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Abstract. The current study focuses on investigating the perturbed Gerdjikov-Ivanov equation, which includes 
the presence of multiplicative white noise in the Ito sense for the first time. In this study, we utilize two 
efficient methods for investigating the proposed model, aiming to generate bright, dark, and singular solitons. 
Also, the emergence and transformation of straddled solitons are available. Straddled solitons are 
characterized by their unique ability to convert into solitons. Moreover, we obtain Wieirstrass doubly periodic 
type solutions and exponential solutions. Two techniques are applied for this investigation: the enhanced 
Kudryashov method and the improved modified, extended tanh-function method. These techniques are utilized 
to address particular goals of the study, specifically those concerning solitons. These soliton solutions are used 
as valuable tools for investigating various phenomena in the presence of white noise. Our study addresses the 
impact of noise on various wave phenomena, particularly focusing on soliton solutions. Our results reveal that 
white noise primarily affects the phase component of solitons recovered from the governing model. Our paper 
presents, for the first time, the optical soliton solutions derived from the perturbed Gerdjikov-Ivanov equation 
under the influence of multiplicative white noise. Our study's novelty lies in applying this effect to a previously 
unexplored model equation and the unveiling of optical soliton solutions within this new framework. These 
results represent a significant advancement in understanding wave phenomena in nonlinear optical systems. 
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1. Introduction 
The concept of optical solitons has garnered significant attention in the field of modern 
communications, mainly due to their potential applications in optical fiber communication. 
Optical solitons are regarded as an interesting and attractive phenomenon, holding great 
potential for various technological advancements in this field. In the area of soliton propagation, 
various mathematical models have been employed to investigate this phenomenon. Among these 
models, the nonlinear Schrödinger’s equation (NLSE) is the most well-known and easily 
recognized [1-4]. Additionally, other models such as the complex Ginzburg-Landau equation [5-
7], Sasa-Satsuma equation [8-10], Lakshmanan-Porsezian-Daniel model [11-15], and several 
others have also been utilized for this purpose. These models serve as valuable tools for studying 
the intricate dynamics associated with soliton propagation. The optical soliton perturbation is 
widely recognized as a crucial element in meeting the fundamental demands of the contemporary 
telecommunication industry and social media communications. 

This study focuses on the analysis of a specific nonlinear evolution equation known as 
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the Gerdjikov-Ivanov (GI) equation [16-19]. In recent years, there has been an increasing 
research focus on integrating multiplicative white noise into various nonlinear evolution 
equations. The objective of this study is to examine the influence of noise on the resultant 
wave phenomena [20-25]. A wide range of researchers have taken part in this field of 
research, going into the complexities and variations of the topic’s issue.  

In this article, we introduce the generalized stochastic GI equation having multiplicative 
white noise and spatiotemporal dispersion for the first time in the following form:  

   

    
4 2 *

2 2 .



  

     

  

t xx xt x x t

n n
x x x

iq aq bq c q q idq q q ibq W t

i q q q q q
  (1) 

The function  ,q q x t  is a complex-valued function representing the wave profile. The 

symbol i  represents the imaginary unit 1 . The coefficient of a stands for group velocity 
dispersion, b is the coefficient of spatiotemporal dispersion, c represents the coefficient of 
quintic nonlinearity and d is the coefficient of nonlinear dispersion. In this equation, the 
parameter α represents inter-modal dispersion, while λ takes into account self-steepening 
effects for short pulses. The coefficient µ accounts for higher-order dispersion, and n is the 
full nonlinearity parameter. For a multiplicative white noise process,  W t  is a random 

variable with a mean of 0 and a variance of 2 , where  is a constant that denotes the 
strength of the noise.  tW t  is a stochastic process where the value of  tW t  at a given time 

t is equal to    Λ   dW , where   t .  Λ   is used to represent typical Gaussian white 

noise, which is commonly referred to as multiplicative white noise in the literature [26].    
The subsequent sections of this work are organized as follows: In the second section, a 

wave transformation structure is employed, incorporating a white noise effect, to facilitate 
the transformation of the governing model into a nonlinear ordinary differential equation 
(ODE). In Section 3, a comprehensive account of the employed methodologies is provided. 
Section 4 of the study addresses the effect of white noise on the governing model in the 
analysis of solitons. Finally, the conclusion is presented in the final part.  

2. Mathematical analysis 
In order to solve Eq. (1), the following solution structure is selected:  

         2, ,           i x t W t tq x t U e    (2) 
where, the wave variable   is given by  

  .  k x vt       (3) 

Here, the real-valued function  U  represents the amplitude component of the soliton 
solution, and v  is the speed of the soliton, where   denotes the frequency of the solitons, k  
stands for wave width,   corresponds to the wave number,   represents the noise 
strength, and     is a real arbitrary function of  . By substituting Eq. (2) into Eq. (1) and 
decomposing it into its real and imaginary parts, we obtain the following result:  
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and  
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Eq. (5) can be integrated after multiplying by U  to arrive at  
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where 0c  is the integration constant. Now, substituting Eq. (6) into Eq. (4) leads to  
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where 
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provided that 0k  and a bv .  

3. A brief summary of integration techniques 
Let us consider a governing model represented by the equation  

  , , , , ,... 0.x t xt xxG u u u u u      (9) 

Here,  ,u u x t  represents a wave profile, and t  and x  represent the time and space 

variables, respectively. The given relations 
      , ,   ,    u x t U k x t     (10) 

simplify Eq. (9) to the following nonlinear ODE form: 
  2, , , ,... 0.   P U k U kU k U     (11) 

In the given context, the symbol k represents the wave width,   represents the new wave 
variable, and   represents the wave velocity.  
3.1. The enhanced Kudryashov scheme 
In this subsection, we present a comprehensive explanation of the basic procedures 
associated with the enhanced Kudryashov technique. [27]. 
Step–1: In this research article, we present the explicit solution for the reduced model (11):  
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along with the auxiliary equation  
  2 2 2( ) ( ) (1 ) .    R R R    (13) 

The constants 0 ,  ,  i , and i  (where 1,...,i N ) will be provided, with N  determined by 

the balancing procedure in Eq. (11). 
Step–2:  Eq. (13) gives the soliton waves 
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where f is constant. 
Step–3:  By inserting Eq. (12) into Eq. (11) together with Eq. (13), we can derive the requisite 
constants for Eqs. (10) and (12). In order to incorporate the identified parametric 
restrictions, they can be substituted into Eq. (14) together with Eq. (12). Consequently, 
straddled solitons are obtained, which can be further classified as bright, dark, or singular 
solitons.  
3.2. The improved modified extended tanh-function 
This subsection presents a thorough overview of the basic procedures with the improved 
extended tanh-function technique [28].  
Step-1: We assume that the solution of Eq. (11) can be expressed in the form:  

    0
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      (15) 

where   satisfies  
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The equation presented in this study provides a comprehensive range of fundamental 
solutions [28].  
Case-1: 0 1 3 0.       

Two types of solutions are obtained:  

   2
2 2 4

4
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         (17) 

and  

   2
2 2 4

4
 csch  ,    0,  0.

     


        (18) 

The found solutions consist of a bell-shaped solitary wave solution (17) and a singular 
soliton solution (18). 

Case-2: 
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and  

   2 2
2 4

4
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  (20) 

The found solutions consist of a kink-shaped solitary wave (19) and a singular soliton 
solution (20).  
Case-3: 2 4 0 1 30,  0,  0,  0.           

A solution of the Weierstrass elliptic doubly periodic type is achieved:  
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where   is the Weierstrass elliptic function, while  2 1 34g     and  3 0 34g     are 
called invariants of the Weierstrass elliptic function. 

Case-4: 
2
1

0 3 4
2

,  0.
4


  


     

A solution of exponential structure is derived:  
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Case-5: 1 3 4 0.       
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          (23) 

Case-6: 0 1 2 4 3 2 40,  ,  0,  2             
Two solitary wave solutions are derived:  
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Step-2: The purpose is to determine the positive integer value of N  in Eq. (15) through the 
process of equating the highest order derivatives and the nonlinear terms in Eq. (11). 
Step-4: Insert Eq. (15) along with Eq. (16) into Eq. (11). By making this replacement, we have 
a polynomial in terms of  . In the context of this polynomial, we combine terms with similar 
powers and set them equal to zero, resulting in an over-determined system of algebraic 
equations. This system can be solved using Mathematica software to discover the values of 
the unknown parameters, namely 0, , , ik v  and   1,2,... i i . As a result, we are able to 

derive the exact solutions of Eq. (9).  

4. Investigating stochastic optical solitons 
This section will delve into the various solitons derived from a governing equation. It's worth 
noting that when n is arbitrary, it's possible to lose some solutions for the equation that 
includes all the coefficients [29,30]. That's why we'll set n to 1 or 2 to obtain different 
solitons. First, for n=1, we'll discuss bright, dark, singular, and straddled solitons. Then, for 
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n=2, we'll focus on bright and straddled solitons. By examining these different types of 
solitons, we can better understand how the equation behaves under various conditions. 
4.1. Case-A: 1n   
In this case Eq. (7) reduces to  

 
   
   

8 63 6 7 2 5
4 2 31 4 0

( ) ( )
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As the balance leads to N=1/2, we use the transformation of the amplitude ( )U  by a new 

function ( )V :  
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Eq. (26) becomes  
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Balancing    '' V V  with 4( )V  in Eq. (27) gives 1N . 

4.1.1. The enhanced Kudryashov procedure. The solution is formulated using the enhanced 
Kudryashov technique, and it is represented in the subsequent structure:  
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By substituting Eq. (29) and Eq. (13) into Eq. (27), a system of algebraic equations is 
obtained. By solving these equations by Mathematica, the following solutions are obtained: 
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The solution of Eq. (1) can be expressed as follows:  
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Selecting 24   c  respectively allows the recovery of bright and singular soliton solutions: 

 



Optical Solitons 

Ukr. J. Phys. Opt. 2024, Volume 25, Issue 5 S1117 

 
 

 

    2

1
2 222 43 2 43 3

4 4 4

6 9 32 9 323 1, sech
8 8 4 2

,         

         
    

 i x t W t t

A A A A A AAq x t x vt
A A A

e

 (32) 

and  

 
 

 

    2

1
2 222 43 2 43 3

4 4 4

6 9 32 9 323 1, csch
8 8 4 2

.         

          
  



 
i x t W t t

A A A A A AAq x t x vt
A A A

e

 (33) 

In Figs. 1–3, we can see 3D plots, contour plots, and 2D plots of bright optical soliton solution 
in the presence of multiplicative white noise defined by Eq. (32). Figs. 4–6, on the other hand, 
illustrate how the dark optical soliton solution described by Eq. (36). The parameters have 
specific values: 0 1.8c , 1n , 1k , 1  , 1.1b , 1.2a , 1.4v , 1.1  , 1.2  , 

1.3d , 1.4  , 2.1  , 2.3c ,   W t t , and   1   . 
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The solution of Eq. (1) can be expressed as follows:  
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By selecting 24   c , one can respectively recover dark and singular solitons in the context 

of the model:  
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4.1.2. The improved extended tanh function technique. In accordance with the improved extended 
tanh function technique, the solution is expressed in the following structure:  
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Fig. 3. 2D plot of a bright optical soliton solution in the presence of multiplicative white noise. 

By substituting Eq. (38) and Eq. (16) into Eq. (27), a system of algebraic equations is 
obtained. By solving these equations by Mathematica, the following results are obtained: 
Case-1: If we set 0 1 3 0     , we obtain 
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One can respectively represent the bright and the singular soliton solutions of Eq. (1) 
through the following expression: 
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Case-2: If we set 1 3 0    and 
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Fig. 6. 2D plot of a dark optical soliton solution in the presence of multiplicative white noise. 
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The dark and singular soliton solutions to Eq. (1) can be articulated as follows, respectively: 
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Case-3: If we set 2 4 0   , we secure 
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Here is how the solution to Eq. (1) can be formulated: 
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called invariants of the Weierstrass elliptic function. 

Case-4: If we set 3 4 0    and 
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To express the solution of Eq. (1), consider the following  
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Case-5: If we set 3 1 4 0     , we derive 
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The singular soliton solution of Eq. (1) is expressed in the following manner: 
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Case-6: If we set 0 1 0   , we obtain 
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The following expression encapsulates the straddled soliton solutions to Eq. (1): 
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and  
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4.2. Case-B: 2n   
In this case Eq. (1) reduces to  

   
 

12 10 8 67 6 3 5 2 4
4 2 31 0

( ) ( ) ( ) ( )
( ) ( ) '' 0.

G U G U G G U G G U
G U G k U U

   

  

    

   
  (54) 

Using the transformation  
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For integrability, we set  

2 4 6,  0.  G G G  

Accordingly, Eq. (1) becomes  
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where  
  4 7 3 3 5 2 1 1 016 ,  16 ,  16 ,  16 .    B G B G G B G B G    (57) 

Balancing    '' V V  with 4( )V  in Eq. (56) gives 1N .  

4.2.1. The enhanced Kudryashov procedure. The solution is formulated in the subsequent 
structure, in accordance with the enhanced Kudryashov technique:  

      
 0 1 1 .
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By substituting Eq. (28) and Eq. (15) into Eq. (10), a system of algebraic equations is 
obtained. By solving these equations by Mathematica, the following results are obtained: 
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Presented below is the expression that signifies the solution to Eq. (1):  
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Choosing 24  c  facilitates the retrieval of bright soliton solution  
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4.2.2. The improved extended tanh function technique. The solution follows the structure outlined 
by the improved extended tanh function technique as expressed below:  
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Inserting of the Eq. (62) together with Eq. (16) into Eq. (56), we get a system of algebraic 
equations. Solving these equations together yields the following results: 
Case-1: If we set 0 1 3 0     , we obtain 
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The expression for the bright soliton solution to Eq. (1) is as follows: 
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Case-2: If we set 2 4 0   , we get 
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One can represent the solution of Eq. (1) through the following expression: 



Optical Solitons 

Ukr. J. Phys. Opt. 2024, Volume 25, Issue 5 S1127 

 
 

    2

1
4

2
2 1 32 1

3 3
2 3

5 25 24
,

2
, ,

2

,i x t W t t

B B B B
q x t

B
k x vt g g

e      




    

 
 
         



   

 (66) 

where 
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invariants of the Weierstrass elliptic function. 
Case-3: If we set 0 1 0   , we secure  
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Represented below is the manner in which the straddled soliton solutions to Eq. (1) are 
expressed: 
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and  
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5. Conclusion 
This paper focused on investigating the perturbed GI equation, specifically considering the 
incorporation of multiplicative white noise in the Ito sense. We have employed two highly 
effective methodologies to investigate the proposed model, with the aim of obtaining bright, 
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dark, and singular solitons. The current study has demonstrated straddled solitons' 
availability and dynamic nature, showcasing their emergence and transformation. These 
findings contribute to the growing body of research on solitons and offer valuable insights 
into their behavior and potential applications. Overall, this investigation highlights the 
significance of employing a couple of techniques to understand complex models affected by 
white noise comprehensively and paves the way for further research in this area. Exploring 
the effects of noise on a range of wave phenomena, our study concentrated specifically on 
soliton solutions. Our analysis demonstrates that white noise predominantly impacts the 
phase component of solitons as recovered from the governing model. 

Our study emphasizes the distinctiveness of our investigation into the impact of 
multiplicative white noise on soliton solutions within the context of the generalized GI 
equation. While prior research has explored the effects of noise on wave phenomena, our 
study delves into previously unexplored territory by applying multiplicative white noise to a 
novel model equation. Our paper aimed to examine the effects of noise on soliton solutions 
within the framework of the generalized GI equation and to uncover unique characteristics 
and behaviors of this equation under the influence of multiplicative white noise. By achieving 
this goal, our study offers a pioneering examination of the effects of noise on soliton 
solutions within this specific framework, contributing to a deeper understanding of wave 
phenomena in nonlinear optical systems. As a result, our study's novelty lies in applying 
multiplicative white noise to a previously unexplored model equation, the generalized GI 
equation, and the unveiling of optical soliton solutions within this new framework. 

White noise is a type of noise that has a flat power spectrum and is characterized by 
random fluctuations over a wide range of frequencies. When solitons, which are self-
sustaining waves that maintain their shape as they propagate, are subjected to white noise, 
their evolution can be affected in various ways. Some studies have shown that white noise 
can cause solitons to broaden or change their frequency, while others have shown that it can 
enhance their stability and prevent decay. The exact influence of white noise on soliton 
evolution depends on the specific characteristics of the soliton and the noise and is still an 
active area of research [20-25]. Further investigations are warranted to explore the full 
extent of solitons with white noise and their implications in various scientific and 
technological domains. These findings contribute to the existing body of knowledge and offer 
potential applications in various research areas and practical implementation in nonlinear 
optics [31–45]. Further exploration and experimentation are warranted to fully understand 
these stochastic solitons' implications and potential. 
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Анотація. Це дослідження спрямоване на вивчення збуреного рівняння Герджикова-Іванова, 
яке включає мультиплікативний білий шум в сенсі Іто. Ми використовуємо два ефектив-
них методи для дослідження запропонованої моделі з метою генерації світлих, темних та 
сингулярних солітонів. Крім того, виявлено виникнення та трансформація розмежованих 
солітонів Розмежовані солітони характеризуються своєю унікальною здатністю 
перетворюватися у солітони. Крім того, ми отримали розв’язки подвійно періодичного 
типу Вейерштрасса та експоненціальні розв’язки. Для цього дослідження застосовуються 
дві методики: покращений метод Кудряшова та покращений модифікований метод 
розширеної функції гіперболічного тангенсу. Ці методи використовуються для досягнення 
конкретних цілей дослідження, зокрема тих, що стосуються солітонів. Ці солітонні 
розв’язки використовуються як цінні інструменти для вивчення різних явищ за наявності 
білого шуму. Наше дослідження стосується впливу шуму на різні хвильові явища, особливо 
зосереджуючись на солітонних рішеннях. Результати демонструють, що білий шум, в 
першу чергу, впливає на фазову складову солітонів, отриманих з моделі. У нашій роботі 
вперше представлені оптичні солітонні розв’язки, отримані зі збуреного рівняння 
Герджикова-Іванова під впливом мультиплікативного білого шуму. Новизна нашого 
дослідження полягає в застосуванні цього ефекту до раніше не дослідженого рівняння 
моделі та розкритті рішень оптичних солітонів у цій новій структурі. Ці результати є 
значним прогресом у розумінні хвильових явищ у нелінійних оптичних системах. 

Ключові слова: процес Вінера, метод Кудряшова, стохастичне рівняння Герджикова–
Іванова, інтенсивність шуму 


