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Abstract. This work theoretically tested the possibility of expanding the spectrum of vortex charges generated
using multi-cascade optical systems based on LiNbOs crystals twisted around their optical axis. As a result,
analytical expressions for the electric field parameters of the output optical wave were obtained for the four
main types of elementary cascades that allow the generation of vortices with charges +1 and -1 and also
provide the matching of adjacent cascades in the multi-cascade optical system. At the same time, it was shown
that when using the appropriate number of sequentially located cascades, each of which belongs to a certain
type from the above, it is possible to generate a vortex beam with arbitrary integer vortex charges, including
zero. Using the proposed cascade system, one can operate the outgoing beam parameters. This system can be
used at the vortex beam multiplexing for information transfer.
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1. Introduction
Using composite vortex beams increases the data transfer rate to hundreds of Gbit/s [1] and,

with multiplexing and demultiplexing, to several Tbit/s [2]. Therefore, in the last few years,
considerable attention has been devoted to searching for opportunities to generate
composite vortex beams, their modulation and demodulation, and multiplexing and
demultiplexing. In particular, in the work [3], the possibility of generation and modulation-
demodulation of optical vortex beams with different charges using a spatial light modulator
with a loaded complex hologram was demonstrated. A liquid crystal spatial light modulator
was used to form vector-vortex beams, as well as a laser with applied concentric rings on the
resonator mirror [4-6]. The work [7] was devoted to the problem of generating optical
vortex beams and their multiplexing and demultiplexing. The obtained results demonstrated
uninterrupted transmission of information. However, the above generation, modulation, and
multiplexing methods of composite beams require high-technologies. In addition, most of
these devices are passive, using pre-made optical elements that cannot change their
parameters.

Let us review the main methods of generation of optical vortices. Optical vortices can be
generated using various experimental methods and media, including the diffraction method
on computer-synthesized forked holograms [8], spiral phase plates [9], g-plates [10], crystal
optical method using divergent incident beam [11], nanoscale metasurfaces [12], spatial light
modulators [13], etc. Today, one of the main methods of generating optical vortices is the use
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of the so-called g-plate - a linear phase plate retarder with a phase delay of @, where the
main axis of the retarder repeats g times the azimuthal angle ¢ [14]. These g-plates are
characterized by the strength of the topological defect of director orientation q and generate
an optical vortex with an orbital angular momentum (charge) equal to [=2q [15].

Another fairly promising method of generating optical vortices is using anisotropic
inhomogeneous media under certain external influences [16-18] - particularly, a crystalline
sample mechanically twisted around a certain crystallographic direction. Thus, in particular,
in work [19], it was experimentally established and confirmed by theoretical calculations
that when an initially Gaussian beam propagates in an optical system consisting of a right
circular polarizer, a uniaxial LiNbO3 crystal twisted around its optical axis and a left circular
polarizer, an optical vortex with a unitary topological charge appears. In turn, work [20]
theoretically demonstrated that the output optical beam emerging from the optical system
consisting of a right circular polarizer, cubic KAI(S04)2x12H20 crystals twisted around the
[111] direction, and a left circular polarizer should bear a single-charged optical vortex.
However, in the above work, the parameters of the output optical waves were calculated
using only numerical methods.

Testing of the assumption that using several devices for generating optical vortices in
an optical system under certain conditions can lead to a significant expansion of the
spectrum of charges of generated vortices has been carried out for g-plates in work [14].
This work has implemented approaches to add, subtract, or change the sign of commercially
available g-plates with topological strength of defect equal to 1/2 and 1, which involve
various combinations of g-plates with half-wave plates in optical systems equivalent to a
certain single g-plate. As a result, it has been theoretically shown that for these optical
systems using collimated incident beam and N g-plates with different topological strengths
of defect, it is possible to obtain 3" different combinations of g values. On the other hand, one
can assume a similar effect by using torsion-stressed crystalline elements. However, the
torsion-stressed crystalline rods differ from the g-plates in terms of the linear radial
distribution of the phase difference, which can be operated by the applied torque moment.
Such a distribution does not characterize the g-plates, while the phase difference in these
plates can only be fine-tuned by the applied bias field [21]. Thus, in the presented work, we
will analyze the overall properties of multi-cascade optical systems with torsion-stressed
LiNbOs3 crystalline elements placed in them and demonstrate their arithmetic properties in
generating optical vortices and composite vortex beams.

2. Method of analysis
Consider a cylindrical sample with length d and radius R made of a LiNbOs3 crystal belonging

to the point symmetry group 3m. Its axis coincides with the optical axis of this crystal and
the x3 axis. The basis vectors of coordinate system xi1xzx3 coincide with eigenvectors of the
dielectric impermeability tensor. If the torque moment M is applied to the ends of this
cylindrical sample, and its side surface is free of loads, the following nonzero components of
the mechanical stress tensor (second rank polar tensor with internal symmetry [V2]) appear
as aresult [22]:

2M 2M .
032 =023 = TC0SQ, 031 =013 =" L rsing, (1)
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where r and ¢ represent, respectively, the radial and azimuthal coordinates of the polar
coordinate system

X{ =rcos@

{xi:rsingo' (2)
The presence of non-zero components of the mechanical stress tensor leads to the
appearance of the piezo-optical effect described by the relation:

ABjy = TijtsOs » (3)
where AB;, is the piezo-optical contribution to the optical dielectric impermeability (second
rank polar tensor with internal symmetry [V2]); 7, is the piezo-optical tensor (fourth rank
polar tensor with internal symmetry [V2]2). Given that the piezo-optical coefficients tensor
for the point symmetry group 3m has the form:

Tikes | 911 %22 933 923 013 %12

AByy |y mz w3 me O 0

AByy | Mz 7wy mz —mp 0 0

ABy3 | w3y 73y 733 00 o (4)
AByz | 741 a1 0 gy O 0

AB; | 0 0 0 0 my 21y

AB;, | O 0 0 0 my mpy—7p

the equation of the optical indicatrix can be written as:

((B11)o +714023)%F +((B11)o — 714023)%5 + (B33)o X5

(5)
For a cross-section in the plane x;3 = 0, Eq. (5) reduces to the form
((By1)o +714023)%% +((By1)o — 14023)X3 +2714013%, X, =1. (6)

Given that (B;1)y =1/n3, where nq is the ordinary refractive index for a non-twisted LiNbO3

crystal, the main refractive indices for a twisted cylindrical LiNbO3 crystalline sample can be
found from Eq. (6)

Mn3
T
Thus, the birefringence of this twisted sample is equal to:
2Mn3r
An=n; —n, =—0"14p 8
i 8)
In turn, the phase delay for this twisted sample can be written as:
4dMn3
AT =2zdAn /2 = ~220014 o Ay 9)
AR4
2dndry,

where the quantity 4= = const . Finally, the angle of rotation of the optical indicatrix

around the x3 axis is equal to

0 =0.Sarctan[&J:O.Sarctan[sng]:O.S(p. (10)
073 Cos@

Therefore, using the relationship for the Jones matrix of an arbitrary phase retarder [23]
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cos(Al'/2)+isin(AT/2)cos(20) | isin(Al'/2)sin(20)

PR {_""i_si_r;(_A_F_/_Z_);i_n_(ééj """ 1 cos(AT/2)~ i s_ir_lfﬂl:if)_c:)_sa@} o (1)
it is possible to write down the Jones matrix for a certain unit cell with polar coordinates
(r,p), where 0<sr<R, 0<¢@<2m of the above-mentioned torsion-stressed LiNbO3
crystalline element:

{cos(AMr)+isin(AMr)cos(q)) I isin(AMr)sin(¢) }

T= .

isin(AMr)sin(¢) -;r cos(AMr)—isin(AMr)cos(p) (12)

3. Results and discussion
Optical systems of the elementary (single) cascades: T+-, T++, T-tand T-—, are presented

in Fig. 1. Here, the first superscript index sign indicates the sign of the outgoing wave's
orbital angular momentum, while the second superscript index indicates the sign of the

outgoing optical wave's circular polarization ("+" lefthanded, "-" righthanded).
T owP~ P owpt

Fig. 1. Optical systems of single-cascades T+~ (a), T+t (b), T-* (c), and T~ (d) for the torsion-
stressed LiNbOs crystalline element T. QWP+ and QWP- are quarter-wave plates, the fast axes (FA) of
which are located, respectively, at angles of +m/4 and - m/4 with respect to to the X1 axis; P is a linear
polarizer with a transmission axis (TA) parallel to the X axis.

For single cascades T+- (Fig.1a) and T++ (Fig.1b), we choose a left circularly polarized
optical wave propagating along the optical axis of a twisted cylindrical LiNbO;z crystalline
sample as an input optical wave. The Jones vector of the electric field of this optical wave is
determined by the relation
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1|1
E=5l5 | (13)

In the case under consideration, the Jones vectors of the electric field of the output optical
waves for a single cascades T+~ and T++ are written, respectively, as

Egue = Jowp+JpJqwp-JTE L, (14)
Egue = ]QWP—]P]QWP—]TEL' (15)
where the Jones matrices QWP+, QWP- and P are, respectively,
Jque: =iFT’i}J : =i{—1.—i—_11,1 {O—ig}. (16)
N LR SN R Y A [

After the appropriate matrix transformations of relations (14) and (15), we obtain the Jones
vectors of the electric field of the output optical waves, which are determined, respectively,
by the relations

E} . =sin(AMr)exp(i(p+ 7 / 2))ER, (17)
E} =sin(AMr)exp(i(p — 7 / 2))E,, (18)
where Ey is the Jones vector of the electric field of a right circularly polarized optical wave:
1 1
Ep :$|:———I-:| (19)

As can be seen, after passing through single cascades T+~ and T++, the optical wave remains
circularly polarized but acquires a radial distribution of intensity I~ sin2(AMr) and a non-

uniform phase delay ® =Ip+®,, where [=1. Moreover, for the single cascade T+-, the
phase delay ®,=r /2 is introduced by the last quarter wave plate QWP+, and for the single
cascade T++ the phase delay ®,=-x /2 is introduced by the last quarter wave plate QWP-.

In addition, in the case of a single cascade T+-, the optical wave changes the sign of circular
polarization from left to right. Finally, when the incident optical wave has a left-handed
circular polarization, the cascades T+- and T++ generate a vortex beam with a charge equal
to +1.

Instead, for single cascades T-+ (Fig.1c) and T—— (Fig.1d) we choose a right circularly
polarized optical wave that propagates along the optical axis of a twisted cylindrical LiNbO3
crystalline sample as an input optical wave. As indicated above, the Jones vector of the
electric field of this optical wave Ej is determined by relation (19).

In turn, the Jones vectors of the electric field of the output optical waves for single cascades
T-+ and T-- are equal, respectively, to

o =J gup- T 0 gypr J7E (20)

out
Egue = Jowp-JpJowp+JTER - (21)
After the appropriate matrix transformations of relations (20) and (21), we obtain the Jones
vectors of the electric field of the output optical waves, which are determined, respectively,
by the relations

E; . =sin(AMr)exp(i(—p+n / 2))E; . (22)

out

Ey =sin(AMr)exp(i(—p— 7 / 2))ER. (23)

out
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Thus, after passing through single cascades T-+ and T-—, the optical wave remains
circularly polarized, but acquires a radial distribution of intensity I~ sinZ(AMr) and a non-

uniform phase delay ® =Ip+®,, where [=-1. Wherein for the single cascade T-+, the
phase delay ®, =7 /2 is introduced by the last quarter wave plate QWP- and for the single
cascade T—- the phase delay ®,=-7/2 is introduced by the last quarter wave plate QWP".

In addition, in the case of a single cascade T—+, the optical wave changes the sign of circular
polarization from right to left. Finally, a single cascades T-+ and T-— generates a vortex
beams with a charges equal to -1.

Taking into account the structure of relations (17), (18), (22), and (23), for N sequentially
arranged single cascades of the above types, which use twisted cylindrical LiNbO3 crystalline
samples with the corresponding constants Ay, .., Ay and the torque moments My, ..., My, at the
output, a circularly polarized optical wave with a radial distribution of intensity

I~ ﬁsinZ(AkMkr) is obtained.
k=1
Let us consider the sequence of the different single cascades. It should be noted that when
building such a multi-cascade optical system, the matching between adjacent single cascades
must be ensured: the sign of the circular polarization of the output optical wave of the
previous single cascade must coincide with the sign of the circular polarization of the input
optical wave of the next single cascade. In this regard, we recall that after passing through
single cascades T++ and T-—, the optical wave remains, respectively, left and right circularly
polarized. In contrast, after passing through single cascades T+- and T-+, the sign of
circular polarization changes, respectively, from left to right and from right to left.
(1) The sequence of cascades T++T++ lead to the transformation of the quantum
state|o,l) (o =n is the spin angular momentum) as |4,0) = |%,2).
(2) The sequence of cascades T-—T— lead to the transformation of the quantum state as
|-1,0) = |-h,-2).
(3) The sequence of cascades T+-T-+ lead to the transformation of the quantum state as
|7,0)=|7,0).
(4) The sequence of cascades T-+T+- lead to the transformation of the quantum state as
|-#,0) =|~7,0).
(5) The sequence of cascades T+-T-- lead to the transformation of the quantum state as
|7,0)=|-,0).
(6) The sequence of cascades T—+T++ lead to the transformation of the quantum state as
|-1,0)=>|1,0).
In cases (1) and (2), using the multi-cascade optical system results in the multiplication of
the orbital angular momentum. It is obvious that utilizing N cascades in these cases will lead
to the generation of optical vortices with a charge equal to +N. In the third and fourth cases,
the quantum state of the incident beam does not change. In the fifth and sixth cases, the
quantum state changes, such as the spin angular momentum changes its sign, but an optical
vortex is not generated.

N
Theoretical calculations of radial distributions of parameters I~ HsinZ[AkM «r) (Fig.2) and
k=1
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& —-@, =lp (Fig.3) for the output optical wave were carried out on the example of single-

cascade and two-cascade optical systems (e.g. case (1) or (2)) according to the following
data: R=3x103m, d=13x103m, M=63.77x103mxN [18], no=2.28647 [24],

14 = 8.87x10-13 m2xN-1[25],1 = 632.8x10-° m.
1 a.u.

0.7

10 00 1.
X, 10° m

Fig. 2. Radial distribution of parameter I for the output optical wave in single-cascade optical systems

(open circles) and two-cascade optical systems with M| =M, M, =M (diamonds); M; =M,

M;=M, My =3M (crosses); M{ =M, M, =4M (squares); M;=M,

M, =2M (triangles);
M, =5M (full circles).

2.0

0.0 1.0

3.0 ' '
0 -LO s
X, 107 m

Fig. 3. Coordinate dependence of phase ® —® for the output optical wave in single-cascade optical

systems with =41 (1), I=-1 (2) and two-cascade optical systems with I=0 (3), [=+2 (4),

[=-2 (5).
02105
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It is seen (Fig. 2) that at the chosen parameters, the single-cascade system does not produce
a well-definite doughnut mode with a dark center and bright ring barrier. For this, increasing
the torsion moment or the sample length is necessary. Nonetheless, the single-cascade
configuration produces the single-charged optical vortex (Fig. 3). The two-cascade system
can lead to the appearance of an optical beam, as Gaussian, as well as those that bear a
double-charged vortex (Fig.3). At the appropriate choice of torsion moment applied to
different samples, e.g, M; =M, M, =3M, one can generate a perfect, well-defined doughnut

double-charged vortex beam with a bright single-ring barrier (Fig. 2). The cascade system
presented in this work differs from the cascaded g-plates [14] by the existence in the
Egs. (17), (18), (22), and (23) and in the equation for the N-cascade system of the type
multiplier sin2(AMr), which permits one to operate by the parameters of the output beam
by applying torsion moments (Figs. 2,3).

It should be noted that, with the aim of multiplexing, the generated vortex beams with
defined charges can be deviated from the system using splitting optical elements for
modulation and then mixed into one composite vortex beam for delivery at the receiver's side.

4. Conclusions
This work theoretically analyzed the possibility of generating vortices with different charges

using multi-cascade optical systems that use torsion-stressed cylindrical LiNbO3 crystalline
elements. Thus, analytical relations were obtained for the Jones vectors of the electric field of
the output optical wave in the case of four main types of elementary cascades. These allow
for generating vortices with charges +1 and -1. It has been shown that with the help of only
these four types of single cascades, when using the appropriate number of sequentially
located cascades of one type, the generation of vortices with arbitrary integer charges can be
realized. So, in particular, a two-cascade optical system allows the generating of optical
vortices with charges -2, 0, and +2 depending on the number of cascades of a certain type.
This approach can be easily implemented experimentally since it only combines torsion-
stressed LiNbOs3 crystalline elements with quarter-wave plates and polarizers.

Moreover, to change the type of a certain defined single cascade, it is enough only to switch
to the opposite diagonal orientation of the fast axes of the quarter-wave plates of this
cascade. The cascade system presented in this work differs from the cascaded g-plates in
terms of the possibility of operation by the outgoing beam parameters. This system can be
used at the vortex beam multiplexing for information transfer.
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AHomayisa. Y yiii pobomi meopemuyHo nepegipeHa MONCAUBICMb PO3WUPEHHS CheKkmpy
3apsadie onMuYHUX 8UX0pi8, CMEeopeHUx 3a doNoMo20t0 6a2amoKkackadHux onMU4YHUX cucmem
Ha OCHO8I CKpyYeHUX HA8K0.10 onmu4Hoi oci kpucmauxie LiNbO3. Y pesysomami ompumaHo
aHaaimuy4Hi eupasu 05 napamempis e/eKmpu4Ho2o hoJs euxidHoi onmuuHoi xeusi 04
4oMupbOX OCHOBHUX MUNi8 efeMeHMapHuUx kackadis, wo do380.1910mb 2eHepy8amu 8UxXopu i3
3apsidamu +1 ma -1, a makoxc 3a6eaneuyromo Y3200MHC€HHs CYMIiXCHUX Kackadige y
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MYAbMUKACKAOHIU onmuuHiii cucmemi. [Ipu ybomy 6y/n0 NOKA3AHO, WO Npu BUKOPUCMAHHI
8i0n08IdHOI Kinbkocmi noc/iido8HO po3mawo8aHUX KAckadie, KOXceH 3 SIKUX Hajexcums 00
neeHo20 muny 3 nepepaxo8aHux SUWE, MOXCHA 2eHepysamu 8uxXposull ny4ok 3 d08inbHUMU
yinumu 3apaoamu euxopy, 6KA04aw4u Hyab. Bukopucmosyrwuu zanponoHosaHy KackaoHy
cucmeMmy, MOXCHA Kepysamu napamempamu 6uxidHo2o npomeHs.. Lo cucmemy moxcHa
8UKOpUCMO8Yy8amMu npu My/IbIun/ekcy8aHHi 8UXp08020 ny4ka d.1s1 nepedayi ingpopmayii.

Kamwouoei cnoea: onmuuHull suxop, zejikoidanvHull xeuavosulli poHm, 3apsid euxopa,
6azamokackadHa onmu4Ha cucmema, KpymuJ/bHi HanpyxceHHs, Kpucmasu LiNbO3.
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