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1. Introduction
The parameter dynamics of optical solitons is an imperative feature in optoelectronics

phenomena [1-7]. Therefore, it is imperative to address this feature to the fullest. These
dynamics lead to many further studies ranging from the computation of collision-induced
timing jitter, four-wave mixing, bifurcation analysis, and several other features. The current
paper is a sequel to the previous work on the parabolic and dual-power law of self-phase
modulation (SPM) [1]. Additionally, the dynamics of Gaussons for dispersion-managed (DM)
solitons have been retrieved in the past. Later, the DM soliton perturbation with super-sech
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was reported. Lately, the parameter dynamics of such solitons with quadratic-cubic, anti-
cubic and generalized anti-cubic solitons were also recovered. The current work therefore
addresses the retrieval of the soliton parameter dynamics with polynomial law as well as
triple-power law of SPM. The variational principle is applied to make this retrieval possible.
The perturbation terms are subsequently included, the extended parameter dynamics with
such terms are laid down, and these perturbation terms are taken up with generalized
intensity.

2. Polynomial law nonlinearity
The governing model of such an equation is written as:

. 2 4 6
ige +adyy +(by|af +ola|* +bsla* Ja =0, (1)
where g=gq(x,t) is a complex-valued function representing the wave profile and i=+/-1.

The first term in Eq. (1) is the linear temporal evolution. The constants a,b, 3 are the

coefficients of chromatic dispersion (CD) and self-phase modulation (SPM), respectively.
2.1. Variational principle
The Lagrangian (Lg) is associated with Eq. (1) and is written as:

STl o_ap, 2, b4, by 6 b3 o
Lg—[o[z(q qt—qqt)—EIQXI +ZICI| +Z|q| +glalf jax, (2)
where g* is the complex conjugate of g and the conserved energy and momentum are:

0

E= []ql2dx, (3)

0

M=i [ (q°q, —aa;)dx, (4)

—00

respectively, while, the Hamiltonian is given by:
% b, 4 by 6 by 8
H= 2t 22 g B dx. 5
I [aqul ol =-2al"-2d } x (5)

Now, the pulse hypothesis g =q(x,t) of Eq. (1) is given by:

q(x,t)= A(t)f[B(t){x - )T(t)}}exp[—irc(t){x - )T(t)} +i6), (t)], (6)
where f represents the shape of the pulse. It could be a Gaussian type or super-Gaussian
type pulse. Here, A(t) is the soliton amplitude, B(t) is the pulse width, X(t) is the center
position of the soliton, x(t) is the soliton wavevector, and 6;(t) is the soliton phase. For

convenience, we define the following integral:

T df(s)
I,,.=|safb(s)|——=| ds 7
a,b,c __[05 f ( )( ds (7)
where b,c are non-negative integers. Now, substituting (6) into (2) and using the formula:
ds =B(t)dx. (8)

Consequently, the Lagrangian (2) reduces to:
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A2(t)( dO,(t dx (t 1
9= ZBEt;( c(;t( )+K(t) d(t )+a’<2(t)]10,2,0—EaAz(t)B3(t)Io,o,z o)
b A%(t) . b,AS5(t) . byA8(t)
" 4B(t) ** eB(t) **° 8B(r) **
For such a pulse form, given by (6), we have the integrals of motion as:
A2(t)
= 0, 10
B(t) 0,2,0 ( )
242(t)k(t)
M=————F—21),, 11
B(t) 0,2,0 ( )
while the Hamiltonian is given by:
b AZ(t
A2(t) aB*(t)lg, +ax?(t)lg 0 —— ( )10,4,0
H=—>=* . 12
B(t)| byA4(t) by A6 (t) (12)
T e Ioe0~ logo

2.2. Parameter dynamics
In this subsection, we derive the dynamic system by introducing the following Euler-
Lagrange (EL) equation [4, 8]:

%_i % =0, (13)
op dt\ op,

where p is one of the five soliton parameters A(t), B(t), X(t), x(t) and 6y(t),
respectively. Substituting (9) into (13) to get the following dynamic system:

[de,(t dx (t i

_S—t()+ K(t)#-ﬁ-alﬁ'z(t)_ Iyoo+ ‘134(f)10,0,2 (14)

~by A2(t) I 4,0 — DA% (t) g 60 —D3AS(t) g g0 =0,

D) () a2 () |1 0 —30B+(6) g0

dt dt | " " (15)

1 1 1

—Eby‘lz (¢)Io,40 —gbzAA‘ (t) o0 —Zb3A6 (¢)log0=0,

2 dA(t) 1 dB(t)+ 1 dlc(t):o’ (16)

A(t) dt  B(t) dt «k(t) dt
T ), (7)
dA(t) _ A(t) dB(t). (18)
dt  2B(t) dt

The Egs. (14)-(18) represent the general forms of the soliton parameter dynamics of Eq. (1)
for the pulse form given by (6). The dynamic system (14)-(18) can be reduced to become:
do, (t) _ 48ax? (t)lo,z,o +39b; A6 (t)lo,s,o +40b,A% (t)IO‘é'0 +42b, A? (t)10,4,0
d 48145,

,» (19)
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1
| 9b3A6(t) 1o g +8bA%(t) 160 +6b1A2(E)]g 4 |4

B(t) 48aly ’ (20)
dx(t) =—2ax(t), (21)
d’; (tt) -0, (22)
A(t)=KB(t), (23)

where the constant K is proportional to the square roots of the energy.

2.2.1. Super-Gaussian pulses. For super-Gaussian pulses, we set f(s):efsz"’, m>0. Then,

the integrals of motion are given by:

_Az(t) -1 11
E_mB(t)2 ZmF(Zm)' (24)
A2k () o 1y amef 1

~ mB(t) 2amre F(Zm)' (25)

and the Hamiltonian is given by:

H= L(t)l:amB‘l(t)(Zm - 1)2(1—2m)/2mr(1 —i) +ax? (t)z—l/ZmF(L)

_mB(t) 2m

(26)
_ bA2(t) r(L)- byA%(t) r(L)- b,/5 () (L)
22m+1)/m \2m/ e(m+1)/2m \2m/) g@m+1)/2m \om/ |’

where F(u) is the gamma function that is defined for u>0. This compels the parameter m
to be bounded below®6 as given by:
1
m>=, 27
5 (27)
Also, we have the evolution equations for the pulse parameters (19)-(23), which reduce to:

)2 e 13 A ()8 e 1 20 h b (V6 o+ 1ab A2 (12
t)2 13b;A6(t)8 —b,A%(t)6 14b,A2(t)2
d@o(t) CIK() 2m + 3 () 2m+3 /) () 2m + 1 () m

at 24—% » (28)
1 1 1 H
42(t)| 3,44 (£)8 2m + 8 b,42(£)6 2m +2b12_m}l—'(1) *
B(t)= 3 : 2m/ | (29)
am(Zm—1)2(6m+1)/2mI‘(1—%)
dx (t
%:—Zax(t), (30)
dic(t) _
=0 (31)
A(t)=K\/B(t). (32)

2.2.2. Super-sech pulses. For super-sech pulses, we set f(s)=sech2n(s), m>0. Then, the

integrals of motion are given by:
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o _ma2() T(2m)

) (33)
B(t) F(2m+l)
2
2
o= mA()x(e) T(2m) ’ (34)
B(t) F(2m+l)
2
and the Hamiltonian is given by:
2
H = 2amA2(£)B3(¢)| ,F; (1-2m-12m+1,-1)—1— — " T (2m)
(4m+1)l"(2m+%)
2 2
LK (t)A2(t) J=T(2m) (35)
B(t) F(2m+l)
2
A4(t)[b1 Val(4m) byA2(t) NaT(6m) byA%(t) VaT(8m)
B(t) {4 r(4m+l) 6 r(6m+l) 8 r(8m+l) '
2 2 2
where Gauss’ hypergeometric function in its generalized form is:
2, (ay)y---(ap)y zk
F(ay,..a;:b,. . .b;z)=y ——~ P2 (36)
p q( L Epr Pl ) kzz(:)(bl)k...(bq)k k!

with the Pochhammer symbol being:

1 n=0, 37
(P = p(p+1)--(p+n-1) n>0. (37
Also, we have the evolution equations for the pulse parameters (19)-(23), which reduce to

48ax?(¢)I(2m) 39bsAS (£)I'(8m) 40b,A(¢)I(6m) 42byA2(¢)T'(4m)

1 1 1 1
d6’o(t)= F(2m+5) I‘(8m+5) I‘(6m+5) F(4m+§) G8)
dt [ 48T'(2m) ]
1
F(2m+5)
| 9b;46(£)/zT(8m) , B A4 ()T (6m)  6byA2 (t)VaT (4m) 0
r(8m+1) r(6m+l) r(4m+l)
2 2 2
B(t)= , (39)
96am| ,F, (1,-2m—1,2m+1,-1)—-1- Am?/xT (2m)
(4m+1)1‘(2m+%)
dyd(tt):—ZaK(t), (40)
dic(t)
=0 (41)
A(t)=KB(t). (42)
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2.3. Perturbed nonlinear Schridinger’s equation (NLSE)
The governing model of such an equation is written as follows:

iG, +adyy +(by|af +Bola[* + bslal® Ja = ieR[a.a"]. (43)
where R[q,q"] is given by:
R=61af" q+aq, + Bay + 2(a"a) +0(d™") a+ola"q,

X (44)
i€ (q245), - naza” ~i£q" (¢2),, ~i(al” ) q+(o1q+02a,) [ laf"ds,

and €,9,a,8,1,0,0,5,n,5,4, o4 and o, are constants, where ¢ is the spectrum relative

width i.e. so-called quasimonochromaticity. From (6) and (44), we have

SA2m (t)f2m+1 (5) +aB2 (t)df_(s)

ds
+[(2m+1)l+2m9+ajA2m( 2(t) fom(s )df( )
ds
R=A(t) o)
—Br2(t) f(s)+2(5—n—48)A2(t)B2(t)x(t) f2(s)

ds

+A2m(t)[c7 f(s)+aZBZ(t) } [fom(s

e (6) £ (5) 4 2(0)82() L) (2.0 A0 ) 2 5

—i| +(26+n+24)A2(t) ( ] (& —4¢ —n)A2(t)x2(t) f3(s) (45)

sampan (0520 72n(5) )01 5) (5

xexp[—i%s +i6, (t)}.

2.4. Parameter dynamics
In this subsection, we derive the dynamic system of Eq. (43) by introducing the following EL

oL, oL,
4 —ie j ROL _ g+ 04 | gy (46)
8p T apt U op 6p

where L, is given by (9) and p is one of these same five parameters A(t), B(t), X(t), «(t)

equation:

and 6, (t), respectively, while R* is the complex-conjugate of R.Now, we have the following

dynamic system:

|:d9§t( )+K(t)[25a+ G )j+aK2(t)+2602K(t)A2m(t) ]gfzm(s)dS}O.Z.O

—00

—A2(t)[ by —2¢ (& -1 —4¢)K2(t) ]l 40— by A () g 6.0 — b3 AS (¢)Ig g o +aB*(t)lgp,  (47)
=—26(A+0)K(t)A2m(t) 1o piz0 — 26 (25 +1+24 ) A2(t) B4(t) ] 22,
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dt

b AZ(t b,A4(t b A6 (t
—17()10,4,0— : 3( )10,6,0_ . 4( )10,8,0—3034(t)10,0,2 (48)

= 8€ﬂB(t)K(t)IZ,O,2 + SEmﬂB(t)Azm (t)]z’zmjz,

—%{% + ZaK(t)}I(),z,O =0, (49)

[deo(t) +K(t)%+a’fz(t)}0,2'0

dA(t)
Cde

dk(t)
dt

2c(6)B(0) ™A 4(0)B(¢) —A(t)lc(t)dl;—gt)

X 10,2,0
—45K(t)A(t)B(t){0‘1A2m (¢) [ f2m(s)ds— Br (t)]

=4¢6K (t)B(t) A2m+1(t) 1y 5,00 +8e Pic(t)B5(t) A(t) ] g2 (50)
+8€mﬂBS(t)A2m+1 (t)IO,Zm,Z'
dA(t) A(t) dB(t)
dt  2B(t) dt

—26A(t)(01A2m(t) [ fom (s)ds - 2 (0)

J Io0,0 =265 A2m+1 () I o 0- (51)
The Egs. (47)-(51) represent the general forms of the soliton parameters dynamics of
Eq. (43) for the pulse form given by (6). The dynamic system (47)-(51) can be reduced to

become:

%t(t) =ak?2(t) +2€KT(t)la +0,A2m (t)ifzm (S)ds}

. A2(t) 2¢(E—n—48)k2(t)]lp 40 +13aB4(t)1y

310,2,0

, {16ﬁk(t)B(t)Izlo’2 +(26+n+28)A2(t)B4(t)]y 52 } (52)

+(A+0)x(£) A2 () o amiz0 +16muA2m (£) B(t) Iy m

310,2,0
byAt ()]0 ,
910,2,0
) _ an(e), (53)
dt
dre(t) _ BeB4(t)[ Bre(t) Iy g +muA2m(t)ly o, | 54
dt Io20 '

dB(t) _2B(t) d%@_ZfA(t){alAzm(t){ofzm(s)ds_ﬂKz(t) (55)

dt At) 265 A2m+1 ()] 2100

10,2,0
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342(t)[ by~ 4 (& —n =4 )x2(t) ] lo a0

—12ek(t)| a+o,A2m(t) J'me(s)ds Ioz0
B4(t)= 2
12 2aly g, +€ (25 +1+25) A2(t )]y 5, |
3b346(t) o5,
.\ 8,
8] 2aly, +e (28 +1+24)A2(t)]y 5, |
e[ pr(t)B(¢) g0 + muAZn (£) B(t) Ly, |
[2aly g, +e (25 +n+25)A2(t)] 5, |
. b, A%(t)Iy 60 —3e(A+0)k(t)A2m(t) g 3mi20 _
3[ 2aly g+ (28 +1+25) A2(t)]y 5, |
2.4.1. Super-Gaussian pulses. For the super-Gaussian pulses, the dynamic system (52)-(56)

(56)

reduce to:
1L 14 _1
bAY(£)2 26 2m +13am(2m—1)B4(t)2r1n_l—F(1 2’")
3 )
2e[m(2m—1)(2§+n+2§)A2(t)34(t)22?n‘3}r(1_;n)
" (57)
| ) |
8(2m +1)Brc(t)B(t) + 2(4 + ) () A2m (£)(m + 1) am
| +8m(2m-+1) Az (£)B(t)m+1) > 2
H(E-n-40) A2(E)2()2" 2
——k 3 iy
&x(t) =—2ak (t), (58)
4 %Jrz Kk (t)+mudz2m(t)(m+ i_l 1
d(e)_MEmDE()2 [ﬁ (¢) + muA2m (£)(m+1) }r(l Zm)’ -
* "(zm)
dB_(t)=ZB_(t) dlz—it)—ZGA(t){alAzm(t)(Zm)lzin F(ﬁ,ZMXZm)—ﬂKZ(t)}
e A(t) 1 " (60)

265 A2 (£)(m+1) 2m

Ukr. J. Phys. Opt. 2024, Volume 25, Issue 3 03075



Reham M. A. Shohib et al

342(t)(b, _4f(g—n—4§)r<2(t))2_%_2 1

—3f,<(t)z‘;(amzAZm(t)(zm)—l—;nr(Z}n,ZmXZm)j F(%)

o 3m{a(2m— 1)+ e(26+7+2¢) A2(¢) 22 (2m —1)}(1—1)

3b3A6(t)[8_21nF(21n)} )

1 3'+L 1
m(2m—1)[‘(1—2m){a2 2m+2m6(2§+77+2§)‘42(t)i| (61)

f(2m+1)2_2;1['(2171){ﬁK(t)B(t)+m,uA2m(t)B(t)(m+1)_2_21n}

1\ L 15
m(2m—1)l"(1—2m){022m ve(28+n+20)A2(t)2m }

I‘(zin){bzA4(t)621n _3g(z+a)x(t)Azm(t)zzin(m+1)-zin}

1 L 13
3m(2m—1)l"(1—2m){a22m o284 +20)A2(t)2m }

where F(a,x) is the incomplete gamma function.

2.4.2. Super-sech pulses. For the super-sech pulses, the dynamic system (52)-(56) reduce to:

dgg—t(t) =ax2(t)+ 261<3(t) {a _ OpAm (ti:;h‘”"z(x)[zﬂ (%,Zmz,l + 2m2,sech2(x))ﬂ
2T (t)(E _4§)K2(t)1"(4m)['(2m+%) ]
+26amB4(t)I‘(4m+%)F(2m+%)

(4m+1)l"(2m+%

+— -

3\/;F(2m)r‘(4m+%)

m(2& +n+25 ) A2(t)B4(t)[ ,Fy (1,—4m-1,4m+1,-1)-1]

2
X|:2F1(1,2m1,2m+1,1)1 4m \/;F(Zm) )]

(62)

2 xF(Zm +%)F(2m(m+ 1)+%)

)

) - (1+4m)(l+o-)K(t)A2m(t)F(2m(m+1))F(2m+%) |
3(1+4m)x/;F(2m)I‘(2m(m+1)+%)

ZEmZﬁK(t)B(t)42m+1F(2m+%)

3Jxl(2m)
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4F3(2m,2m,2m,2 + 4m;1+ 2m,1+ 2m,1+ 2m;—1)
m3
16[ 4F3(1+2m,1+2m,1+2m,2+4m;2+2m,2+2m,2+2m;-1) |
) [1+2m]’
4F3(2+2m 2+2m,2+2m,2+4m;3+2m,3+2m,3 +2m;—1)
[1+m]
2(m+1)m2(m+1)m,2(m+1)m,2+4(m+1)m;1
43[+2(m+1)m,1+2(m+1)m,1+2(m+1)m;—1 ]
m3(m+1)3
16{4F3(1+2(m+1)m,1+2(m+1)m,1+2(m+1)m,2 H (62)
+4(m+1)m;2+2(m+1)m,2+2(m+1)m,2+2(m+1)m;—1
[1+2(m+1)m]
2+2(m+1)m,2+2(m+1)m,2+2(m+1)m,2
4F3[+4(m+1)m;3+2(m+1)m,3+2(m+1)m,3+2(m+1)m;—1j
[1+(m+1)m]3

+

2em3pA2m (t)B(t)[42(m+1)m+1}r(2m + %)

3JzT(2m)
b2A4(t)F(6m)F(2m+%)
or(zm)r{om+1]
d)fi(tt) =—2ax(t), (63)
2x 1) zFl(L—Zm—l'Zm”"l)‘l_(ﬂﬁzﬁ?l)
BemBA(t) xr(2m+l)r(2m(m+1)+l) 2
2 2
dre(t) _ rudin () dr (2m{m + )0 (2m+ ) = (69
dt VT (2m)r ( m(m+1)+ ) |
a5( ) 28t dA( )+2 A(t)
t
dt A(t) CflAZm )sechim(x )r F (L ,2m2,1 + 2m2,sech? - Br2(t
o | 2 1( (x ))} prx(t) (65)

4e5A2m (t)B(t)T (2m+ )F(Zm(m+1))

r(2m )(2m(m+1) ;)

’
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{3A2(t)«/;(1+4m)[b1 —4e(&-n _44)’(2(%(1:?1)}
2

B4(t)=

4m2/zT(2m)
(4m+1)l"(2m+%)

48am(1+4m)| ,F, (1,-2m-1,2m+1,-1)-1-

+em(2& +n+2 ) A2(t)] oF; (1,—4m—1,4m+1,-1)-1]

a_O'ZAZm (t)sech4m?(x)

1267re (£)(1+ 4m) 4m? L’")l
X{ZFI(%,ZmZ,l+2m2,sech2(x))} F(2m+5)
2
48am(1+4m)| ,F; (1,-2m-1,2m+1,-1)-1- 4m2y/zT (2m)
(4m+1)I‘(2m+%) (66)
+em (28 +1+28 ) A2(t)] oF; (1,-4m—-1,4m+1,-1)-1]
3b,46(t) */;F(S"I)
F(8m+—)
N 2
2
32am| ,F,(1,-2m-1,2m+1,-1)~1- 4m2/nT(2m)
(4m+1)r(2m+%)

+fm(zg +1+24)A2(t)[ oF; (1,-4m—1,4m+1,-1)-1]
(1+4m)

4em2pA2m (¢)B(t)42(m+1)m-1

4m2/zT (2m)
(4-m+1)F(2m+%)

4a| ,F (1,-2m-1,2m+1,-1)-1-

(26 +n+28)A2(t)[ ,F; (1,-4m—1,4m+1,-1)-1]
1+4m
2(m+1)m2(m+1)m,2(m+1)m,2+4(m+1)m;1
* 3(+2(m+1)m,1+2(m+ 1)m,1+2(m+1)m;—1 J
m3(m+ 1)3
16{4}7{1+2(m+1)m,1+2(m+1)m,1+2(m+1)m,2 H
+4(m+1)m;2+2(m+1)m,2+2(m+1)m,2+2(m+1)m;—1
[1+2(m+1)m]
2+2(m+1)m,2+2(m+1)m,2+2(m+1)m,2
4F3[+4-(m+ 1)m;3+2(m+1)m3+2(m+1)m3+2(m+ 1)m;—1J
[1+(m+ 1)m]3

continued on next page
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4 M_f oVl A2 JrT(2m(m+1))
b (t)l‘(6m+;) o)) (t)F(Zm(m+1)+;)

n
4m2\/;l"(2m)
1
(4m+ l)F(Zm + E)

12am| ,F; (1,-2m—-1,2m+1,-1)-1-

3em (28 +n+24)A2(t)] ,Fy (1,-4m—1,4m+1,-1)—1]
" 1+4m
4empPr (t)B(t)42m-1

2
da| oF; (L-2m-1,2m+1,-1)~1— " \/;F(Z'")l
(4m+1)l"(2m+5)
+e(2§ +1+2 ) A2(t)] ,Fy (1L,—4m—1,4m+1,-1)—1]
1+4m
4F3(2m,2m,2m, 2+ 4m;1+2m, 1+ 2m, 1+ 2m;—1)
m3
16[ 4F;(1+2m,1+2m,1+2m,2+4m;2+2m,2+2m,2+ 2m;—1) |
g [1+2m] (66*)
. 4F3(2+2m,2+2m,2 + 2m,2 + 4m;3+ 2m,3+ 2m,3+ 2m;—1)
[1+m]
3. Triple-power law nonlinearity
The governing model of such an equation is written as:
iGe + s + by ™ + by g% + s g )a =0, (67)

where g = q(x,t) is a complex-valued function representing the wave profile, n is the power-

law nonlinearity parameter, and i=+~/—1. The first term in Eq. (67) is the linear temporal

evolution. The constants a,b;,b, and b; are the coefficients of CD and SPM, respectively.

3.1. Variational principle
The Lagrangian (Lg) is associated with Eq. (67) and is written as:

=l b b b
L = LT s x4 2 il | |2n+2 y) | [2n+4 3 | |2n+6 dx,
9 IL(q 4 =44;) =5l +2(n+1)|q| +2(n+2)|q| +z(mrs)'q' ' (68)

—00

where g* is the complex conjugate of g and the conserved quantities are given by Egs. (2,3),

while, the Hamiltonian is given by:

1 2 b, 2n+2 b, 2n+4 bs 2n+6
H= - - — dx. 69
_{iaqul 2(n+1)|Q| 2(n+2)|Q| 2(n+3)|q| X (69)

Now, substituting (6) into (68) and using the formula (8); consequently, the Lagrangian (68)

reduces to:

* continuation
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L2 L), )

+ak? (t)]lo.z,o —%aAZ(t)B3 ()lo0,2

9 2B(t)\ at dt 70)
. b1A2"+2(t) . b2A2”+4(t) . by A2n+6 (t) ;
(2n+2)B(t) **™*° " (2n+4)B(t) ¥ (2n+6)B(¢) ¥
For such a pulse form, given by (6), we have the integrals of motion as:
A2(t)
E=—21y50, 71
B(t) 020 (71)
242(t)x(t)
M= , 72
B() 020 (72)
while the Hamiltonian is given by:
b A2 (t)
B4(t)I 2(t)]y g0~
. a2(¢) aB*(t)loo+ax?(t)lpz0 (2n+2) 0,2n+2,0 )
- B(t) _bZAZrH—Z(t) byAn+4(t)

(2n+4) 0,2n+4,0 _W 0,2n+6,0

3.2. Parameter dynamics
In this subsection, we derive the dynamic system by introducing the following EL equation:

oL oL

g _d|%g =0, (74)
Oop dt\ op,

where p is one of the five soliton parameters A(t), B(t), X(t), x(t) and 6y(t),

respectively. Substituting (70) into (74) to get the following dynamic system:

[ do,(t dx(t
_ c(;t( )+r<(t) ds_“ ) :aKZ(t)_IO,Z’O +aB4(t)ly g, 75)
—by A2 (€)1 2n12,0 — b2 A?+2 (€)1 3n 4,0 — D3AZ4 () g gn 6,0 =0,
[ do,(t dx (t ] 3
o) () T (0) 2030 (e .
by A (t)loaniz0  DaAP2(t)lognian  D3A?4(t)Ioani60 0
(2n+2) (2n+4) (2n+6) ’
2 dA(t) 1 dB(t)+ 1 dK(t):O' 77
A(t) dt  B(t) dt «k(t) dt
dx (t)/dt =—2ax(t), (78)
dA(t) _ A(t) dB(t). 79)
dt  2B(t) dt

The equations (75)-(79) represent the general forms of the soliton parameter dynamics of
Eq. (67) for the pulse form given by (6). The dynamic system (75)-(79) can be reduced to
become:
Sax2(t)(n3+6n2+11n+6)I; 5o +(3n3 +19n2 +38n+24)b A2 (t )1 5,2
doy(t) [+(3n3 +19n2 +37n+21) b, A2+2(t) Iy 5. 4.0 ]
dt 5(n3+6n2+11n+6)ly,, (80)
(3n3 +19n2 +36n+20) b3 A21+4 (t) Iy 5,60
5(n3+6n2+11n+6)I;,,

’
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(2m3 +11n2 +17n+6)by A2 (t) Iy 2,2 4
B(t) - +(2n3 +11n2 +18n+9) b, A20+2(t )1y 5, 4.0 81)
+(2n3 +11n2 +19n+10) b3 A2n+4 () I 5,60
Sa(n3+6n2+11n+6)l,
dx(t) =—2ax(t), (82)
dic(t)
=0, 83
I (83)
=K. /B(t), (84)
where the constant K is proportional to the square roots of the energy.
3.2.1. Super-Gaussian pulses. For super-Gaussian pulses, we set f(s)=e-s*", m>0. Then,
the integrals of motion are given by:
2
A (t) ( ) (85)
mB(t)
FAOK(E) sy 1) o)
mB(t) 2m
and the Hamiltonian is given by:
amB4(t)(2m—1)F(1 —i) ) aKz(t)F(i)
A2 (t) 2(2m-1)/2m 21/2m
HZmB(t) b Az ()01 pazm2 (L) poazra(e( L) (87)
! ()(Zm)_z ()(Zm)_3 ()(Zm)
(Zn I 2)(2m+1)/2m (2” n 4)(2m+1)/2m (2]’1 + 6)(2m+1)/2m

Also, we have the evolution equations for the pulse parameters (80)-(84), which reduce to:

[Sax2(t)(n3+6n2+11n+6) ]
1
doy(¢) 1 +(3n3 +19n2 +38n+ 24 )by A2n (t)(n+1) 2m
= X 1| (88)
e 5(m3+6n2+11n+6) |, (3p3 41902 +37n+21)b,A232(¢)(n+2) 2m
1
| +(3n3 +19n2 +36n+20) bgA2n+4(t)(n+3) 2m |
AZn(t)[‘(i)
Bt(t)= m/
Sam(2m—1)(n3+6n2+11n+ 6)25_11“(1 —Zi)
m
[(2n3 +11n2 +17n+6)b,
(n+1)/2" (89)
. (2n3 +11n2 +18n+9)b,A2(t)
(n+2)/2" ’
2n3+11n2+19n+10)b; A% (t
X oyt (1)
S ey
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didgt) — _2ax(t), (90)
de(t)_
a .
(t)=K/B(t). (92)

3.2.2. Super-sech pulses. For super-sech pulses, we set f(s)=sech?m(s), m>0. Then, the

integrals of motion are given by:
_JmA2(t) T(2m)
B(t) F(Zm +%),

_2mA2(t)x(t) T(2m)
CO P .

(93)

and the Hamiltonian is given by:

H= ‘j; ((tt)) [2amB4(t)

2
><|:2F1(1,—2m_1,2m+1,_1)_1_ 4'm \/;F(Zm) ]

(4m+1)l“(2m+%)
+ar<2(t)\/;F(2m)
F(2m+%)
by A2 (t) \JaT(2m(n+1))
(2n+2) F(Zm(n+1)+%)
byA2+2(t) /2T (2m(n+2))

(2n+4) p (Zm (n+2) +%)

byAzn+4(t) Nzl (2m(n+3))
(2n+6) F(Zm(n+3) 2)

(95)

Also, we have the evolution equations for the pulse parameters (80)-(84), which reduce to:
[Sax2(t)(n3 +6n2+11n+6)T'(2m) ]

F(2m+l)
2
(3n3 +19n2 +38n+24)b; A2n(t)T'(2m(n+1))
1 1
Tl2m+= F(Zm n+1 +7)
dHO(t): (m+2) ( ) 2 (96)
dt  5(n3+6n2+11n+6)I'(2m)| (3n3 +19n2+37n+21)b,A20+2(t)[(2m(n+2)) |
F(Zm(n+2)+%)

(3n3 +19n2 +36n+20)b3A21+4(t)T'(2m(n+3))

F(Zm(n +3)+ %)
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B4(t)= An(t)r
10am(n3 +6n2 +11n+6)| ,F; (1,-2m-1,2m+1,-1)-1- 4m2\/;l‘(2m)
(4m+1)l“(2m+%)
[(2n3+11n2 +17n+6)b,T'(2m(n+1)) .\ (2n3 +11n2 +18n+9)b,A2(t)T(2m(n+2)) | (97)
) F(Zm(n+1)+%) F(Zm(n+2)+%)
(2n3 +11n2 +19n+10) b;A% ()T (2m(n +3))
F(Zm(n+3)+%)
dydgt) =-2ax(t), (98)
dre(t) _
iV (99)
(t)=K/B(¢). (100)

3.3. Perturbed NLSE
The governing model of such an equation is written as:

iG, +ady +(by|a" + oo + by o |a=ieR[a.0°] (101)
where R[q,q"] is given by:

R= 5|q|2mq+ oq, + Bq,, +l(|q|2mq)x +9(|q|2m )Xq +6|q|2m qy

x (102)
-iE(q2q}), —inq3q* —iCq*(q?), —w(lql ) q+(o1q+0,0,) [ " ds,
and €,6,a,6,1,0,0,6,n,4,1, o, and o, are constants. From (6) and (16010),we have:
R-= A(t){éAZm(t) fame1 (s)+ aB? (t)dfd—(ss)
[(2m+1)2+2m0 + o] A2m(¢)B2(t) me(s)dfd_(:)
2 £(5) 2( - - 40)A2(e) B2 (e () p2(5) L)
+A2m(t )|:61f s)+0,B2(t }
e (6)(5) 2 )82 () L) (103)
s (e) s (5) 25 o 26) (04 (0) (9 L)
+(&—4¢ —n)A2(t)x2(t) £3(s)
v2mpin(0)82(¢) yon (5) L (S)+02A2m( j fom(s H

xexp{—i%s%—i@o(t)}.
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3.4. Parametr dynamics
In this subsection, we derive the dynamic system of Eq. (43) by introducing the following EL

oL oL o x
_g_i[_g]:,-f i (Rai—R*a—qjdx (104)
Oop dt\ op, U op op

equation:

where L, is given by (70) and p is one of these same five parameters A(t), B(t), X(t),

k(t) and 6,(t), respectively, while R* is the complex conjugate of R. Now, we have the

following dynamic system:
{dgg—t(t)Jr K(Q%”’fz (t)}lo,z,o +aB*(t)1g02 —b1 A% (¢)Ig 20,20

—byA2n+2(t) Iy 5y, 4.0 — D3AZ1+4 ()] 20460

+2€(i+O—)A2m(t)’((t)]0,2m+2,0
+26 A2(t)B4(t)(2& +1+28 ) 0 +2ex2(t) A2(t)(E =1 —4C ) g 400

dy(t dx (t 3
[—c(;t( ) + K(t)d—£)+ax2(t)} loz.0 _5084 (D)oo

by A2 () loaniz0  DaAP2(E)lggnia0  D3AZ4 ()10 20160
(2n+2) (2n+4) (2n+6)
=4e i (t)B(t) 150, +4emuA2m (¢)B(t )52,

{A(t)rc)(t) dA(t) A2(t)dx(t) A2(t K()t) dB(t)}IO .

B(t) dt 2B(t) dt 2B2(t) dt

(106)

2¢5A2m+2(t )i (t) I pns2.0
B(¢)
26 BA2(t)K3(t) g0 2501142"“2(t)K(t)Io,z,oJ.iwfzm(S)ds
B(t) " B(t) ’
a2 t)[@uak(t)}zm:o, (108)

0]
2B(t)| dt

{A(t) dA(t)  A(t) alB(t)}020

B(t) dt  2B2(t) dt

(107)

=4eBA2(t)B3(t)x(t) Iy, +

(109)
X
_28Am2(6) o100 20PA(E)R2(E)lg50 2 O1AM ()oz0] " f2m(s)ds
) B(t) B(t) B(t)
Egs. (105)-(109) represent the general forms of the soliton parameters dynamics of
Eq. (101) for the pulse form given by (6). The dynamic system (105)-(109) can be reduced
to become:
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6ac | () + oe(£) 420 (€) [ £2m(5)ds |l

—00

dy(t) | +ax? (t)[SaIO,O_2 —4cA2(t)(26+n+ 24)10,2,2]

de [Salyg,—4eA2(t) (26 +0+20)oys ]
4eB [ﬂK Y02 +muA2m(t )12,2m,2:|
lo 20
byA2n(t) g on 20 a(3n+4) lo2 — 26 A2()(26 +7+2C ) Lo, ]
(n+ 1)[5a10_0_2 —4eA2(t) (25 +n+ 24’)10,2‘2]10_2,0
. byA21+2 (£) ] 5 [a(3n +7)y02—2cA2(t)(25 +n+ 24)10,2,2]
(n+2)[5aly —45A2(t)(2§+n+ZC)Iozz]Iozo
Z(n +3)[5al0 02 45A2(t)(2§ o +2§)IO 221020
dx(t)
dt
dic(t 8€[ﬁ’< )lo,02 +MuAZR () 1o 5 5 [B4(t)
dt Iy20

dB(t) _ ZB(t)dA(t)+4gﬁB(t)K2(t)

dt A(t) at

4e5A2 (t)B(t)lo2ms2,0
—4ec A2 (£)B(t) [ fom(s
loas (t)B( _fw (s)d

z{aK(t)mZK(t)AZm(t) jfwfzm(s)ds}zm
Ealoyo,2 —2eA2(t)(26 +1 + 24’)10'2'2}

.  (2n+1)by A2 () o 5012 _
(2n+2) galo’olz—ZfAz(t)(ZfﬁLU“LZg )Moz,

(110)

=-2ax(t), (111)

: (112)

(113)

B4(t)=

(2n+3)byA22(t) 1y 440
2‘11002 26A42(t)(28 +77+2§)1022
(2n+5)bsA2+4 () Ig 20460
(2n+ 6):35110‘0‘2 —2eA2(t)(28 +n+ 25)10,2,2:
L 20(240) A2 (0)x(6) o g + 26K2(8) A2(6) (€ ~1 =4 ) Lo 40
[ Salggy ~2042(0)(2 +1+20 )y |
4e P () B(t) 502 —4emuA2m (¢) B(t) Iy m,
BGIO,O,Z —2¢A2(t)(26 +n +2§)Io,2,2} |

+

(2n+4

~—

(114)

+
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3.4.1. Super-Gaussian pulses. For the super-Gaussian pulses, the dynamic system (110)-(114)

)}2(12m)/2m}

reduce to:

{6%{0”((15)+0'2K(t)A2m(t)(2m)(Zmﬂ)/zml"(
dgy(t)

1

+ar2 (t)[ 5a2(1-2m)/2m — ¢ A2 (£ )(2£ +n +2¢ ) 2(1-m)/m]

7’2mxzm
2m

dt

+e(2m+ 1)B(t){ﬂr<(t)+

muA2m(t)
(m 4 1)(1+4m)/2m

|

 byA(t)[a(3n+4) - eA2(¢)(2& +n +24 )201-2m)2m |

(n+ 1) B2/ 50 g2(£)(2 +1 -+ 24 )2 1+4m)/2m]

b, A2n+2 (t)[a(Sn +

7)—€A2(t)(2& +n+24 )2(1-2m)/2m |

(n+2) ™M 5q _ e a2(£)(2 +n+2¢ ) 21/2m ]

[ 5a2(1-2m)/2m — £ A2 (£)(2& +1 + 24 ) 2(1-m)/m |

_ byAZn+t ()] (3n+10)a —4e A2 (t) (2 +1 + 24 ) 201-2m)/2m |

(n+3)2W/ 2 50 _ cp2(¢)(28 +1+ 2 ) 21/2m |

dk(t)

m(2m—1)e2(1+2m)/m [ﬂrc(t)+myA2m(t)(m + 1)21,11}(

dx (t)
dt

=—2ax (t),

1—i)34(t)

2m

(115)

(116)

dc

dB(t) _

2B(t

"(an)

) dA(t)

dt

A(t)

4e5A2m (t)B(¢t)

" +4¢ BB(t)K2(t)

1
4ec, A2m(t)B(t)T| —,2mx2m
coA2m(t)B(t) (Zm mx )

., (117)

(118)

(m+1)

Z{aK(t) +oyik () A2m (t)(2m)

1/2m (Zm)(1+2m)/2m

_(2m+1)

sz

e

1

an)

B4(t)

+

m(2m—1)[‘(1 —;n)|:502

(1-2m)

(2n+1)b1A2n(t)r(i)

Cm —eA2(t) (28 +m+20)2

(3

m
m

2

4m)

(1+2m)

m(2m-1)(n+1) >

5a2

(1-m)

A2 (t)(2E 4420 )2

(3-2m)

2m

(2n+3)b2A2"+2(t)F($)

+
m(2m-1)(n+2) *"

(me) [

(1-m)

Sa2 ™ —eA2(t) (28 +n+28)2

continued on next page

(3-2m) ]
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(2n+5)b3A2n+4(t)F(i)

+ (2m+1)

m (3-2m)
m(2m-1)(n+3) " {&Q n_eA(t)(28+n+20)2 o }(1_21)
m

L46|:(/1 +G)A2m(t)l((t)27a (m+1)71/2m + K-z(t)AZ(t)(§ -n _4_4/)21/m:|1"(21n) (119%)

' (1-2m) (1-m) 1
m(Zm—l){SaZ Zm —eAZ(t)(2§+77+2§)2 m :lF(l—zm)

e(2m )] pe(e)B(e)-myed2n (6)B(e)m4 1 4/ Jr( L)
)

(1-2m

(3-8m) ’
m(2m—1)|:5a2 mo —4eA2(t) (26 +n+28)2 2 }F(l—zl)
m

where T'(a,x) is the incomplete gamma function.
3.4.2. Super-sech pulses. For the super-sech pulses, the dynamic system (110)-(114) reduce to:

2 4m2
6a€{aK(t)+_62K(t)A "{)sechin (X)[zlﬁ (1,2m2,1+2m2,sech2(x))ﬂ
2m 2
2
x 2F1(1;—2m—1,2m+1,—1)_1_ 4m \/;F(Zm)l
doy(t) _ (4m+1)F(2m+E)
dt 2
10am 2F1(1»—2m—1,2m+1,_1)_1_ 4m \/;F(Zm)
(4m+1)1"(2m+%)

4me A2(t)(28 +1+2 )] oFy (1,-4m-1,4m+1,-1)-1]
- (1+4m)

(4m+1)F(2m+%

4m2~/zT (2m)
)1

1Oam[2F1(1'—2m—1,2m+1,_1)_1_
(120)

ax2(t)
4me A2(t)(28 +n+24 )| ,Fy (1,—4m—1,4m+1,-1)-1]
(1+4m)

(4m+1)l"(2m+%

4m2/zT(2m)
)1

10am!2F1(1,—2m— 1,2m+ 1,_1)_ 1-

4me A2(t)(2& +n+24 )| oF (1,-4m—1,4m+1,-1)—1]
(1+4m)

42mm25F(2m+%)B(t)ﬂK(t)

* Jrr(2m)

4F3(2m,2m,2m, 2+ 4m;1+ 2m,1+2m,1+ 2m;—1)

m3
16 4F5(1+2m,1+2m,1+2m,2+4m;2+2m,2+2m,2 +2m;-1) |

) [1+2m]
4F3(2+2m,2+2m,2+2m,2 + 4m;3 + 2m,3+ 2m,3 + 2m;—1)
[1+m]’

continued on next page
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4fm3,ul"(2m+ %)B(t)AZm (t)42(m+1)m-1
JrT(2m)

+

2(m+1)m,2(m+1)m,2(m+1)m,2+4(m+1)m;
B 1+2(m+1)m1+2(m+1)m,1+2(m+1)m;
-1

m3(m+1)’
1+2(m+1)m1+2(m+1)m1+2(m+1)m,2+4(m+1)m;
16| 4F;| 2+2(m+1)m,2+2(m+1)m,2+2(m+1)m;
-1

[1+2(m+1)m]’
2+2(m+1)m,2+2(m+1)m,2+2(m+1)m,2+4(m+1)m;
W 3+2(m+1)m3+2(m+1)m3+2(m+1)m;
-1

|:1 +(m+ l)m]3

2am(3n+4)by A2 (£)N7T(2m(n+ 1))F(2m +%)
F(Zm(n+ 1) +%)

4m2/zT (2m) (120%)

1
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4. Conclusions
This paper recovered the soliton parameter dynamics when the SPMs have polynomial and

triple power-law forms. The results of the current paper are extensions of the previously
reported works with power-law and dual-power law [1, 4]. The results are thus very
interesting and serve as a gateway to additional research activities that can be carried out
with these parameter dynamics. The study of collision-induced timing jitter, four-wave
mixing, and several other phenomena can be addressed with these parameter dynamics. The
stochastic perturbation of solitons can also be studied when the perturbation terms are
random and their statistics are specified.

These parameter dynamics can also be recovered for additional forms of SPM. These
would include anti-cubic and generalized anti-cubic forms, quadratic-cubic forms and
generalized quadratic-cubic forms of SPM, and finally, Kudryashov’s several proposed forms
of SPM. The research activities are currently underway. The results of such activities are
awaited at the moment, and when they are available, they will be disseminated after aligning
them with pre-existing ones.
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AHomayis. Y cmammi 8i0Ho8/1eHO JuHAMIKYy napamempis cynep-2ayccosux I cynep-cekaMc-
einep6oaiyHUx  imMnyaecie 0451 36YypeH020  HeAiHillHozo  pieHsiHHA  lllpediHzepa 3
NOAIHOMIAALHUM [ mpucmyneHe8uM 3aKOHAMU HeJiHiliHocmi. /JluHamiyHa cucmema
8idHo8/1eHa 3a donomozok sapiayiliHo2o npuHyuny.

Kawuoei cnosa: conimonu, eapiayitinuti npuHyun, 36ypeHe HeAiHiliHe pigHsiHHs LlIpediHzepa,
pisusinus Elinepa-Jlazpauca
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