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Abstract. In the present work, we have both experimentally and theoretically analyzed the conoscopic
patterns produced by a sandwich crystalline system comprising two uniaxial LiNbO3 crystals aligned along
their optical axes (Z-cuts), with the third LiNbOs crystal of X-cut, placed between them. Our results show that
the conoscopic patterns, calculated for linearly and circularly polarized incident light, are in good agreement
with experimental observations. From the simulation data, maps of the effective phase difference and the
effective angle of rotation of the optical indicatrix were derived. The map of the effective angle of rotation
contains pairs of topological defects (TDs), each pair consisting of TDs with opposite signs but the same
modulus of half-integer defect strengths. These TD pairs lead to the formation of singly charged optical vortices
(OVs) pairs under incident circular polarization and to vector beams (VBs) with unit polarization order and
opposite signs under incident linear polarization. The system produces two chains of defect pairs oriented
along the x- and y-axes. Importantly, we demonstrate that the TDs, OVs, and VBs within these pairs are not
entangled.
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1.Introduction
The existence of topological defects (TDs) in the director orientation in liquid crystal (LC)

cells [1] or in the optical indicatrix orientation in solid crystalline materials (resulting in
polarization singularities in the outgoing beam [2]) is a key condition for the generation of
optical vortices (OVs) using such materials. For example, in the LC cells with a TD of director
orientation in the xy plane (x and y axes of the laboratory frame are directed horizontally and
vertically, respectively, and the z axis coincides with the horizontal optic beam axis), the
orientation of the director relative to the X axis is determined by the relation:

a=qp+ay. (1)
where ¢q is the strength of TD being an integer or semi-integer number , ¢ is the tracing
angle, and aj is the angle of director orientation at ¢ =0. At the incidence on such a g-plate

of the collimated circularly polarized Gaussian optical beam, which can be described by the
Jones vector of the incident beam:
1
— .

where the Ej is the amplitude of the electric field of the incident wave, the electric field of the
outgoing beam will be determined as:

1 1
E,. =ME;, = Eqei2a L] = Egei2avei2e, L} , (3)
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where

(4)

M=R(—0¢)'HWP-R(a)=R[—a)-L1] _"J_R(a){cosza sinza}

sinZ2a —cos2a
and R(«) is the 2x2 rotation matrix on the angle ¢ and HWP is the Jones matrix of a half-

wave plate. The relation for the electric field of the outgoing beam (see Eq. 3) represents the
equation for the vortex beam with the vortex charge equal to /=2qg and is written under the

assumption that the retardation caused by the LC cell anisotropy is equal to 1 /2 in the XY

cross section, except for the TD, with the coordinates X=Y=0. Notice that at such retardation,
the incident Gaussian mode completely vanishes. Therefore, g-plates are commonly used to
generate OVs [3].

In solid crystalline materials, TDs of the optical indicatrix orientation can be induced by
nonuniform external fields via piezoelectric or electro-optic effects. These defects occur
when the collimated, expanded, circularly polarized Gaussian beam propagates through
crystals that are undergoing mechanical torsion [4], bending [5], or the influence of a
conically shaped electric field [6-8]. The strength of TDs induced by torsion, bending, and a
conically shaped electric field due to the Pockels effect is equal to %. Only at the Kerr effect
caused by the conical field, the strength is equal to unity.

A similar situation occurs in solid crystalline materials when a conical Gaussian
circularly polarized optical beam propagates along the optical axis of uniaxial or biaxial
crystals. The difference is that the strength of the TD in the optical indicatrix orientation at
the propagation of light along one of the axes of an optically biaxial crystal is equal to %. In
contrast, when propagating along the optical axis of a uniaxial crystal, it equals one [9]. This
leads to the formation of a single-charged and a double-charged OV in the outgoing beam,
respectively. Another difference is that the optical retardation depends on polar coordinate
p , since birefringence depends on the angle between the elementary ray of the conical beam

and the optical axis of a crystal.

Since OVs have played a crucial role in developing new optical technologies over the last
few decades [10], such as quantum teleportation [11,12], telecommunication [13], quantum
computing [14], microparticle manipulation [15], and light focusing below the diffraction
limit [16], the development of new methods for vortex generation is a very important task. In
this context, it is useful to note that among the methods listed above, the simplest is likely
the one using bulk crystals and conical light propagation along the optical axis. However, in
this case, the main limitation is the direction of light propagation, which should be isotropic
in uniaxial or biaxial crystals. As noted above, OVs can be used in quantum
telecommunications. The use of a coaxial multiple-vortex beam increases the transmission
capacity of information, since each individual vortex beam can transmit encoded
information. A photon beam can carry multiple OVs, thereby increasing the information
transmission rate by several orders of magnitude, e.g., up to hundreds of Gbit/s [17]. The
possibilities of encoding and transmitting information using multiple vortex beams have
spurred research in the field of singular telecommunications [18,19] and structural light
creation [20,21] that is used in various applications where control over the intensity profile
is an advantage, such as in optical trapping [22], three-dimensional measurements and
printing [23], etc. However, methods for forming multiple vortex beams, as well as
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composite vortex beams (CVB), require advanced technologies and are expensive [24,25]. In
this article, we propose to study and develop methods for forming the CVB, which represents
an array of OVs with different charges, serving as structural light (see e.g. [26,27]), using
anisotropic “sandwich structures” consisting of several differently oriented crystalline
elements. It is known that such structures form complex conoscopic patterns, which must
unambiguously contain a number of polarization singularities [2,28]. The appearance of such
conoscopic patterns was published on the cover pages of Ukr. . Phys. Opt. (No. 1,2, 2000 and
No. 3, 2001) and obtained by Prof. Orest G.Vlokh in 1962 [29]. However, at that time, these
patterns had not been explained from the perspective of singular optics. Probably one of the
earliest attempts in this area was made in work [2], where a few single-charged vortices
were observed during the inclined propagation of an optical beam relative to the crystal's
optical axis. However, the conoscopic patterns obtained from a few crystals are more
complex [29], and the analysis of these patterns is the main goal of this work.

2.Methods of experiment and simulation
The experiment to observe and record the conoscopic patterns was conducted using a standard

polarimetric setup. The light source was a laser with a wavelength of 532 nm. Dichroic films
served as linear polarizers. To make the light circularly polarized, quarter-wave plates were
combined with linear polarizers. In our simulation and experiment, we used a stack of three
LiNbOs crystals: two oriented along the optical axis (samples 1 and 3) and one along the X axis
(sample 2) (Fig. 1). The sample with X-axis orientation has been placed between the samples with
Z-axis orientation along the beam propagation. The sandwich system consisting of three crystals
has been placed between crossed (or parallel) linear or circular polarizers. The refractive indices
for the wavelength A = 532 nm are equal to n, = 2.32 and n, = 2.23 [30]. The sample thicknesses
are d; = d; = 5.40 mm, and d; = 1.0 mm (where d;, d, and ds represent the thicknesses of the first,
second, and third samples, respectively). In our simulation, the angular aperture of the incident
optical beam is equal to 5 deg. The X and Y axes of the first and third samples were parallel, and
they are parallel to the Z and Y axes of the second sample. The linear polarizers have been set to
the diagonal position relative to the sample's axes.
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Fig. 1. The experimental scheme of conoscopic patterns registration.

02126 UKr. ]J. Phys. Opt. 2026, Volume 27, Issue 2



Composite Vortex Beams

The Jones relation for the case of placing the sandwich structure between crossed
circular polarizers can be written as:

kl
E‘M} =J T I T {E‘ } (5)
2 2
| R 1 £ 1 £
_e4 ) 4 —e 4 _e4
where J9"" = V2 V2 ,Jr = V2 V2 - Jones matrices of the
L N
NERN N

orthogonally oriented quarter-wave plates, J, - Jones matrix of Z-cut crystals, J§ - Jones

00
matrix of X-cut crystal, J* = - Jones matrix of the linear analyzer with transmission
4 01 d

E 1
axis aligned in the Y direction, {El } = {0} - Jones vector of the light outgoing from the linear
2

polarizer aligned in the X direction and k, I are the angular coordinates of the elementary
rays on which the optical beam has been divided. At the simulation of the conoscopic
patterns using linear polarizers, the Jones matrices of the quarter-wave plates are removed
from Eq.(5). The intensity of the light behind the sandwich structure and analyzer is
determined as

Ko ok Ef"
=B B (6)
E2
where asterisk indicates the complex conjugate value. The effective phase difference is
defined by the relation:
ko Kl
Al = 2arccos(Re(J¢[/11 )) (7
where Jj =J;JyJ; - is the Jones matrix element 11. The effective angle of optical

indicatrix rotation is determined as:

- larcsin Im(]é';fm )

7 =7 m ) (8)

where J¥ =JJJYJY - is the Jones matrix element 12.

fha

3.Results and discussion
As shown in Fig. 23, the conoscopic patterns experimentally obtained from a sequence of uniaxial

crystals (NH4H>PO4) and a biaxial crystal (C¢H1205xH20) are characterized by four bright spots
surrounded by dark circles, positioned between isogyres [29]. Similar patterns were obtained by
us using LiNbOs crystals with crossed (Fig. 2b) and parallel (Fig. 2c) linear polarizers. However, in
the latter case, the bright spots become dark. When the sandwich structure of LiNbO;s crystals
was placed between crossed circular polarizers, two dark spots were observed (Fig. 2d).

Let us consider simulated conoscopic patterns for the sandwich structure based on three LiNbOs;
crystals (Fig. 3). Comparing Fig. 2 and Fig. 3, we see that the conoscopic patterns are the same.
However, analyzing these interference fringes requires considering the maps of effective
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Fig. 2. Experimentally obtained conoscopic patterns in the crossed linear polarizers ((j))f sandwich
structure of three sequence set crystals: NH4H2PO4, light along Z axis (optical axis), CsH1205xH20 - light
along principal crystallographic axis, and NH4H2POs, light along Z axis [29] (a); LiNbOs light along Z, X
and Z axes between crossed linear polarizers (b), between parallel linear polarizers (c) and between
crossed circular polarizers (d).

retardation and the distribution of the effective angle of the optical indicatrix orientation. Tzese
maps are presented in Fig. 4.

In the central part of Fig. 4a, one can see eight TDs of optical indicatrix (TD:...TDg) in the location
of which the angle of optical indicatrix orientation is undefined. These TDs form the four pairs of
topological defects (TD1-TD2, TD3-TD4, TDs-TDes, TD7-TDg) in which the strength of TDs is of
opposite sign, i.e, +1/2 (see e.g. [31]). The dependencies of the angle of optical indicatrix rotation
around the defect core on the tracing angle are presented in Fig. 5a. As one can see, when the
tracing angle is changed by 360 deg, the optical indicatrix rotates by +180 deg, corresponding to
the half-integer strength of the defects. Moreover, within the angular aperture, two chains of TD
pairs aligned along the x and y directions can be observed. Since the maximum angular difference
between TDs in the pairs is 0.33 deg, the distance between polarization singularities at the output
plane of the sandwich structure is approximately 330 um. For TD pairs located farther from the
beam's center, this distance decreases. The dependencies presented in Fig. 5a are closer to linear
for TDs located near the beam center. In such a case, the OVs that are off-center of the beam will
become more and more anisotropic with the distance from the center of the beam. Let us note
that the TD of the effective angle of the optical indicatrix orientation is not a physical object, as it
has an effective meaning. But the polarization singularities induced by the TDs are elements of the
vector-structured light behind the sandwich structure. These TDs (or polarization singularities)
generate pairs of the OVs, where the separation between individual OVs is quite large in
comparison with the critical distances between the OVs in the dipole at which the dipole is stable
at beam propagation [32]. Thus, in our case, the OVs in the pair will repel each other during beam
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propagation until one of the OVs leaves the beam aperture. Therefore (Fig. 3c), we are dealing
with the generation of OV pairs when circularly polarized light is incident on the sandwich
structure. The vortices in pairs have opposite topological charges because their respective TDs
have opposite defect strengths [31]. All dark regions along the x and y axes correspond to the

location of single charged OVs (see Eq’s. 3,4).
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Fig. 3. Simulated conoscopic patterns for sandwich structure with three LiNbOs crystals between
crossed linear (a), parallel linear (b), and crossed circular (c) polarizers (the cores of optical vortices
and vector beams (VB) are indicated with the red points).
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Fig. 4. The maps of the effective angle of optical indicatrix orientation (a), and the effective retardation (b)
for a sandwich structure with three LiNbOs crystals.
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Fig. 5. Dependencies of the effective angle of optical indicatrix rotation around the defect cores on the
tracing angle taken at the angular radius of 0.1 mm (a) and schematic view of the polarization
distribution in VB pair (b).
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Now let us consider the conoscopic patterns obtained in linearly polarized light
(Fig. 3a,b). Eq. 3 in this case can be presented as

cos2a sin2a || 1 cos @
E  =ME, =E,| . =E,| . . (5)
out in 0 0
sin2a —cos2a || 0 sing

Notice that the polarization of the outgoing wave corresponds to the vector beam with the
polarization order m=1 (the effective retardation introduced by the sandwich structure is
assumed to be equal A/2). The amplitudes in the individual VBs within the pair are presented as
E, {Cf)w} and E, { o } . (6)
sin ¢
Therefore, the polarization vectors in these VBs rotate in opposite directions (Fig. 5b). It should
be noted that the topological strength of defects, the charge of vortices, and the polarization order
can be considered as the quantum numbers (see e.g. [33]). Thus, one can analyze the possibility of
entanglement of the TDs, OVs, or VBs within the pairs. Since the determinant of the tensor
product of the states defined by Eq'’s. (6) is equal to zero, these states are not entangled.

4. Conclusions
In conclusion, we have experimentally and theoretically studied the conoscopic patterns arising

from a sandwich crystalline structure comprising two uniaxial LiNbOs crystals aligned along their
optical axes (Z-cuts), with the third LiNbO; crystal of X-cut, placed between them. It has been
shown that the theoretically calculated conoscopic patterns for linearly and circularly polarized
incident light agree well with the experimental results. Maps of the effective phase difference and
the effective angle of rotation of the optical indicatrix have been extracted from the simulation
data. It was found that the map of the effective angle of rotation contains pairs of TDs. The TDs in
each pair have opposite signs of strength but the same half-integer magnitude. These TD pairs
generate pairs of opposite single-charged OVs when the incident light is circularly polarized. At
the linearly polarized-light incidence, these TD pairs produce VB pairs with unity polarization
order and opposite signs. It has been found that such a sandwich structure results in two chains
of pairs aligned along the x- and y-directions. We have shown that the TDs, OVs, and VBs within
the pairs are not entangled. In general, the emergent beam from the sandwich structure is a
composite optical vortex or vector beam, representing a type of structured light containing
multiple vortices or individual vector beams.
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AHomayisa. Y yili po6omi mMu ekchepumeHMAa/bHO Md Meopemuy4yHO hpoaHaizysasu
KOHOCKONIYHI ~KAPMUHU, WO YMEOPHHMbCSI CeHOIB8IY-KpUCMaAAi4HOW CUCMEMOK, WO
ckaadaembucest 3 080X 00H00Cbo8UX Kpucmadie LiNbO3, opieHmosaHux 83008x4¢ iXHIX onmuyvHuUx
oceli (Z-3pisu), 3 mpemim kpucmasom LiNbO3 X-3pizy, poamiweHum mixc Humu. Hawi
pe3ysbmamu nokasyroms, W0 KOHOCKONIYHI KApmuHU, po3paxoeaHi 0.5 JiHIIHO ma
YUPKY/ASIPHO  NOJISIPU308AHO20  nadarw4ozo  ceimaa,  dobpe  y3200xcy0muvCsi 3
eKcnepuMeHma/abHUMU cnocmepesxceHHsMU. Ha ocHogi daHux Moden8aHHs 6Y.10 OMpPUMAaHo
Kapmu egpekmusHoi pizHuyi gpa3z ma efhekmusHoz2o Kyma nogopomy onmu4Hoi iHdukampucu.
Kapma egpekmusrozo kyma nogopomy micmums hapu monosoeiuHux degpexkmis (T/]), kosxcHa
napa skux ckaadaemocsi 3 T/ 3 npomusaexcHuMu 3HAKAMU, aqe 3 OOHAKOBUM MOOYyJ/eM
Hanieyino4ucenvHoi cuau degexmis. Li napu T/[ npuzeodsmb do ymeopeHHs1 nap
o0Ho3apsidHux onmuyHux suxopie (OB) npu nadarouill yupkyaAspHill noaspusayii ma do
sekmopHux nyukie (BIl) 3 oduHuU4HUM nopsidkoM noasipudayii ma npomuaexcHUMU 3HaKamu
npu nadarouitl AIHIGHIT noaspusdayii. Cucmema ymeoproe dea saHyxicKu nap degexkmis,
opienmosaHux 83008x¢ ocetl x ma y. Baxcaueo, wjo mu demorcmpyemo, wjo T/, OB ma BIl y yux
napax He € 3anAymaHumu.

Katou4oei croea: onmuyHuii suxop, onmuyHuUill 6eKMopHUll NYYOK, KOMNO3UMHI 8UXPO8I NYUKU,
cmpykmyposaHe c¢g8im/0, op6imaabHUll Kymosuill MOMeHm, aHi3omponHi kpucmanu,
monosoeivHull degpekm
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