-optic
communication and ultrafast photonic applications.

This paper is organized as follows. Section 2 presents the mathematical formulation of
the coupled stochastic nonlinear Schrodinger model describing highly dispersive optical
solitons in birefringent fibers under Kerr-law nonlinearity in the Itd6 sense. Section 3
develops the analytical framework by employing a traveling-wave reduction and deriving the
associated compatibility conditions. Section 4 outlines the modified Sub-ODE method and
constructs several families of exact analytical solutions, including bright, dark, singular, and
Weierstrass elliptic solitons, together with the corresponding existence constraints. Section
5 discusses the physical interpretation and stability characteristics of the obtained soliton
solutions. Finally, Section 6 summarizes the main findings and highlights their significance
for stochastic nonlinear optical systems.

2. Mathematical model
The dimensionless coupled stochastic NLSE considered in this work is formulated by

extending the deterministic high-order birefringent Kerr-law model to include multiplicative
Itd white-noise perturbations. The deterministic terms follow the standard high-order
dispersion hierarchy and Kerr nonlinear interactions reported in the literature [26-28],
while the stochastic contribution is introduced here to account for random phase
fluctuations. The resulting governing equations are given by

iQt + ial le + alZQxx + ia13Qxxx + a14Qxxxx
. dw
+la15Qxxxxx + a16Qxxxxxx + (b14- |Q |2 +b15|R |2 )Q + GQ? =0,

IR, +iay(R, +ay,R,, +iaysR, ..

(1)

+ aZ4Rxxxx

2
aw _, (2)
dt
The dimensionless NLSE system describes the evolution of the two polarization

XXXXX XXXXXX

components Q(x,t) and R(x,t) in a birefringent fiber with high dispersion and Kerr-law

refractive-index nonlinearity. The coefficients ai; and az; (j = 1....,6) represent the dispersion
hierarchy: the terms with odd-order spatial derivatives correspond to dispersive effects,
while the even-order derivatives account for higher-order corrections associated with
material and waveguide dispersion in each polarization mode. The nonlinear coefficients
bi4,b15,b,4 and bys describe self-phase modulation and cross-phase modulation between

the two polarization components, reflecting the Kerr response of the medium. The
parameter o denotes the strength of the stochastic perturbation, and the term (dW/dt)
represents white noise obtained as the formal time derivative of a Wiener process W(t),
modeling random fluctuations in birefringence or refractive index. This stochastic
contribution is included in the [t6 sense and affects only the phase of the complex fields.

We use the Itd interpretation because the stochastic perturbation is intended to
represent rapid, memoryless (white) fluctuations with independent increments, for which
[t calculus provides the natural framework for analysis and Monte-Carlo simulation. A
direct consequence is the It6 drift correction in the phase, giving the term oW (¢)-0o2t in
the exact solution ansatz; physically, this corresponds to phase diffusion (coherence loss)
while the modulus remains controlled by the deterministic dispersion-nonlinearity balance.
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3.Preliminary analysis

In this section, we will suppose that Egs. (1) and (2) possess the following solutions:
Q(x,t)=¢(2) exp[i(—rcx+a)t+c7W—c72t)] )
R(x,t) =, (z) exp[i(—rcx +ot+oW — Gzt)],

and
Z=X-Vt. (4)
Here, ¢,(z) and ¢,(z) denote the soliton envelopes of the two polarization

components, expressed in the retarded coordinate z=x-vt that moves with the pulse at
the group velocity v . The parameters k¥ and @ represent the wave number and the carrier

frequency, respectively. The additional term (—ozt) in the phase is the It correction

associated with the multiplicative Wiener process, and it ensures that the stochastic
perturbation produces phase-only modulation without changing the mean optical power.
The ansatz in Eq. (3) is therefore adopted to construct soliton-type (shape-preserving)
traveling-wave solutions: by enforcing dependence on 2z only, the coupled stochastic
evolution equations reduce to a set of ordinary differential equations for ¢, ,(z). This
reduction is valid provided the real/imaginary-part decomposition is consistent, which
yields the required parameter relations and constraint conditions derived later in the
manuscript.

Substituting (3) and (4) into Egs. (1) and (2) and isolating their real and imaginary
parts, one gets:

Ry : a16¢{6)(z) +(ay4 +5a;5K — 15a16r<2)¢{4)(z)

+(ay, + 30,3k — 601462 —10a;5x3 + 150,64 ) ¢y (2)

(5)
+(02 =@+ ay 1k — ayok2 — ay3K3 + a4kt + ag5k5 —aqk6) ¢y (2)
+by 4$3(2) + by sy (2)$5(2) = 0,
6 4
R, aze¢£ )(Z) +(apq +5ap5K — 15“26’<2)¢£ )(Z)
+(ayy + 30,3k — 60a,,k2 —10ay5x3 +15a,5k4 ) ¢, (2) ©)
+(02 — @+ Ay k — Aok 2 — A3k 3 + Ay + Ay — ayk6 ) By (2)
+by493(2) + byspf(2)y(2) = 0,
and
- 5
3y :(ags —6016’<)¢§ )(Z)+ (a13 —4ay 4k —10a;5x2 +20a;453) ¢y (2) 7
~ 5 "
3y :(azs —6‘126’<)¢£ )(Z)+ (a3 —4ay4k —10ay5K2 + 20a,45k3 ) ¢y’ (2) (8)
—(V —021 +2(122K +3023K2 —4024’(3 —5025’(4 +6026K‘5)¢i(z) = 0
Set
¢$2(2)=Céy(2), (9)

where C is a nonzero real constant representing the amplitude ratio between the two
polarization components. The restriction C # 0 ensures that both polarization components
are present, whereas C = 0 reduces the system to a single-component model. The special case
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C = 1, corresponding to equal-amplitude polarization components, is also admissible. Under
this assumption, Egs. (5)-(8) become
6 4
Ry 5016¢£ )(Z)+ (a14 +5ay5x — 15“16’<2)¢§ )(Z)
+(ay, + 30,3k — 601462 — 10a;5x3 + 150,64 )y (2) (10)
+(02 —@+ay 1k — ayok2 — ay3K3 + ay4k* + aq5k5 —aqk6) ¢y (2)

+{(by4 +C2b,5)$3(2) = 0,

R,: a26¢{6) (z)+ (a4 +5ay5x — 15a26r<2)¢{4) (z)
+(ayy +3ay3K — 60,42 — 10ay5x3 + 15a,5k4 ) ¢y (2) (11)
+(02 — @+ Ay k — Aok 2 — Ayzk3 + Ay gk + Ay5K5 — ay6K6 )y (2)
+(b4C2 + by5 )47 (2) =0,
and
J1:(ags - 6a16r<)¢£5) (z)+ (a3 —4a;4x — 100,562 + 200,653 ) ¢y (2)

(12)
—(V —dqq + 2012’( + 3a13K2 - 4014’(3 - 5015’(4 + 6016K5)¢i (Z) = 0,

~ 5 "
3, (a5~ 6,6 )${” (2) + (55 — 44 ~10a,5x2 + 20a,63) gy (2) (13)
—(V —dyq + 2022’( + 3023’(2 - 4024’(3 - 5025’(4 + 6026K5)¢i (Z) =0.

By equating the coefficients of the linearly independent functions in Egs. (12) and (13)
to zero, we obtain:

a:
k=—2>j=12, (14)
ajg
V=a;; — 205k —3a ;3K +4a4k3 +5a 5kt —6a6k5, j =1,2, (15)
a3 —4a 4k —10aj5x2 +20a;6x3 =0, j =1,2. (16)

Egs. (10) and (11) exhibit identical forms under the following constraint conditions:
16 =0z =0,
A4 —Azq +5(a15 — g5 )k —15(ay6 — 36 ) K2 =0,
13— Ay +3(Gy3 — g3 ) K —6(ay4 — A4 ) K2
—10(ay5—a,5)k3 +15(ay4 —ay4 ) K4 =0, (17)
(a11 =91 )& = (@12 —Ap3 ) K2 —(ay3 — ap3) K3
+(a14 — g4 ) Kt +(ag5 — ags ) K5 — (a1 — A6 ) K6 =0,
by4 —by5 +C2(by5—byy ) =0.

We can express Eq. (10) in an alternative form as follows:

40 (2)+ 01017 (2) + 7 (2) + B (2) + 048 (2) =0, (18)
where
A - a4 + 505k — 150, ck2 A, - Ay, +3a,3K — 60452 —10a;5x3 + 15a, ok 4 ’
d16 16 (19)
Ay = 02 —@+0ay1K — A15K2 — A13K3 + Ak % + ag5K5 — a6k 0 A, = biy +C2b;s .
d16 16
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The relations in Eqgs. (14)-(17) arise as compatibility conditions when one seeks a class
of shape-preserving traveling-wave solutions with a common carrier phase for the coupled
polarization system. Egs. (14)-(16) follow from the consistency of the imaginary-part
equations, while Eq. (17) is required for the two real-part envelope equations to assume an
identical form and hence reduce to the single scalar ODE (18).

4.Modified sub-ODE method
In this section, we briefly explain the modified Sub-ODE method that we employ to construct

closed-form traveling-wave solutions of the reduced nonlinear ODE (18). The method is
constructive: it converts the nonlinear ODE into an algebraic system by representing the
unknown envelope as a finite expansion in terms of an auxiliary function satisfying a simpler
first-order equation. Such auxiliary-equation approaches are widely used to generate
analytic soliton, singular-soliton, and periodic/elliptic solutions for nonlinear wave
equations. The modified Sub-ODE method proceeds through the following steps.

Step 1: We seek solutions of Eq. (18) in the form of a finite polynomial expansion

¢ (z)= iajf/(Z), (20)
j=0

where a; (j =0,1,2,...,m) are constants to be determined, with ¢, #0 to ensure that the

expansion is truly of order m. The integer m is not chosen arbitrarily; it is fixed by a
dominant-balance (homogeneous balance) argument so that the ansatz contains enough
terms to accommodate the highest derivative contribution and the strongest nonlinearity in
Eq. (18).

Step 2: The auxiliary function f(z) is assumed to satisfy the first-order Sub-ODE:

f(z)=\pof221(2)+ pLf2n(2)+ pof2(2) + p3f247(2) + o f220(2), (21)

where p,(1=0,1,2,3,4) are constants and n>0. This sub-ODE is sufficiently general to

generate hyperbolic (soliton), trigonometric (periodic), and elliptic-function families,
depending on the parameter selection. The presence of the exponent parameter n is a key
feature of the modified approach: it allows the auxiliary equation to produce solution
profiles with adjustable steepness and background behavior, which is useful when
constructing bright, dark, and singular solutions from the same unified framework.

Step 3: To systematically determine m and organize the coefficient-matching process, we

use the degree operator D[-] with the convention D[f]=n and D[a]} =0 for constants.
From Eq. (20), the dominant contribution is ¢; ~ e, fm, hence D[ ¢;(z)]=m. Using Eq. (21),
one obtains that each differentiation increases the degree by n, leading to

D[ 4;(z)]=m+n, D[ ¢ (z)]=m+2n, (22)
and, more generally,

D[gby) (z)} =m+rn, D[q)y) (z)p5 (Z):| =(s+1)m+nr, (23)

These relations are then used to select m by balancing the degree of the highest-order
derivative term in Eq. (18) with the degree of the strongest nonlinear term. Once m is fixed,
the ansatz (20) is fully specified.
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Step 4: We substitute Eq. (20) into Eq. (18). Derivatives ¢Y) (z) generate terms involving fJ(z)

and derivatives of f(z). The sub-ODE (21) is then used repeatedly to eliminate f'(z) (and
higher derivatives obtained by differentiating Eq. (21)) so that Eq. (18) becomes an algebraic
identity in powers of f(z), one gets algebraic system for the unknown constants o ; and the
sub-ODE parameters p; (and possibly n), together with relations among the physical
coefficients appearing in Eq. (18). Solving this algebraic system yields explicit solution families.
Step 5: Once ¢, (z) is obtained, the corresponding fields are reconstructed using the traveling-
wave representation introduced earlier. Different parameter choices yield bright solitons, dark
solitons, singular solitons, and elliptic solutions.

It should be emphasized that the parameters p;(/=0,...,4) are auxiliary constants intro-
duced by the modified sub-ODE method and do not represent independent physical quantities of
the optical fiber model. Their values are determined by solving the algebraic system obtained
after substituting the polynomial ansatz into the reduced governing equation. Therefore, they are
implicitly related to the physical coefficients governing dispersion, Kerr nonlinearity, and the
wave parameters through the compatibility conditions. Different admissible choices of the
auxiliary parameters correspond to different mathematical solution branches, which, in turn,
describe distinct physical wave structures such as bright, dark, singular, and elliptic solitons.
Family 1. If py=p; =p;=0, Eq. (21) reduces to f'(z)= f(z)/p,+ psf?7(z) , which admits
the following hyperbolic solutions:

(I) Bright soliton:

1
f(z):{i /—%sech(n pzz)}n, P, >0, p, <0, (24)
4

which decays as |z| — oo and therefore generates localized (bright) envelopes in Eq. (20).

(I1) Singular soliton:
1

f(z):{i\/%csch(n pzz)}n, P, >0, p,>0, (25)
4

which is singular at z =0 and may generate singular traveling-wave envelopes.
Family 2. If p;=p3=0 and p,= ,022/4,04 , Eq. (21) supports kink-type solutions with

nonzero background:
(I) Dark soliton:

1
f(z):{i f—%tanh[n\/%zﬂn, 0, <0, ps>0, (26)

which approaches constants as |z| — oo and thus yields dark-type envelopes (intensity dips

on a finite pedestal) once substituted into Eq. (20).
(I1) Singular soliton:

1
f(z):{i /—%coth[n f—%zﬂn, p2(0,p4)0, (27)

which is singular at z=0.
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Family 3. If p; =p;3=0, Eq. (21) admits solutions expressed in terms of the Weierstrass
elliptic function (WEF), denoted by A@(nz;rz,@), where r, and r; are the corresponding
Weierstrass invariants. The WEF satisfies the differential equation:

(PP =403 —ryp-r3.

4p3 —12pyp, _4py(—2p3 +9ppps)
—4—= and 3=

3 27
distinct WEF solution are obtained:

(I) For the invariants r, = , the following two

1

1 py [2n
f(z)=| —gp(nz,n,r ——} , (28)
(2)=| poslrarr) -3
and
_ 1
3p0 2n
f(z)= . (29)
( ) _3p(nz,r2,r3)—p2}
2 36 - p?
(I1) For the invariants r, =%+p0p4 and r; = ,02( '[;01'[;4 'Dz) , we have WEF solutions
_ 1
| 6o (nz,1.13) + pafpy |1
f(Z)_ ' 4 (30)
30 (nz,1,,13)

and
1
n

(31)

_[3Jpil @/ (nz,ry 1)
| 642(nz,ry,r3)+ p,

where p’(nz,rz,rg)=£{0(”ZW2W3)-

Egs. (28)-(29) and Egs. (30)-(31) each satisfy the same auxiliary equation under the
above parameter conditions and constitute two distinct branches of the WEF solution family.

The WEF A@(z) and the Jacobi elliptic functions provide equivalent representations of
elliptic wave solutions. Let u denote the variable of the cubic polynomial
43 -ru-r; =0,
and let e{, e,, and e; be its three roots. Accordingly, the WEF satisfies
(WP =4(p-e)(p—e)(p-e)
The parameter k denotes the modulus of the Jacobi elliptic functions and is defined by:

K2 =276

, 0<k<1.
€1 —€3

With these definitions, the WEF are expressed in terms of the Jacobi elliptic function
sn(-k) as

€16

A@(Z) —et sn2 (Jel —e3 z,k)'
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Consequently, the WEF solutions in Family 3 may alternatively be rewritten in Jacobi
elliptic form. The solitary-wave limits follow from the standard degeneracies of the Jacobi
elliptic functions: as k — 1, the solutions reduce to soliton solutions, whereas as k — 0, they
reduce to trigonometric periodic waves.

4.1. Soliton solutions

In accordance with the methodology presented above, the balance rule (23) is used to
identify the suitable structure of the solution. When applied to Eq. (18), this involves

balancing ¢£6)(z) against ¢3(z). The resulting dimensional balance yields the following

condition:
m+6n=3m=m=3n (32)
Upon selecting n=1, it follows that m=3. This outcome permits the construction of

the appropriate solution form for Eq. (18), thereby facilitating the derivation of explicit
soliton solutions in terms of the determined parameters m and n. Thus, the solution to
Eg. (18) can be written as:

b (2)=ag+aif(z)+ayf2(z)+asf3(z), (33)
where ag,a,0, and a3z denote constants, subject to the condition a3 # 0. Upon substituting
(33) and (21) into Eq. (18), the following algebraic equations are obtained:

41580a3p7p5 =0,
20160a303 + A4a3 =0,

7200, p3 + 267300303, +29880030% p, +3A 40405 +360A,030F =0,

3591003030405 +540A 0030304 + (10395 / 2)at3p3 + 126030, p3
+3A400p% +22680pFozp; =0,

408A 030,04 + 189A 10303 +12A503p4 +3A 40305 + 18144 pFasay
+25704p,0301 p3 + 24010 pF + 945001308 pyy + 11172 p4013p3
+840p‘%a1p2 + 630,040!1,03% = 0, (34)

14805401301 Py +19656p,4p30300 + 63001 p7 01 + (24759 / 4)a3p3p1

315 21
+315A 030104 +Ta1p§’ +30A 010304 +7350401 P2 03 +7A2a3p3

525 10101
TR0 a3+ T A3 + Ta3p22p3 =0,

45 1 1
7013.01?’ +50‘1P22.01 + A0 +15p304 popa +EA1O‘1P2P1 +18A10300P4

9 1
+3A101 P3P0 +1P30‘1P% +270p30308 +EA20‘1P1 +Az00 +36Q1 g P41
+225a3p9p2p1 =0,

continued on next page
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195
TA1a3p1p2 + 210p4a1p2pl + 3A4a0a12 + 5670p4a3p0p1 + 135A1p30£3p0

15 1995
+3780p3a3000; +378p401 P3Py +7A20‘3P1 + 15010441 + a3P5p

15 63 3 2835
+7A10‘1P2P3 +7P30‘1P22 + - Aq0 p3 + psospt +63a,p5p; =0,

2
Asoy +30 40804 +Dyoy py +1512p,0308 +1512p505p0 01 + 01 P3 + Aoy p3
9 45
+31503p2 P, +45p401pF + 27 p3ay popy + 5A1a1p1p3 + 546030007 + 7Ala3p12

+60A 030 + 1201011 popy, + 650132+ 4501 p§ pg +132p4011 pop2 =0,

20A1a1 p2p4 + 105030 p, + 3040805 + 4455p,030F + 182y p3 + 504 p401 p1 03
+90,05p, + 3—29A1a3p1p3 +81A 0307 + 7290503 + 4455p3013p) + 25201050004

420,01 Py + Dyd +(15 / 2)A 1 pg + Agaz + 10548 p,0300 0, + 5040, py pF
+5823a3p,p301 =0.

(34)

Set-1: By imposing the auxiliary parameter constraints p=po=p1=p=0, the algebraic

system (34) reduces to an integrable form corresponding to the first family of the sub-ODE.

These constraints are mathematical conditions on the auxiliary equation rather than direct

restrictions on the physical parameters of the optical model. Solving the resulting algebraic

system yields the following solution results.

Result-1:
ap=0, =288, | 3%
581 A,
a, =0, a3 =24p, [—@,
Ay
17
:—A ,
P2~ 5g1 1
and
L= 1891A%,A3 ___ 1748025 A%,
6889 196122941

(35)

(36)

provided A,p, <0. Upon substituting Eq. (35) together with the solutions (24) and (25) into

Eqg. (33), one arrives at the following solutions for Egs. (1) and (2):
(I) Bright soliton solutions:

Q(x,t):i% %sech \/%(x—vt) sech? 174, (x—vt) _12
581 \83A, 581 581 17

xexp[i(—rcx + ot +ocW — Gzt)],

(37)
R(x,t):i% %sech Iﬂ(x—vt) sech? /17A1 (x—vt) _12
581 1834, 581 581 17
xexp[i(—rcx+a)t+c7W—c72t)],
provided A; >0 and A, >0.
UKkr. J. Phys. Opt. 2026, Volume 27, Issue 3 03205
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(I1) Singular soliton solutions:

Q(x,t)zir‘m8Al —85A1csch 174, (x—vt) || sech2 174, (x—vt) +12
581 834, 581 581 17

xexp[i(—rcx + ot +ocW — Gzt)],

(38)
R(x,t):irlm%Al _854 csch[ 178, (x—vt)J{sechz{ 178, (x—vt)j+£}
581 83A, 581 581 17
xexp[i(—rcx+a)t+c7W—c72t)],
provided A; >0 and A, <0.
Result-2:
ay=0, o =0,
oy =0, a3=24, (39)
35 A
Pa —TTA" P2 =_8_;'
and
- 189142 Ay - 1102543 (40)

6889 ' ° 571787’
provided A,p, <0. Upon substituting Eq. (39) together with the solutions (24) and (25) into
Eqg. (33), one arrives at the following solutions for Egs. (1) and (2):

(I) Bright soliton solutions:

Q(xt)=1+ 2:2; ’ 292?A1 sech3[‘ /—%(x —vt)Jexp[i(—Kx +ot+oW-— Gzt)],

(41)
R(x,t):irzlwAl 2905A1sech3 / Ay (x—vt) exp[i(—rcx+wt+c7W—c72t)],
6889 A, 83
provided A; <0 and A, >0.
(I1) Singular soliton solutions:
24A; [2905A, Ay .
Xx,t)=t——= |————=csch3| ,|—(x—vt) |exp| i(—xx + ot + cW —c2t) |,
e F ) ]
(42)
R(x,t):i% %cscm /—ﬁ(x—vt) exp[i(—rcx+wt+c7W—c72t)],
6889 A, 83
p2
Set-2: Set p; = p3 =0,y =4—2 in Egs. (34) and solve it, one gets the following result:
Pa
18A
0o =0, oy =1881 | 350
83 A,
(43)
35p4 A
[04 =0, o =24 - ) =
2 37T, 0 P2 166
and
946A2 1260A3
2= 1' 3=~ 1, (44)
6889 571787

provided A,p, <0.Upon substituting Eq. (43) together with the solutions (26) and (27) into
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Eqg. (33), one arrives at the following solutions for Egs. (1) and (2):
(I) Dark soliton solutions:

Q(x,t)zJ_r 34, %tanh 1 _ﬁ( —vt)
6889 A, 2\ 83
«| tanh?| £ f—ﬁ( -vt)|-3
2\ 83

xexp[i(—rcx + ot +cW - Gzt)],

(45)
R(x,t):i& 29058, oy 1 ——L(x-vt)
6889 A, 2\ 83
x| tanh2| 1 /—ﬁ( -vt)|-3
2\ 83
><exp[i(—rcx+a)t+c7W—02t)].
(I1) Singular soliton solutions:
Q(x,t):iﬂ %coth 1 —ﬁ(x—vt)
6889 A, 2\ 83
x| cothz| 1 /—ﬁ(x—vt) -3
2\ 83
xexp[i(—rcx+a)t+c7W—crzt)],
(46)

3ca, [29058, . (1 [ A (x—vt)
6889\ A, 2\ 83

{coth2 [l /—ﬁ(x - vt)j - 3}
2\ 83
xexp[i(—rcx +ot+oW - Gzt)],

provided that A; <0 and A, <0, which are the same parameter conditions required for Eq. (45).

Set-3: Set p; = p3 =0 in Egs. (34) and solve it, one gets the following result:

ay=0, oy =0, a, =0, o3 =24p, /—32&,
4

o 32M% A
241115p, 83’

(47)

Po P2 =

and
_ 2543A2
34445’
381357A3
20012545
subjectto p,A, <0, p, #0, A, #0. Substituting Eq. (47), together with Egs. (28)-(31), into
Eq. (33) yields the following WEF solutions of Egs. (1) and (2):

2
(48)

3=
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)]
3
24./-35A 24472 872A3 A, |2
Q(x,t)=t—Y""11 5l (x—vt), L l_ | —L
A, 723345  540338715) 249
xexp[i(—rcx +ot+oW - O'Zt)], 3 (49)

24C./-35A 244)2 87243 A, |2
R(x,t):i—4 Y2 (x—vt), 1 1 i
A, 723345 540338715, 249

xexp[i(—rcx + ot +0'W—0'2t)].

(I

N W

AZ
9216.,/-6A 1
Q(x't):i—20012545A4 3 (X_Vt)_244A% 87207 ), 4y
4| > " 723345’ 540338715, 83

xexp[i(—rcx+a)t+6W—c72t)], 50)

A% 2
R(X't):i% 3p| (x—vt),- 24407 | 872A ) Ay
4| " 723345 540338715) 83

xexp| i(—kx +ot +cW -o2t)].

(111)

3
41972 1117 /A3 J
_A1

498 x-vt), )
+1024A§’1/—2A4 ({0{( ) 2893380 4322709720

x,t)==%
Q( ) 180112905A4 , 419A% 1117/A§
830'| (x—vt), —
2893380 4322709720

xexp[i(—xx +ot+oW —O'Zt)], 1)
3
41972 1117 /A3 J
_A1

498 x-vt), )
+1024CA§’J—2A4 ({0{( ) 2893380 4322709720

R(x,t)==%
(xt) 1801129054, ) 41942 1117/ A3
83p (X_Vt)'2893380'_4322709720

xexp[i(—rcx +ot+oW —O'Zt)].

(v)

83| (x—vt) 419A2 1117/ A3
° 2893380 4322709720

o(x t)_+648 —354,
T 2 1117 / A3
= 4980 (x—vt), HMOAT 7/A ~A
2893380° 4322709720
xexp[i(—xx+a)t+0'W—0'2t)], (52)
3
41972 1117/43
83{0'( x—vt), L 1 J
R(x t):i648C —3544 ( )2893380 4322709720
A, 498[0(()(_”) 419A2 1117/A3 J_A
'2893380° 4322709720

xexp[i(—xx+a)t +oW —O'Zt)].
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5.Physical interpretation of soliton solutions
Soliton solutions are central to nonlinear science because they capture stable, localized wave

structures that arise from an exact balance between dispersive spreading and nonlinear self-
focusing or self-defocusing effects. Depending on their mathematical form, these solutions may
describe bright solitons, which appear as localized pulses on a zero background, or dark solitons,
which manifest as localized intensity dips within a continuous wave field. Interpreting the physical
significance of these soliton types allows us to understand how different mechanisms-whether
deterministic dynamics or stochastic perturbations-influence key characteristics such as amplitude,
spatial width, propagation speed, and long-term stability. In the following subsections, we provide a
detailed examination and comparison of the physical behavior associated with both bright and dark
soliton families, highlighting how their qualitative features emerge from the underlying model
parameters and nonlinear interactions.
5.1. Bright soliton solution
The sech-type expression corresponds to a bright soliton, i.e, a localized wave packet with a smooth
bellshaped profile that vanishes at large distances. In physical terms, the amplitude specifies the
soliton's peak value, the inverse width dictates how tightly it is confined, and the velocity
determines its motion in the medium. Moreover, the complex exponential phase introduces an
internal oscillatory behavior to the field components. The parameter sets used here are selected to
reflect physically attainable dispersion/nonlinearity regimes in real optical fibers over the
considered bandwidth, and o model’s realistic levels of random phase fluctuations due to
environmental and birefringence-induced perturbations. In this context, the parameters are
selected as: a; =1,a,,=0.47571, a;3=1,a;,=1.2222,a15=1, a;4=1,k=0.16667, C=2,
by =1, bj5=1,v=0.78382 and W (t)=2t.

We examine four representative values of noise strength, 6=0,1,5, and 10. In all cases, the
exact solution retains the same general structure: its modulus is independent of ¢ , whereas the

deterministic component of the effective frequency is shifted according to the Itd correction, such
that w =w—o?. Thus, the effective frequency decreases linearly with the noise power 2.

Consequently, for all noise strengths considered, the envelope |Q(x,¢)| represents a bright soliton:
the intensity | Q|2 forms a single, strongly localized hump centered at x =vt those decays rapidly

as |x-vt|— oo. The 3D and contour plots of absolute value confirm that the soliton propagates with
essentially constant amplitude and width for 0=1,1,5,10, so the energy carried by the pulse is
transported coherently through the medium despite the presence of stochastic forcing. The
influence of the noise strength appears primarily in the phase factor.

Figure 1: for 0 =0, w =0.18911 (deterministic case), the real and imaginary parts describe the
in-phase and quadrature components of a coherent carrier wave of moderate frequency trapped
inside the soliton envelope. The corresponding 3D and contour plots show relatively smooth
oscillations in space and time, fully confined within the bright hump.

Figure 2: when o =1, w = 1.1891, the envelope remains unchanged, but the effective frequency
increases; hence RQ and JQ exhibit a denser pattern of oscillations in the (x,t) -plane. The 3D
surfaces become more corrugated, the contour plots display finer interference fringes, and the 2D
slices reveal more carrier cycles under the same envelope. This illustrates that moderate Itd noise
mainly induces additional phase modulation without degrading the intensity profile.
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Figure 3: for o =5,0=25.189, the envelope |Q(x,t)| is still preserved, but the effective

frequency is much larger; as a result, $3Q and JQ present very rapid oscillations in both
space and time. In this high-noise regime the soliton behaves as a strongly phase-scrambled
but still intensity-localized structure: the pulse energy remains confined, yet its internal
phase becomes highly oscillatory and sensitive to stochastic effects.

Figure 4: for o =10, the same qualitative trend persists at a higher level. The envelope
modulus |Q(x,t)| remains essentially unchanged (robust amplitude and width), whereas

RQ and JQ develop even denser oscillatory patterns due to stronger stochastic phase
modulation. This additional case helps delineate the onset of pronounced phase scrambling
without envelope degradation.

These solutions describe bright stochastic solitons of a nonlinear Schrédinger-type

medium subject to It0 noise, where |Q(x,t)|2 represents an optical intensity packet and

RQ,JQ encode its coherent quadrature components. The fact that the envelope is almost
insensitive to o while the phase is strongly modified indicates that the underlying balance
between dispersion and nonlinearity is robust against substantial random perturbations:
noise mainly alters the coherence and carrier dynamics rather than destroying the solitary
wave. This behaviour is relevant for a variety of applications, including optical pulse
propagation in noisy fibres and fibre Bragg gratings, soliton-based communication systems
operating in the presence of amplifier noise, and matter-wave solitons in Bose-Einstein
condensates with random potentials. In such settings these analytical solutions provide
explicit benchmarks for how stochastic fluctuations affect the phase and coherence of a
soliton while leaving its intensity and localization largely intact, which is important both for
the design of noise-resilient devices and for the theoretical understanding of stochastic
nonlinear wave dynamics.

5.2. Dark soliton solution

For the dark-type solution governed by a tanh profile, we examine how the dark soliton
behaves as the stochastic influence increases, using the system parameters
all = 1,012 = —0.74696,6113 = 1,a14 = 17778, 6115 = 1, 6116 = 1, K= 016667, C = 2, b14 = 1, b15 = 1,
v=1.1955 and W(t) =2t . We consider four representative stochastic regimes, ¢ =0,1,5,10,

where o denotes the Itd noise intensity. Although the soliton modules remains identical
across these cases, each regime exhibits distinct internal phase dynamics, reflecting the
different levels of stochastic perturbation acting on the system. This envelope has a kink-like,
dark structure: instead of forming an isolated bright hump, it produces a localized transition
between two background levels. As a result, | Q(x,t)|? represents a localized intensity dip (or
domain wall) that travels with velocity v while connecting two asymptotic states. The 3D
surfaces and contour plots for all values of o show that this dark front propagates
essentially rigidly in the (x,t) -plane, with negligible change in amplitude or width, which is
the typical behaviour of dark solitons or nonlinear transition fronts in dispersive media. The

effect of the noise strength is encoded primarily through the frequency appearing in the
phase factor.
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Figure 5: for 0 =0,0=0.20653 (deterministic case), the real and imaginary parts

display relatively smooth oscillations in time, confined within the moving dark front: the 3D
plots show gently varying surfaces and the contour plots reveal broad fringes.
Figure 6: when o=1,0=1.2065, the envelope remains unchanged, but the effective
frequency is larger, so RQ and JQ exhibit more pronounced temporal modulation; in the
contour plots the fringes become denser, and in the 2D slices more oscillation cycles appear
across the same spatial profile.

Figure 7: for o =5w0=25.207, the envelope is still preserved, but the corresponding
frequency is much higher, leading to very rapid oscillations of the real and imaginary parts in
time while the kink-like intensity profile stays almost fixed. Thus, increasing the Itd noise
strength mainly produces additional phase scrambling inside the dark structure, without
destroying its overall shape or its ability to propagate as a coherent, localized transition layer.

Figure 8: for o =10, the same qualitative trend persists at a higher-noise level. The
envelope modulus preserves its kink-like (dark-front) profile with negligible change in
amplitude or width, whereas RQ and JQ exhibit noticeably denser oscillations due to
stronger stochastic phase modulation. This additional case further supports that increasing
o primarily enhances phase fluctuations while leaving the soliton modulus robust.

These solutions describe stochastic dark solitons in a noisy nonlinear Schrédinger-type
medium. The modulus |Q(x,t)[? can represent, for example, the optical intensity in a

normally dispersive fibre Bragg grating, or the condensate density in a Bose-Einstein
condensate, where dark solitons correspond to propagating density dips on a non-zero
background. The real and imaginary parts form the in-phase and quadrature components of
the complex field and thus encode the local phase of the wave. The fact that the envelope is
almost insensitive to o while the phase becomes increasingly oscillatory shows that the
balance between dispersion and nonlinearity is robust against substantial stochastic
perturbations: noise primarily degrades phase but not intensity. This behaviour is important
in applications such as dark-soliton-based optical switching and signal processing,
information transmission in noisy optical networks, and the control of phase defects in
matter-wave systems, where one needs solitary structures that remain stable in amplitude
while operating in realistically noisy environments.

5.3. Linear stability

We provide an explicit stability argument showing that the Ité stochastic perturbation does
not destabilize the soliton modulus. The central point is that the noise is multiplicative and
purely phase-like, and can be removed by a stochastic gauge transform, leaving a
deterministic envelope problem.

5.3.1. Stochastic gauge transform and reduction to a deterministic amplitude equation.
Consider the It0 stochastic field equation (for simplicity we write the Q -equation; the

R -equation follows analogously). The stochastic forcing enters as an imaginary
multiplicative term of the form

dQ=F[Q,R]dt +icQdW (t), (53)
where F [Q,R] denotes the full deterministic drift (dispersion, higher-order derivatives, and

Kerr-type nonlinear terms), and W (t) is a standard Wiener process.
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Define the stochastic phase (gauge) factor

G(t)=exp(ioW(t)—%02t),|G(t)|51, (54)
and introduce the transformed field
Q(x,t)=G(t)1Q(x,t). (55)
Using It6's formula (product rule), one finds
d(G-1Q)=G-1dQ +Qd (G-1)+dG-1,Q. (56)

By construction, the icQdW term in dQ cancels with the d (G—l) contribution, and the
quadratic covariation produces precisely the 1t6 correction that is absorbed by the factor

—%azt in (54). As aresult, Q satisfies a deterministic evolution equation

0,Q=F[Q.R], (57)
with the same spatial/nonlinear structure as the original drift, and with ¢ appearing only
through deterministic parameter shifts (equivalently, through o2 in the effective frequency

term used in the manuscript). Importantly, since |G(t)| =1,
|Q(x,t)| = |Q(x,t)|, (58)

so the modulus stability of Q is exactly the modulus stability of Q, which is governed by a

deterministic equation.
5.3.2. Traveling-wave envelope equation and its linearization. We now consider a traveling-
wave solution of the deterministic reduced system in the standard form

Q(x,t)=¢(z)e®(xt), z=x—vt, (59)
where ¢(z) is the real envelope (bright or dark profile) and © is a deterministic carrier
phase. Substituting (59) into (57) yields the envelope ODE reported in the manuscript,

P(6) + A14(4) + A" + Mg+ Aygp3 =0, (60)
with deterministic coefficients A; (note that A; depends on o2 through the effective

frequency but does not depend on any Wiener realization).
To study robustness of the modulus, perturb only the real envelope:

#(z)— ¢(z)+n(zt),|n|< 1. (61)
Linearizing (60) about ¢ gives the linear amplitude (modulus) equation

1, = £n( in a co-moving frame),

62
Equivalently, for normal modes 7(z,t)=ey (z) we obtain the spectral problem
Ly =Ay. (63)

This is the explicit linear stability problem for the envelope modulus. Crucially, (63)
contains no stochastic forcing and no Wiener path dependence; hence the amplitude channel
cannot exhibit trajectory-dependent growth due to the It6 noise.
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5.3.3. Neutral mode and spectral stability criterion. Because (60) is translation-invariant in z,
differentiation yields
L¢'(z)=0, (64)
so A =0 is a neutral eigenvalue corresponding to shifts of the soliton center. Linear modulus
stability is obtained if the spectrum of £ satisfies
spec(L) = (—,0] (65)
with a simple eigenvalue at A =0 only due to translation.
Under (65), any sufficiently small amplitude perturbation remains bounded (and
typically decays in the co-moving frame), implying stability of the envelope modulus.
5.3.4. Energy (Lyapunov) structure for the envelope and positivity of the second variation.
Eq. (60) can be written as an Euler-Lagrange equation for the functional
1 2 A 2 A 2 A A
Elp]= (| =(¢B3)) —==L(¢")" +=2(¢')" + =292 + —2 ¢4 |dz, 66
[¢] Hﬂz(qs =S8 SR e) SR et (66)
since 6& / 5¢ =0 yields (60). The second variation at the soliton profile ¢ is

elglinn)=] ("(‘A)) 3AA¢ <2’7(”Z>);7 ()

Thus, positivity of 62 on the subspace orthogonal to the translation mode (i.e.,

2
dz=n,Ln. (67)

n,¢'=0) implies the spectral condition (65) and therefore linear stability of the modulus.

Importantly, the stochastic perturbation does not enter (66) or (67) except through
deterministic parameter dependence (via o2 in Az), hence no noise trajectory can

destabilize the amplitude channel.
5.3.5. Interpretation. The above shows that [td6 multiplicative noise produces phase diffusion
through the gauge factor G(t), while the modulus is controlled by a deterministic self-

adjoint linear operator £ . Consequently, stability of the envelope modulus is determined by
the deterministic spectral/energy properties of (60), and stochasticity primarily degrades
coherence (phase) rather than amplitude localization, in agreement with the Monte-Carlo
simulations.

6. Conclusions
This study has developed a rigorous analytical framework for understanding stochastic

optical solitons in highly dispersive birefringent fibers with Kerr-law refractive-index
nonlinearity in the It6 sense. By reducing a coupled stochastic NLSE system through a
traveling-wave transformation and carefully derived constraint conditions, the problem
collapses to a single tractable ordinary differential equation. Applying the modified sub-ODE
method yielded an extensive catalogue of exact analytical solutions, including bright, dark,
singular, and Weierstrass elliptic structures. Among these, the present study focuses on the
analysis of the bright and dark soliton solutions, while the singular and Weierstrass elliptic
solutions are reported without further discussion.

These solutions illustrate how the interplay between high-order dispersion and Kerr
nonlinearity governs soliton formation, while stochastic perturbations introduce phase
modulation without destroying the soliton envelope. A significant outcome of this work is
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Ahmed S. M. Metwally et al

the stability characterization of the derived solitary waves. The obtained analytical solutions
satisfy the established spectral and energy-based stability criteria, indicating that their
envelope modulus remains stable under sufficiently small perturbations, whereas the
multiplicative [t6 noise affects only the phase evolution. This confirms the robustness of the
localized wave structures and supports their physical relevance for realistic noisy
birefringent optical fibers.

The results provide valuable theoretical foundations for modeling noise-driven
nonlinear wave phenomena in optical fibers and related photonic platforms. The analytical
solutions also serve as precise benchmarks for ultrafast pulse propagation, soliton-based
communication, and the design of robust nonlinear optical systems operating under
stochastic environments.
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AHomayis. Y yiii pobomi npedcmassieHo KomniekcHe aHaAimuyHe OOCAIOHCEHHS
CMOXacmuyvHuUX ONMUYHUX COAIMOHIB, WO NOWUPHIOMbLC Yy  BUCOKOJUCNepCilHUX
0d80NPOMEHE3a/10MAII0HUX B0/10KHAX, Pe2yAb08aHUX HeAIHIliHICmI NOKA3HUKA 30/10MJ/eHHS
3a 3akoHoM Keppa 6 cenci Imo. [louuHarouu 3i 38'3aHoi cmoxacmuy4Hoi HeAaiHiliHoi cucmemu
llpedineepa, wjo skar4ae ducnepcito 8UCOK020 NopsidKy, kpoc-ghazosy mModyasayiro ma ¢aszosi
daykmyayii, iHdykoeaHi BiHepom, 05 OmMpuMaHHs demepMiHO8AHO20 38UYALIHO20
dugeperyianbHo20 pigHSIHHA 019 068i0HUX CO1iMOHI8 hic/isl HAKAAOAHHS 8i0N0BIOHUX Y MO8
00MexceHHsl BUKOpUCMOo8yeMbCsl pedyKyis 6ixcy4oi xeuni. Bukopucmosyrouu modugikosaHuli

Ukr. ]. Phys. Opt. 2026, Volume 27, Issue 3 03223



Ahmed S. M. Metwally et al

Memod 0JonoMincHoz2o 3euuaiiHozo dJugepeHyianbHozo pieHsAHHA (donomixcHe 3/Y), mu
OMPUMYEMO KifbKa cimelicme movHUX po38's13Kie 3aMKHymoi ¢popMu, 8Ka04aAOYU ICKPasi,
meMHi, CuH2y/sipHi ma eainmuvHi cmpykmypu Beliepwumpacca, pazom 3 ixHimu 8ionogioHuMu
ymMo8amu iCHy8aHHs. 32000M aHAAIBYHOMbCS ACKPAsi ma memHi COAIMOHHI po38'si3Ku 045
intocmpayii enaugy cmoxacmu4Hoz2o 36ypeHHs. AHaAImu4Hi pe3ysabmamu hokKasywms, sK
iepapxis ducnepcii suujozo nopsidky esaemodie 3 HesiHiliHicmio Keppa das cmab6inizayii
JI0KA1I308aHUX X8U/Ib08UX (Ppopm, modi sk cmoxacmuuHuill 4aeH Imo modudikye auwe
eHympiwHi0 a3y, He enaueawyu Ha Modyab cosaimoHa. Kpim mozo, ompumaHi cimeticmea
co/imoHie 3a0080/bHAIOMb YyMo8U cmilikocmi, demoHcmpyrouu, wo npodini 068idHOT
3a4UWarmMscs CMIUKUMU, HE38aXCAr4U HA HASIBHICMb MYyAbmunaikamugHozo 6i1020 Wymy.
L]i peayabmamu daroms HO8e pO3YMIHHS NOWUPEHHS HEeAIHITHUX X8U/1b, 3yMOBAEHUX UYMOM, J
deonpomeHe3a10MA0I0HYUX ONMUYHUX B0/0KHAX MA NPONOHYHMb MOYHI aHAAIMUYHI
opienmupu 0451 Hadweudkoi PomoHiku, HeniHIilIHO20 Kepy8aHHsl imnyabcamu ma
CMoXacmu4HuUX ONMUYHUX CUCIEM.

Kawuoei caoea: onmuuHi conimoHu, ducnepcisi 8UcOK020 nopsidKy, 080npoMeHe3a10MAK0UI
80/10KHa, HeAiHiliHicmb Keppa, uucaenHs Imo, cmoxacmuyHe HeAiHiliHe pigHsiHHA Llpedineepa,
ModuikosaHutl Memod donoMincHo20 38uyaiiHozo dugepeHyiaibHO20 PIBHIHHS
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