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Abstract. This paper addresses the perturbed resonant nonlinear Schrédinger’s equation with power-law of
self-phase modulation. The traveling wave hypothesis recovers the bright 1-soliton solutions to the model. The
conservation laws are identified by the method of multipliers. The semi-inverse variational principle leads to
the bright 1-soliton solution when the arbitrary intensity parameter of the perturbation terms differ from that
of the unperturbed terms.
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1. Introduction
The dynamics of mobile soliton propagation through optical fibers and metamaterials is possible

in the presence of a delicate balance between linear chromatic dispersion (CD) and self-phase
modulation (SPM) effect. The slightest departure from this delicate balance would stall the soli-
tons in the middle of an optical fiber, leading to wave collapse. Additionally, if the CD is rendered
nonlinear, the quiescent solitons emerge. Several results have been reported in this context in
various works published in a wide range of journals [1-10]. The current paper addresses the
dynamics of optical solitons in the presence of linear CD and the power-law of SPM.

The governing model is the nonlinear Schrodinger equation (NLSE) in the presence of a
resonant term and a few Hamiltonian-type perturbation terms. The unperturbed model
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appears in quantum fluids and quantum optics. After a quick and succinct introduction to the
model, the details are exhibited in the rest of the paper.

The present paper aims to investigate the propagation dynamics of optical solitons in
the presence of linear CD and a power-law self-phase modulation effect. This study explores
how these factors influence soliton behavior by considering the NLSE with an additional
resonant term and specific Hamiltonian-type perturbations. The unperturbed version of this
model has been widely applied in quantum fluids and quantum optics. The analysis
presented here provides further insight into the existence and characteristics of solitons
under these conditions.

2. Governing model
The dimensionless form of the governing resonant NLSE with linear CD and power-law of

SPM is structured as [7, 8, 10]:

. q .
iq; +aq,, +blg|" g+ {%Jq =i [l(lqlz" a) +o1 (1o )X q+0s)q” qx} M

Here in Eq. (1), q(x,t) represents the wave amplitude and is a complex-valued function. The
independent variables x and t represent spatial and temporal variables respectively. The first

term is linear temporal evolution, with its coefficient being i=+/-1. The second term with
its coefficient being a is the linear CD. The third term with coefficient b is from power-law of
SPM, with n being the power-law nonlinearity factor. The next term with coefficient c is from
the resonant term, which appears in quantum fluids and quantum optics. The perturbation
terms on the right hand side are from three sources. The coefficient of A is with self-

steepening effect while the remaining two terms with o; for j=1,2 are from self-frequency

shift. The power-law parameter n is the power-law nonlinearity factor of SPM.

The governing equation is considered with arbitrary intensity. The traveling wave
hypothesis reveals the bright 1-soliton solution of the perturbed NLSE along with the
parameter constraints for the existence of such solitons. The conservation laws for the model
are next recovered with the aid of the multipliers approach. Finally, when the intensity
parameter of the power-law of SPM and the perturbation terms are different, the traveling
wave hypothesis fails to recover the exact bright 1-soliton solution to the model. In this
context, the semi-inverse variational principle (SVP) aids in the recovery of a bright 1-soliton
solution to the model, although this solution is not exact [2-5].

This framed model, as described in Eq. (1), will now be addressed by the traveling wave
hypothesis, and its conservation laws will be recovered using of the multipliers approach.
Finally, the model will retrieve bright optical solitons with perturbation terms whose
arbitrary intensity parameter m in Eq. (19) is different from n. In this case, the application of
the semi-inverse variational principle (SVP) would come into play.

3. Approach of the traveling waves
In order to integrate Eq. (1) to search for its soliton solutions, the traveling wave hypothesis

is picked:
q(x,t)=g(x —vt)eil-rx+ot+6y), (2)

Here in Eq.(2), the function g is the amplitude component of the traveling wave while from
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the phase component, x is the soliton wave number, while @ is the frequency of the soliton,

and finally, 6, is the phase constant. Also, v is speed of the soliton. Substituting Eq.(2) into

Eg. (1) and splitting into real and imaginary parts, the imaginary component gives:

(v+2ax)g' +{(2n+1)A+2nc, +0,} g2g =0, (3)
while the real components yield:
(a+c)g"—(w+ax2)g+(b— Ak —o,K) g2+l =0. @)
From the imaginary part Eq. (3), one recovers the speed of the soliton as:
v =-20aK, (5)
and the parameter constraints:
(2n+1)A+2n0y +0, =0. (6)

From the real part equation given by Eq. (4), multiplying by g, and integrating twice while

choosing the integration constant to be zero since the search is for solitons with the
assumption of having no radiation, one recovers the bound state bright 1-soliton solution as:

1
q(x,t) = Asechn[ B(x —vt) ]ei(-xx+at+6y), (7)
where the amplitude A and the inverse width B of the soliton are given as:
1
A (n+1)(w+ax?) 2n, ®)
b—(A+0,)k

and

2
B=n /M_ 9)
a+c

A pair of additional parameter constraints that naturally emerge from the expressions for the
amplitude and width of the soliton are:

(0+ax2){b—(A+0,)K}>0, (10)
and

(a+c)(w+ax?)>0, (11)

respectively.

4. Conservation laws
The conservation laws for model (1) will be retrieved in this section using the ‘multipliers

approach.” It turns out that if system (1) is separated into real and imaginary parts with
q=u+iz, the multipliers Q=(Q;,Q,) for which the Euler operator that annihilates the
resultant system is obtained by:
Q =(-uz),Q,=(-2z,uy), O3=(u,z.),
leading to, respectively, conserved “power." If, however,
o1=4, (12)
one can recover linear momentum and the Hamiltonian. The following densities

subsequently emerge:
(i) Power (P):

r=—la’, (13)

(ii) Linear momentum (M):
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’7—1’11,152)( +nutzu, —2nudz2z, + 2nu?z3u,
TZ =

-~ b s —nuz4z, +nz5u, —udz, +utzu, — 2uz2z, :gl(q*qx), (14)
(n+1)(u2 +2 ) {+2u223ux —uz*z, + z5u,

where I(q*q, ) represents the imaginary part of the quantity inside the parentheses and

(iii) Hamiltonian (H):

n+3

(n+1) a|q| R(q*qy +b|q|

-— 1 +n+1)c * + * 2 .
T3—2(n+1)|q| ( 1) |Q| {Lfi R(q (Ixx) (I(q qx)) } (15)

l+62 |q| qu)

Using the 1-soliton solution to the model given by Eq.(7), the respective conserved

quantities are:

pP= _£T1dX_I|Q| dx = B F(l_,_l) ) (16)
n 2
1 1
e T3]
M= _J;OTzdx—lb_J;O q*q, —qq;;)dx = ’; 1"(1—+12)’ (17)
n 2
and
. . [(a+c)(n+1){32+n(n+2)1<2} F(l)l"(l)
H= [ Fdx= +{b+(A+0y)K} nAzn n) \2)  (1g)
-0 2n(n+1)(n+2)3{+2n(n+1)(n+2)c1<2 F(%+%)

where I'(*) is gamma function.

5. Semi-inverse variation
This section will perform the integration of the resonant NLSE as given by Eq. (1) with the

arbitrary intensity parameter for the perturbation terms being different from the power-law
of nonlinear SPM structure. The governing model, therefore, reads:

iq, +aqy, +b|qf’ q+6[|||X|XJ [(Iql )+a1(lqlzm)xq+02|q|2qu}, (19)

where the perturbation terms on the right-hand side now have m as its intensity parameter
with m=#n. Thus, with this feature, one cannot apply the traveling wave hypothesis or, as a
matter of fact, any integration algorithm that can fetch an exact 1-soliton solution unless
m=n.Therefore, this section would implement the semi-inverse variational principle (SVP)
that would recover the bright 1-soliton solution when m==n. The retrieved solution would
be analytical but not exact. The starting point is the traveling point hypothesis given by
Eq. (2). Upon substituting Eq.(2) into Eq.(19) and splitting into real and imaginary
components, the imaginary part yields:
(v+2ax)+{(2m+1) A +2moy + 0, } g2m =0, (20)
while the real component yields:
(a+c)g"—(w+ax2)g+bg2n+l —(A+0,)kg2m+l =0. (21)
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From the imaginary part Eq. (20), one recovers the speed of the soliton as given by
Eq. (5), while the parameter constraints come out as:

(2m+1)A+2mo; + 0, =0. (22)

This conclusion follows from Eq.(20) since g and 1 are linearly independent.
Multiplying Eq. (21) by g’ and integrating leads to:

b (A+o,)k

(a+c)(g')2 —(0+ax2)g2 +——g2n+2 -

2m+2 =K, 23
n+1 m+1 g (23)

where K is the integration constant. The stationary integral is now defined as:

]=OJ9 |:(a+C)(g’)2 _(a’+al<2)g2 +Lg2n+2 _M

2m+2 \dx. 24
n+1 m+1 g } (24)

SVP states that the solution of the perturbed model given by Eq. (19) will be the same as
that of its unperturbed version for A=0;=0 for j=1,2, as given by Eq. (7). However, the

amplitude A and the inverse width B of the perturbed soliton will differ, and their variations
can be recovered from the solution of the coupled system [2-5]:

g =

0A 0 (25)
and

—a] =

OB 0 (26)

Substituting g from Eq. (7) into Eq. (24) and integrating simplifies it to:
_{(a+c)AZB (w+ax?)A2 L 2bAm2 }

n(n+2) B (n+1)(n+2)B
TG Grogeama G )G) @
F(%Jr%) (m+1)(m+2)B r(i%)

From Eq. (27), Egs. (25) and (26) reduce to:

{ﬁfﬂ—(wmzﬂﬁ 2b AZnT('li)F(;)

n(n+2) n+2 F(l—i-%)
g (28)
CETATIN vl o1
m+2 Fl+l)
and m 2
e e
GG o TlG) ()
r(%%) (m+1)(m+2) r(i%)

respectively. Uncoupling the two equations leads to the algebraic equation for the amplitude
of the solitary wave as:
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Iip(1 1)1
TN

Eq. (30) is the algebraic equation for the amplitude of the bright soliton of the
perturbed resonant NLSE, with the perturbation terms having a different intensity factor as
compared to the unperturbed terms. This equation can be solved exactly for the quantity A
for a few specific values of the parameters m and n. Subsequently, the width of the soliton
can be recovered from Egs. (28) or (29). This would lead to the analytical bright 1-soliton
solution to Eg. (19) to be given by Eq. (7), where the solitons' amplitude and width are
recoverable as discussed. The speed of the soliton is given by Eq. (5) with the parameter
constraints as given by Eq. (22). It is to be noted that the bright 1-soliton solution, although
analytical, is not exact.

Fig. 1 demonstrates the bright soliton (7) through the surface plot (a), contour plot (b),
and 2D plot (c) by setting n=0.6,a=1, k=1, w=1,c=1, 0,=0.2, A =1, and b=2.

1q(x, 8)| _ 1q(x, 8)|

(b)

0.8
= 0.6
3 t=1
T 0.4

0.2 ‘/ \

0.0

-8 -6 -4 -2 0 2
x (c)

Fig. 1. Profile of a bright soliton |q(x,1)| : (a) surface plot, (b) contour plot, and (c) 2D plot..

6. Conclusions
This work recovered the bright 1-soliton solution to the perturbed resonant NLSE that was

considered with power-law of SPM in the presence of perturbation terms. The traveling
wave hypothesis has made this retrieval possible. The power-law nonlinearity parameter is
taken to be the same as the arbitrary intensity parameter amongst the perturbation terms.
The three conserved quantities were computed with the aid of the conserved densities,
which were recovered from the multipliers approach. Finally, the analytical bright 1-soliton
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solution to the model was determined when the power-law nonlinearity parameter is not the
same as the intensity parameter for the perturbation terms by the aid of SVP.

The paper's results hold a lot of promise for future investigations in this avenue. The
model is to be addressed with fractional temporal evolution. Additionally, the model will be
later studied with nonlinear chromatic dispersion along with linear and generalized
temporal evolution by Lie symmetry, which would fetch quiescent optical solitons.
Additional forms of SPM structure would be later taken up, leading to a wide range of further
interesting results, which would be disseminated all across the board with time.
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Anomayin. YV yii cmammi po3ensidaemvcsi 30ypeHe pe30HAHCHE HeJiHillHe pIBHSIHHS
lllpedinzepa i3 cmeneHegUM 3AKOHOM camoga3oeoi modyaayii. 'inomesa 6ixcyyoi xeusi
dossosise ompumamu ckpasi 00HO-coAIMOHHI po38'a3ku yiei modei. JJompumMaHHs 3aKOHI8
36epexceHHs 3a6e3neuyemubcsi 3a oNoMo2010 Memody MHOXCHUKIB. 3a ymosu Koau dosinbHull
napamemp I[HmMeHcusHocmi 6 30ypeHUX u/ieHax eidpidHsaembes 8i0 ybozo napamempy y
He36ypeHUX Y/eHax 0o AcKpagozo 00HO-CONIMOHHO20 p038's3Ky npusodumbs HanigeobepHeHuil
sapiayitiiHull npuHyun.

Kamwuoei caoea: pe3oHaHcHe HeaiHiliHe pigHsAHHA llpedinecepa, mynbmuniikamopHutl nioxio,
HanigineepcHa sapiayis
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