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1. Introduction
Nonlinear systems of partial differential equations (PDEs) are widely recognized for their

significance in describing various phenomena in the physical sciences, including nonlinear
optical fibers, nonlinear waveguides, quantum optics, fluid dynamics, plasma physics, and
telecommunications [1-10]. Consequently, researchers’ interest in finding explicit soliton
solutions for nonlinear PDEs has grown, prompting the investigation of many different
techniques [11-25]. Recent advances have focused on dispersive solitons, highly dispersive
solitons, pure-cubic solitons, cubic-quartic solitons, dispersion-managed solitons, white
noise, magneto-optics waveguides, and many other related topics [26-35]. Magneto-optic
waveguides are optical waveguides that use magneto-optical materials to guide light.
Magneto-optical materials are substances that exhibit the magneto-optic effect, where an
external magnetic field influences their optical properties. These materials can be either
ferromagnetic or ferrimagnetic, indicating they have intrinsic magnetic ordering. When
exposed to a magnetic field, the alignment of magnetic domains within these materials
changes, leading to alterations in their optical behavior. This effect is crucial for
manipulating the refractive properties of the material, allowing it to guide light. These
waveguides find applications in optical communications, sensors, and systems requiring
precise magnetic field analysis. The current study specifically examines dispersive optical
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solitons, which have been studied in various models such as the Schrddinger-Hirota
equation, Fokas-Lenells equation, and others [36-45]. In particular, this paper focuses on
dispersive solitons within the context of the well-established Radhakrishnan-Kundu-
Lakshmanan (RKL) equation [26-39]. However, in this paper, we present the cubic coupled
system of magneto-optics waveguides for the nonlinear RKL equation with power law
nonlinearity and multiplicative white noise, which would yield soliton solutions with the
Wiener process effect included [46-57]. The enhanced Kudryashov’s approach and the
extended simplest equation approach are used to obtain solitary wave solutions for this
coupled system.

The structure of this article is as follows: Section 2 provides a mathematical analysis. In
sections 3 and 4, optical solitons are derived using the enhanced Kudryashov’s approach and
the extended simplest equation approach, respectively. Lastly, section 5 presents the
conclusions drawn from the study.

2. 2. Mathematical Analysis
Consider the dimensionless version of the stochastic RKL equation in polarization-

preserving fibers, which includes multiplicative white noise in the [t6 sense and a power law
nonlinearity of refractive index. The following is an expression for this equation [28]:
dw (t
aw(e) .

dt

Here, q(x,t) is the complex-valued function that characterizes the wave profile, while

iq, +aqyy +blg/" g+ i[ﬂqm +a (IqIZ" q)x} +oq (1)

a, b, a and o are real constants and i =+/—1 . The linear temporal evolution is the first

term. The constants a and b are the coefficients of chromatic dispersion (CD) and self-
phase modulation (SPM), respectively. The constants S and « are the coefficients of third-

order dispersion (30D) and self-steepening (SS) effect terms respectively. White noise is
defined as dW(t)/dt, where W(t) is the standard Wiener process, while o is the

coefficient of noise strength. Finally, n signifies the full nonlinearity parameter. If =0
Eq. (1) is reduced to the conventional RKL equation [29-36].

In magneto-optic waveguides, Eq. (1) can be divided into two components, each
representing a different polarization state of the wave. The first component is described by a
complex-valued function, and the second component is represented by another complex-
valued function. For the first time, they can be expressed as follows:

i, +aquy, +(b1|u|2n +Cl|v|2")u+i[ﬂ1uxxx +oy (|u|2"u) }+Gudw(t)
* (2)
=Qv+ i[ﬂ,lux 1y (|u|2") u+6;[u”" ux},
X
and
Ve + AV, +(b2|v|2n +cz|u|2n)v+i[ﬁzvxxx +a2(|v|2nv) :|+(7V dW(t)
i (3)

. 2n 2n
:Qzu—H[ﬂ.zvx +,uz(|v| ) V+92|v| vx}.
X
Here, u(x,t) and v(x,t) represent the complex-valued functions that characterize the wave

profiles, while a;, b;, c;, B, @}, Q;, A, p;, 6, (j=1,2) are real constants. Qj(j:1,2) is
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the magneto-optic coefficients of waveguide (or Faraday effect coefficients). a; are the
coefficients of CD, while b, c; are coefficients of SPM and cross-phase modulation (XPM),
respectively. f; are the coefficients of 30D. A; are the coefficients of the intermodal
dispersion (IMD), «; are the coefficients of SS effect terms , while x; and 6; are the

coefficients of nonlinear dispersion terms.
We assume the following forms for the wave profiles for solving Egs. (2) and (3):

u(x,t)= Hl(é)ei[w(x,t)+0'W(t)—0'2t:|’ €)]
V(X,t) :H2(g)ei[u/(x,tﬁow(t)—o-zt]’ (5)

and
E=x—pt, y(xt)=—Kkx+ot. (6)

These components represent the outgoing waves, where p, ¥ and ® are real-valued
constants, whilst t//(x,t),Hj(é)(jzl,Z) represent the real-valued functions. Here, x
represents the wavenumber, p represents the velocity, and @ represents the frequency.
Also, y(x,t) represents the phase component, whereas Hj(é‘)(jzl,z) represent the

amplitude components. Through the substitution of Egs. (4) and (5) into (2) and (3), the real
parts can be obtained as follows:

(3xBy +ay ) Hy +[1<(0¢1 -0,)+ blef”+1 +c H{H3"

—(k3B, + K20, + KA —02+w)H; —Q;H, =0, (7)
and
(3xB, +ay ) Hy +[ k(0 — 6,) + by |H31 + ¢, HyHP" )
—(k3B, +K2a, + KAy —02 + ®)Hy —Q,H, =0,
while the imaginary parts are derived as follows:
BiHY —[2n(u1 —ay)+6; —ale%”H'l —(3B1x2+2a1k + p+ A1) Hy =0, (9
and
BoHy = 2n(uy — oty )+ 60, — oy |HH)y — (3,2 + 2a5K + p+ Ay ) Hy = 0. (10)
Now, let us set

Hy(&)=QH, (£), (11)
where Q is a nonzero constant, such that Q=1. Egs. (7), (8), (9), and (10) can be reduced
as:

(3xBy +ay ) Hy +[(a1 -0, )k +Q2c; + b1:|Hf”+1

12
(3Kﬂ2+a2)H'1'+[QZH(K(a2—02)+b2)+c21H%”+1
@ (13)
—| k3B, + K20y + KAy — 02 +a)+6 H; =0,
ByHY —[2n(py — oy ) +0; — oy |HPH} —(3Byx2 + 2a16 + p+ Aq ) Hy =0, (14)

and
BoHy = Q20 2n(py — ay )+ 60, — ay |HPHy — (3B +2a + p+ Ay )Hy =0. (15)
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Upon utilizing the principle of linear independence on Egs. (12) and (13), we obtain:

K‘:—a_l or K=——2, (16)
3p 3B,
and
=02 (K3 +K2a; + KM +QQ; )
) 17
01‘(0202—()(3ﬁ2+1<2a2+;<12+%j (17)
as well as the parametric restrictions:
a,—0; ) k+Q2c, +b, =0
( 1 1) 1701 ' (18)

provided a;#0 and f3; # O(j: 1,2). Under the following constraints, the form of Egs. (14)
and (15) is the same:

= = . (19)
Bo Q[ 2n(py—ay)+0y—ay | 3Bk +2ak+p+ Ay
From Egs. (19), the soliton velocity can be determined as:
Po(2xay + 44 )— Py (2a,x +
p= 2 ( 1 A’l ) 1 ( 2 }’2) , (2 0)

b1~ b,
provided S # S,.

Let us solve Eq. (14) under the constraint conditions (19). To achieve this, Eq. (14) can
be integrated with a zero-integration constant
Zn(ul —a1)+t91 —Qq

H' — H2n+1
Futty [ 2n+1 } .

—(3B1x2 +2a1k + p+ 21 )Hy =0.

(21)

By considering H; and H7™*! in Eq. (21), we determine N:l. Subsequently, by using the
transformation: !

H (&) =[#()]r, (22
where ¢(&) is a new function of & , such that ¢(&)>0 for n>1, Eq. (21) changes to the
following nonlinear ODE:

B1(2n+1)[ng"p—(n—1)¢2 |-n2(2n+1)(3k2B, + 2kay + p+ Ay )§2
+n2[ 2n( oty — py )+ g — 0y ¢4 =0.

Next, we will use the extended simplest equation approach and enhanced Kudryashov’s

(23)

approach to constructing the soliton and other exact wave solutions of Egs. (2) and (3).

3. Enhanced Kudryashov’s approach
The formal solution of Eq.(23) is assumed to take the following form by the enhanced

Kudryashov’s method [28, 35]:

M
$(£)=4Pi(£) (24)
i=0
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where A; (i=0,1,2,.,M) are constants such that A, #0. The function P(&) satisfies the
nonlinear ODE:

P2(&)=P2(&)[1-2P25(&)|In2K, 0<K #1, (25)
where s is a non-zero constant and s is an integer number. Balancing ¢¢" and ¢4 in

Eq. (23) gives 2M +2s =4M = M =s . Next, we discuss the following two cases of s:
(I) Setting s=1, the formula (24) becomes:

$(&)=4g+ A P(E), A %0, (26)
via the auxiliary equation:
P2(&)=P2(&)[1-52P2(&)]In2K. (27)
By inserting (26) along with (27) into Eq. (23), the following result can be obtained:
n=n,A4,=0,
. ByIn2K —n2 (3;;22 By +2a,x + /11), 28)

A :\/ P17 (n+1)(2n+1)In2K ’
n2[ 2n(ay -y )+ay -6 |
provided B[ 2n(ay —py)+a; -6y |>0.
By combining (28) with the existing solutions of Eq. (27) as reported in [28, 35], we are
able to obtain the exact solutions for (26) as:

~ Bz (n+1)(2n+1)In2K 4C n
Hot)= {\/"2 [2n(0tg = ) + g =6, ] (4C2K§ +xK= j (29)

xell “kx+ot+oW(t)-o2 |

and

~ Bz (n+1)(2n+1)In2K 4C n
vixt)= Q{\/nz [2n(0t1 — )ty —01] (4C2K§ + K¢ j q (30)

xei[—xx+a)t+0'W(t)—0'2t:|’
where C is a nonzero constant. Solutions (29) and (30) can be rewritten as the straddled
soliton solutions
1)(2n+1)In2K
u(x,t)=2n Py (n+1)(2n+1)In
n2[ 2n(ay —py)+aq 0, |

1 (31)
x 4C g i| —kx+ot+oW(t)-o?
((4C2+;{)cosh(§an)+(4C2_%)sinh(ﬁan)j el t+oW(t)-o%t],

and
B B (n+1)(2n+1)In2K

) denz [2n(eq — )+, =6, ]

1 (32)
x 4C " i| —kx+wt+oW(t)-oc?t
((‘Mz+%)C05h(§an)+(4CZ—%)sinh(glnk)] ell (t)-o2t],
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In particular, if » =4C2, solutions (31) and (32) can be formulated as the bright soliton
solutions
1

u(X't):{\/ 131(”+1)(2n+1)1n2K ]Sech(é:an):lnei[Kx+a)t+aW(t)(;2t:|' (33)

n2( 2n(ay —py)+aq -0,

and

1
v(x,t) = Q{\/ P (n h 1)(2n * 1)1n2K ]sech(éan)ZIH ei[—Kx+mt+aW(t)—cht]’ (34)

n2[2n(ay —py)+ay -0,
provided B[ 2n(ay —uy)+aq -6, |>0.

While s =-4C2 converts the solutions (31) and (32) to the singular soliton solutions

n2[2n(ay — py)+ oy —6;

1
u(x’t):{ \/ By (n+1)(2n+1)InZK ]Csch(gan)}nei[_mwmw(t)_ﬁtl a5)

and

1
v(x,t):Q{\/ By (n+1)(2n+1)In2K ]Csch(é:an):l"ei[metmw(t)gzt], (36)

n2[2n(ay -y )+ay -6
provided S, [ 2n(ay — uy ) +ay -0y |<0.

Fig. 1. shows the numerical simulations of solution (33) in 3D and 2D graphs with
W(t) =t and the following parameter values: n=K=,=2, k=p=0=0,;=1, 41 =0.5
and 6; =0.25. Additionally, different values of the coefficient of noise strength o are shown
in graphs (a)-(h).

(II) When s =2, Eqg.(23) has the formal solution:

$(&)=Ay+AP(E)+AP2(E), Ay =0, (37)
via the auxiliary equation:

P2()=P2(£)[1-2P*(¢)In2K. (38)
By plugging (37) along with (38) into Eq. (23), the following result can be obtained:

e 4,In2K —n2(3x2p; +2Kka; + Ay

n2
Ay=0, A =0, (39)

A 45 By (n+1)(2n+1)In2K
2 n2[ 2n(oy — ) +oq -0 |

’

Inserting (39) together with the documented well-known solutions of Eq. (38) obtained in
[28,35] into (37) leaves us with the explicit solutions

[ [a2py(nr1)(2n+ InZK ac "
t) _{\/UZ[ZH(OQ )y —91] (4C2K2§ + 2 K-2 ) (40)

Xei[—KercoHcW(t)—aztl
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Re([u(x, 1)]) Im(u(x,1))

(b)

(d)
Rel[u(x, 1))

104

0.9
0.8
0.74
0.6
0.5+
0.4
03—
0.2
0.1

A

Re(u(x.1))
1.0-/ \\
09/ \
0’1- \
77
o6 \\
/ 05 \
/ 041 \
// 03 \

o=0'"" =2 —— =3 @ [ =0 — =2 — =3
Fig. 1. The profile of the bright soliton solution (33).
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and

V(X,t):Q (41)

J4zﬁdn+1X2n+nhﬂK( 4 ﬂ;

n2[ 2n(ay — py )+ oy —0; | \4C2K2% + K2

el —kx+ot+oW(t)-c2t |

Solutions (40) and (41) can be reconstructed as the straddled soliton solutions

4Py (n+1)(2n+1)In2K
u(x.t)= Zdnz [Zn(al — )+ —91]

1
X 4c " (42)
(4C2 + > )cosh(2£InK ) +(4C2 — > )sinh (2£InK )

Xei[—Kx+a)t+aW(t)702t] ,

and

45 By (n+1)(2n+1)In2K
n2[ 2n(oy — py ) +a; -6, |
1
x 4C " (43)
(4C2 + > )cosh(2£InK ) +(4C2 — >z )sinh(2£InK )

xell —Kx+ot+oW(t)-o2 ]

v(x,t):QZQ/

In particular, if »» =4C2, solutions (42) and (43) can be formulated as the bright soliton
solutions
1

u(x,t) _ {\/ 4P, (" + 1)(2” + 1)ln2K] sech(Zé‘an)}n el —xx+ot+oW(t)-o] (44)

n2[2n(ay —py )+ oy -6

and

_ 4ﬂ1(n+1)(2n+1)1n21( n i| —-kx+ot+oW(t)-o2
V(X't)_Q{\/HZ[Zn(al P Te— sech(2¢InK) | ell troW(t)-o%]  (45)

provided S| 2n(ay —uy)+ay -6, |>0.

While » =—4C?2 converts the solutions (42) and (43) to the singular soliton solutions

1
u(X’t):l:\/ 4131(”+1)(2n+1)1n2K]CSCh(2é:an):|nei[Kx+a)t+aW(t)(;2t:|' (46)

n2| 2n(ay —py)+aq -0,

and

1
4, (n+1)(2n+1)In2K noc -,
v(x,t)=Q csch(28InK) | ell -xx+ot+oW(t)-c2] (47

(x¢) l:\/ nZ[Zn(al—,ul)+a1—91] (2£InK) (47)
provided S, [ 2n(a; — uy)+a; —6; |<0.

In a similar manner, numerous additional solutions of the system (2) and (3) can be
found by selecting various values for the parameter s. For the sake of simplicity, these
values are not included here.
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4. The extended simplest equation approach
The extended simplest equation approach [28, 37, 40-42] supposes the formal solution of

Eq. (23) as follows

P(é)=By+B +Cy| —— |, B?+C% =0, (48)
( ) 0 1|: Z(g) 0 Z(é) 1 0
and the function Z(§) satisfies the following second-order linear ODE:

Z'(E)+3Z(€)=v, (49)

where B, B;, Cy, 6 and v are constants. Now, according to the extended simplest equation

approach, there are three cases of results that are discussed as follows:
Case-1. If 6 <0, we substitute Eq. (48) into Eq. (23) and utilize Eq. (49) along with the

following relation
—Z'("Z)T:A( 1 j2—5 2v 50
58] -2las) o2 e

where A =5(A}-43)-v2 /5, while A; and A, are constants. Thus, we get the following

results:
Result 1.
_ n2(3Byx2+2a,k + Ay )+ P,
p= 2 )
v=0, B)=0, B; =0, (51

c =\/ﬂlé(n+1)(2n+1)(Af—A22)
0 n2[2n(p —aq)—ay +0; ]

provided (A} -A3)[2n(uy —a;)—ay +6; |<0. Consequently, we obtain the following

straddled soliton solutions:

u(x,t)=

ZiI/ﬂlg(m1)(2n+1)(A% - 43)
n2[2n(p —ay)—ay +6; ]

1
X 1 ' (52)
[Alcosh(éﬁ) + Azsinh(ix/g)]

xell -kx+ot+oW(t)-o2 ]

and

B8 (n+1)(2n+1)(A? - 43)
n2[2n(py —ay)—a; +6; |
1
x L ' (53)
[Alcosh(g“\/s) + Aﬁinh(é‘ﬁ)}

el —kx+ot+oW(t)-c2 |

V(x,t):QZr\n/

In particular, if we take 4; =0, and A, #0 in (52) and (53), we have the singular soliton

solutions
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1

— ﬂlg(n+1)(2n+1) c — n i| —kx+ot+oW(t)-o2t
u(x,t)—{\/ nZ[Zn(,ul—al)—a1+91:|VSCh(§\/_6) ell w(t)-o]  (54)

and

1
_ ,816(n+1)(2n+1) - — n i| —xx+wt+cW(t)-oc?
”""”‘QN P Tan(a )y vy (VP el (59)

provided B; [Zrz(,ul —ay)—aq + 01] >0, while if we take A; #0,and A4, =0 in (52) and (53),

we arrive at the bright soliton solutions

1
_ ,816(n+1)(2n+1) < — n i| —xx+wt+cW(t)-oc?
U(X’t)_{\/”z[zn(m—al)_al +91:|DeCh(§\/_5) e o o)

and

1
_ ﬁlé‘(n+1)(2n+1) < _ g i| —kx+wt+oW(t)-o?
V(X’t)'QNnZEan—al)—al+01]°“h(‘”_5) o,

provided B[ 2n(u; —ay)—ay +6; |<0.
Result 2,

n=2, p=-3px2 +%5ﬂ1 —2ayk— Ay, L=20[A2— A3,

455B, (A% — A2
4(50 — 4y —0;) 4(50 —4py —0;)

(58)

provided f; (50:1 4 - 01) <0 and A?-A%>0. Consequently, the following straddled

soliton solutions are thus obtained:

B 508,
)= A{/‘L(S‘Xl —4u —0;)

1

3J(43-4) :

x| 1- (59)
Alcosh<.§\/3) + Aﬁinh(éﬁ) +2,[A2 - A2

Xei[—waHcW(t)—O’Zt]’

and

v(xt)=Q4 5P,
4(50y — 4y —0;)

1
3J(43-4) :
x| 1— (60)
Alcosh(éﬁ) + Azsinh(éﬁ) +2,[A2 - A2

el —kx+ot+oW(t)-o2t |

In particular, if we take A; #0, and A4, =0 in (59) and (60), we arrive at the combo bright

soliton solutions

UKr. ]. Phys. Opt. 2024, Volume 25, Issue 5 $1095
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1
3sech(&v-6) |2
u(x,t)=1 56P4 __osee ('): ) el ~xx+ot+oW(t)-c%] (61)
4(Say 4y —0;) | 1+2sech(&v-5)
and
- 1
3sech(&v -6 2
v(x,t)=Q4 5B, 1- (5 ) el rxrotroW(t)-o2]  (62)
4(5c, —4p, —6y) 1+Zsech(§x/3)
Result 3.
n=1, p=-3px2+20p; —2a;,x - 24, v=0, By =0,
63
B = |-—OP ¢ o (63)
By =2y -0,

provided B, (3a1 -2y —6;)<0. Consequently, straddled soliton solutions are obtained:
65p
3y -2 -6
X[ Alsinh(éﬁ) + Azcosh(fx/s)
Alcosh(éx/s) + Azsinh(ﬁx/s)

u(x,t)=
(64)

]ei[—xx+wt+0'W(t)—0'2t] ,

and

V(X,t) =Q &
30y =2, -0,

y Alsinh(éx/g) + Azcosh(af«/s)
Alcosh(é‘\/s) + Aﬁinh(éﬁ)

In particular, if we take 4; #0, and A4, =0 in (64) and (65), we arrive at the dark soliton

(65)

Jei[—rcx+wt+0'W(t)—0'2t:|_

solutions
65p; - W(t)-o2
u(x,t)= —tanh(gxl—é )e’[ Kx+ot+oW(t)-o% | (66)
30ty =241y —6;
and

= & _ i[ —kx+at+oW(t)-o2t
v(x,t)=Q /3a1 Sy tanh(&v/=5 )ell ], (67)

while if we take 4; =0, 4, #0 in (64) and (65), we arrive at the singular soliton solutions

= L By J— i[ —kx+ot+oW(t)-o2t

u(x,t) [3 2 1—91COth(§ 5)6[ ], (68)
= L 1 [ i[ —kx+ot+oW(t)-o2t

v(x,t)=Q f3 2 1_Blcoth(cf 5)8[ 1. (69)

Fig. 2. shows the numerical simulations of solution (67) in 3D and 2D graphs with

and

W(t)=+t and the following parameter values: 0; =y =xk=w=1, ay=p=-1, f;=Q=2
1= M 1 1

and 6 =-2. Additionally, different values of the coefficient of noise strength o are shown in
graphs (a)-(h).
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Re(v(x.1))

4
3

Im(v(x, 7))

Im(v(x, 7))
-3

-2

0~
1
2—
3]
4
ig

Im(v(x,7))

P

— 2’. =

— 37 1

_4"

0.
8
‘ 00 °=3 @ ®
Re(r(x,1)) Tm(r(x1])

44 44
3 -
2 2

030_c=2—c=3|

| =k o3

Fig. 2. The profile of the dark soliton solution (67).
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Remark. When 6 >0, we have the periodic solutions, while when 6 =0, we have the
rational solutions. The latter do not play any role in the optics theory and are omitted here.

5. Conclusions
In magneto-optic waveguides featuring multiplicative white noise in the It6 sense and power

law nonlinearity, two mathematical techniques have been used in this article: the extended
simplest equation approach and the enhanced Kudryashov’s approach to obtain the solitons
and other explicit wave solutions of the stochastic RKL equation. Solutions for singular,
bright, and dark solitons are reported for the first time. The current work also outlines the
specific constraints to obtain solutions for solitons. In this study, we have developed a new
model in nonlinear optics, which sets the results apart from those found in other
publications. Numerical simulations of solutions (33) and (67) were shown in Fig. 1 and 2,
using two- and three-dimensional plots, respectively, at different noise coefficient levels and
without noise. These figures show that the surface looks less smooth when there is no noise
but smoother after minor transitional behaviors when the noise level rises. This suggests
that multiplicative noise influences the solutions and maintains their stability. In the end,
this research finds that soliton solutions are significantly impacted by the noise effect,
especially the noise’s intensity.
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AHomayis. Y yiti cmammi enepuie npedcmas.ieHa 38'13aHA CUCMeMa CMOXACMUYHUX PIBHHb
PaoxakpuwHaHa-KyHdy-/lakwmaHaHa 045 MazHimoonmuyHux xeu.segodis. Y cucmemy

51100 Ukr. J. Phys. Opt. 2024, Volume 25, Issue 5



Dispersive Optical Solitons

88edeHO cmeneHegy He/iHiliHicmb i MyabmunaikamusHull 6iauli wym y po3yminui Imo. /Jas
iHmezpyB8aHHss cucmemu BUKOPUCMOB8YlOmMbCsl d6a a/z20pummu: po3wupeHuli memod
Hallnpocmiwo2o pieHsAHHSA ma ydockoHaneHull nidxid Kydpsawosa. 3 eukopucmaHHsaM cucmem
KoMn’lomepHUX po3paxyHkie y yitl po6omi ompumaHi po3s’asku 041 memHux, ceimaux ma
CUH2YASIPHUX CO/IMOHIB.

Kamouoei ciaoea: onmuuHi coniHOHU, 61Ul WYM, MAZHIMOONMUYHI X8U.1€800U, PIBHSIHHS
Paodxaxkpiwnana-KyHdy-/lakwmaHaHa
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