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1. Introduction
The concept of the concatenation model was first conceived during 2014 [1, 2]. This model is

the conjunction of three well-known equations that are commonly visible in Nonlinear
Optics. They are the nonlinear Schrodinger’s equation, Lakshmanan-Porsezian-Daniel
equation, and the Sasa-Satsuma equation. Subsequently, this concatenation model gained a
lot of momentum during the past couple of years. A wide variety of features from this model
have been addressed. They are the Painleve analysis, retrieval of soliton solutions and the
conservation laws, addressing the model in magneto-optic waveguides and numerical study
of the model by the Laplace-Adomian decomposition and recovering the quiescent optical
solitons for nonlinear chromatic dispersion (CD) by Lie symmetry and other mathematical
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algorithms. This model was also considered with spatio-temporal dispersion in addition to
the CD that was suggested to be used to control the Internet bottleneck effect. Later, the
model was studied with differential group delay where the method of undetermined
coefficients recovered the soliton solutions, and the complexiton solutions were also
recovered for birefringent fibers [3-10].

The current paper revisits this concatenation model in birefringent fibers and is
considered with the effect of white noise included. Two integration algorithms are applied to
integrate the model. These are the enhanced Kudryashov and the new projective Riccati
equations methods. These two schemes collectively recover the soliton solutions to the
model. A full spectrum of optical solitons is thus recovered. In the soliton solutions, it has
been observed that the effect of white noise appears only in the phase of the solitons along
both components of birefringent fibers. This is consistent with the observation for the scalar
version of the model with the white noise effect. The model is first introduced in the
following section. Thereafter, the derivation of the soliton solutions to the model is carried
out using the two integration algorithms mentioned. The details are exhibited in the rest of
the paper.

2. Governing model
When we examine the concatenation model within birefringent fibers, taking into

consideration the inclusion of spatio-temporal dispersion (STD) and the effects of
multiplicative white noise in the It0 sense, the expression is as follows:

iqt +a1qxx + bqut +(C1|q|2 +d1|r|2)q

+c11|:011qxxxx +{0£1 (qx )2 + ﬂl(rx )Z}C[* +(71|Qx|2 + 21 |rx|2)q +(51|CI|2 + gl |r|2)qxx

N 4 2112 4 &)
+(uaa2 + pu?) s+ (lal* + galal P+l Ja
ticy| 0 +(mlaf + 0 )a, + (2102 + 72r2)a; |+ o (a - ibya, W (¢) =0,
and
irt+aerx+b2rxt+(62|r|2+d2|q|2)r
2 AR 2 2 2 2
+612|:O-12rxxxx+{a2(rx) +ﬁ2(qx) }r +(72|rx| +22|qx| )r+(52|r| +C2|Q| )rXX
(2)

+(H2’"2 +P2q2)r;x Jf(f2|’”|4 +92|’”|2|(I|2 +h2|q|4)r}

+icy, [anrxxx + (772 |r|2 +6, |q|2 )rx + (ngZ +7,q2 )r;} + o-(r —ibyr, )Wt (t) =0.
Eq’s. (1) and (2) are the two components of the concatenation model for birefringent fibers,
as studied earlier [7]. Additionally, b; and b, come from STD, while the standard Wiener
process is represented by W (t) with o serving as the noise strength coefficient and W, (t)
representing the white noise. Also, g=q(x,t) and r =r(x,t) represent complex-valued wave

functions. The independent variables x and t represent spatial and temporal variables,
respectively. Lastly, ¢* and r* denote the complex conjugate of q and r, respectively. The
additional effects are included along the two components here are the effects of white noise
and spatio-temporal dispersion, whose coefficients are o and b; (j=1,2), respectively. In

order to address the model, we start by:
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q(x,t) =P (&)eid(xt), 3)

r(x,t)=Py(&)ei(xt). (4
Here we can describe the wave variable £ as being

¢ =k(x-vt), (5)

where k is wave width. Representing the amplitude components of the soliton solutions,

Pl(f), [1=1,2, and describing the soliton speed as v, we also provide a definition for the
phase component ¢(x,t):
p(x.t)=—kx+ot+cW(t)-o2t+0,. (6)

Within this context, k¥ takes on the role of denoting the wavenumber, o is the frequency, o

signifies the noise coefficient, and 6, is indicative of the phase constant. Through the

substitution of Egs. (3) and (4) into equations (1) and (2) and the subsequent decomposition
into their real and imaginary parts, we attain the following expressions

—-a.k2+bix(w—0o2
k2(a — by +3i (71651 — 2011k0 ))P "y 1 1 ) P
170 71C21 —4€11K0711)) 11 3 4 ) 1

+(d1 _K(011K(ﬁ1 +& -4+ P1)+C21(71 _91)))P22P1 +C11f1P15 +51191P22P13 +cp PPy (7)
veyiktoy P + ok (ay + 1) PP + eqik2(By+ 20 )Py (B +010K2( 8y + 1y ) PR
+¢11k2($q + py ) Py2Py "+ (cq =i (cqqi (g =71 +8) + 1y ) + €9 (1 =1 )))PE =0,

— 2 _~2)— 3
kz(az_b2v+3K(a72022—2C12’<C712))P2"+[ agk? + bk (0 = 02) = 075055k ]P

+(d2 —K(C12’<(ﬁ2 +8y = A+ )+ (s —92)))P12P2 +C1afoP5
+€1292PP P} + C1oh Py 4P (8)
ey k4o Po(4) +c12k2(ay +7,) P (P, ')2
+C1ok2( By + 22 Py (P ')2 +C1ok2 (8, + 11y ) Py2P, "+ €1k2 (S + py ) Py2Py "
+(C2 _K(ClzK(az — Y2+ 6, + 1) +Cpp (& _Uz)))P23 =0,
and the imaginary parts give
k(—2ayx + by (—02 + kv + @) = 30t71C k2 + 4cy K301, — V) Py

3
+k3 (071651 —4011’“’11)131( )

' ' 9)
+"(021 (&1+m1)=2cq1x (e +6 —H1))P12P1 —2p,¢115kP PP,
+kP22P1'(2C11’<(P1 ~&1)+c (6 +Tl)) =0,
k(—2ayi + by (=02 + KV + @) = 30705k + 41 pk 301, — V) Py’
+k3 (752 — 4C12KO'12)P2(3) (10)

+k(cgp (&2 +1) —2c1 9K (g + 85 — 1)) 2Py "= 2By kP PPy
Using the balancing principle leads to P, =@ P, , then Egs. (7) and (8) become

Ukr. . Phys. Opt. 2024, Volume 25, Issue 1 01115



Ahmed H. Arnous et al

—q. k2 _o2
kZ(al—b1V+3K(a71C21—2C11KC711))P1"+£ “r +b1K(w o ) jP

( & (cygx(ag =1 +61+ ) +ca1 (81 -11)) ]P3
+02(dy —x(cyyx (B +81 =2 +p1) + a1 (11 61))) +ey )
+e1 PS5 (fy + 912 + ) +cyiktoy P + ¢y k2P (P ')2(0‘1 +@2(By+ M)+ )

(11

12 o

—Qly9Cook3 +C1 k40, + 02—
ZUZ(CZ —K(ClzK(az Y+, + ﬂz)+C22(32 —772)))} (12)
_K(Clz’f(ﬁz +8y =2+ pay)+Cp(ty _92))+d2
+e @ P (fovh + 9,02+ hy )+ c1 k4o ,@P(4) +c kv P, (P ')2 (w (ay+73)+ Py + 22)
+c12k2w(w2(52 + i)+ Cy +P2)P12P1":0’
and Egs. (9) and (10) become
kP,'(=2a,x + by (—02 + kV + @) =307, C51k2 + 4cy K301, — V)

+wP13(

+k(621(81 +m +@2(6; +z’1))—2c11K(a1 +B@2 46+ w2 — 1y —plwz))PlzPl '=0,

ko P,'(—20y + by (—02 + KV + @) = 3075Cpk 2 + 41 5k 301 5 — V)

+h3w Py 3) (07564, — 4c15k071 ) (14)
+kiU(C22(821D'2 +1@2 + 0, + 7, ) =201k (@2 + By + 6,02 + £ — 1w Z—pz))PlzPl '=0.

By comparing Egs. (11) with (12) and reducing them to a single equation, we are able to
derive the following parametric restrictions:

zU[WZ(CZ —k(cyar (g =72+ 85+ tp) + 2 (&5 —772)))}
_K(Clz’f(ﬁz +8y—Jp+ pa)+ (s _92))+d2
ZUz(d1—’f(C11’<(/31+~§1—/11 +P1)+Cz1(f1—91))) (15)
—k (cqqi (g —y1 +81 + 1y ) +cpq (81 —11)) + ey,

—a;k2 + bk (®— 02) = 71y k3 + ¢ k40 + 02—

=@ (—ayk? + by (0 — 02) = 7500k 3 + C1kt0y 5 + 02 — ), (1)
e (fi+ gr@? + o) =cio (fo* + gm? + hy), (17)
cri(a +@2(By+2q)+11)=crpm(@2(ay +7;)+ B+ 2z), (18)
a; —byv + 3k (a71¢yq —2c11K0 1) (19)
=@ (ay — by +3x (075657 — 20195015,
C11(51+132(§1+P1)+#1) (20)
=cip(@2(8+ 1) + S+ p2),
€11011 = €120120- (21)

In the imaginary parts of Egs. (13) and (14), we derive the speeds of the two components as
follows
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Ve 2ka; + 02b; — wb; + 3K 2cya5; — 4x3c1,04;

22
bIK -1 ( )
where [=1,2 and the wavenumber is as follows
— Ca1971 . (23)
4cqjoy
Respectively, the third terms in Egs. (13) and (14) give the constraints
o :0‘71(0‘1+,31w2+51+§1@'2—/11_/71w2) (24)
11 2(81 +771 +w2(91 +T1)) ’
o =a72(0‘2w2+.32+52w2+§2—szz—/?z) (25)
12 2(e@2 +m@2+0,+7,)
Eqg. (11) can be set as
k2P, +WgP2P," + WsP," + WPy (P, +W3P,5 +w,P3 +w P, =0, (26)
with
W = —a1k2 + bk (®—02)—ay1Cy1k3 + ¢ k40 + 02— @
1= ,
c11k2oy
CllK(al + ﬂlwz — 7/1 +51 +§1wz —)I/IZUZ + ,Ul + plwz)
—K +c¢;+d@?
. +(,‘21(81—1]1 +w2(71—91))
z ¢ k%o '
118011
_fitgwi+hot
oy + @2ty + A@?
W4 = )
%11
a; —byv + 3k (a71¢y1 —2c11K04 1)
WS = )
€11%11
61+ @2+ + pyw?
W6 == )
O11
where o1 #0.
3. Overview of the integration algorithms
A viable approach is to adopt a governing model
F(u'ux'ut'uxt'uxx"")=0' (28)

where F is a polynomial in u:u(x,t) and its partial derivatives. The wave profile is

described by u(x,t), with t and x used to specify the time and space variables,

respectively. The use of the wave transformation

u(x,t)=U(&), &=k(x-ut), (29)
causes a reduction of Eq. (28) to
P(U,~koU',kU",k2U",...) =0, (309)

where P is a polynomial in U = U(é) and its derivatives (30).
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3.1. The enhanced Kudryashov’s scheme
This subsection presents a thorough overview of the basic procedures of the scheme.
Step-1: Herein, we detail the explicit solution for the reduced model Eq. (30):

o sy o (R(S)
U=o0y+ ;({oi}e EY+p; (@J} (31)
coupled with

R'(§)2 =R(§)(1 - xR(&)?). (32)
The constants o, y, o;,and p; (where i =1,..,N ) will be provided, with N determined by

the balancing procedure in Eq. (30).
Step-2: Soliton waves are described by Eq. (32):

4c
R(&)=——"——, 33
(€) 4c2es + ye—< (33)

with ¢ being a constant.

Step-3: Upon inserting Eq. (31) alongside Eq. (32) into Eq. (30), we can derive the requisite
constants for the Egs.(29) and (31). In order to incorporate the identified parametric
restrictions, they can be substituted into Eq.(31) together with Eq. (33). Consequently,
straddled solitons are obtained, which can be further classified as bright, dark, or singular
solitons.

3.2. The new projective Riccati equation’s approach
The following are the essential principles of the approach:
Step-1: Consider the formal solution of Eq. (30) to be

U(&)=ay +§:Fi—1(§)(aiF(§)+biG(§)) (34)

The ordinary differential equations for F(&) and G(&) are characterized by:

F(£)=-F(£)6(5), 55)
G(§)=1-62(¢)-¢F(S),
with
G(E)2=1-2¢F(&)+¢(e)F(£)3, (36)
where Q’(g) is the dependent variable with &, which is given by the following cases 1-5. In
Eq. (34), the incorporation of a non-zero constant & and the consideration of a positive
integer N result from the application of the balancing principle. The equation also consists
of constants ay,a; and b; (i =0,1,..,N).
Step-2: Here is a list of the solutions of Egs. (35):
Case-1: {(&)=0

F(é‘):isechz[g}, and G(é‘):tanh[%}, (37)
) F(cf):—écschz[g}, and G(§)zcoth[§}. (38)
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Case-2: 5(3):2—532
_1 5sech[g] _ *tanh[{]
F( )_SSSech[f]il' and G(é)_Ssech[é]ill (39
Case-3: g’(s)zggz
1 3 sech[&] B 2
F )_535ech[§]12' and G(é)_Zcoth[é]i3csch[§]' (40)
Case-4: {(g)=¢c2-1
B 4 sech[¢] B 5tanh[£]+3
F(g)_3tanh[§]+4s sech[£]+5’ and G<§)_3tanh[§]+4gsech[§]+5' (41)
or
_ sech[&] _ tanh[{]
F(g)_gsech[§]+1' and G(é)_gsech[f]Jrl' (42)
Case-5: ((¢)=¢c2+1
_ csch[&] _ coth[£]
F( )_gcsch[§]+1' and G(é)_gcsch[é]Jrl' (43)

Step-3: Upon inserting Egs. (34) alongside Egs. (35) and (36) into Eq. (30), we can derive
the requisite constants for the Egs.(29) and (34). In order to incorporate the identified
parametric restrictions, they can be substituted into Eq. (34) together with Egs. (37)-(43).
Consequently, bright, dark, or singular solitons are obtained.

4. Optical soliton solutions
4.1. The enhanced Kudryashov’s technique

Balancing the terms P,"" and PP in Eq.(26) results in N=1. Following the enhanced

Kudryashov technique, the solution is structured as indicated below

P1(§)=GO+01R(.§)+p1[};((§))} (44)

Using Eq. (44) and (32), and plugging them into Eq. (26), we arrive at a system of algebraic

equations. When these equations are solved together, the results are as follows:
Result-1:

60:0, Gl:i\/_w’ plzo' k: —(W1+W5),

Wy +Wy +Wg

45
(3W5(4W2 +Wy—2wg )+ 2wy (6w, +wy — 4W6))(W2 + W,y +wg) (45)
W3 = .
2(10w, +9ws)’
Hence, the model leads to the solutions:

” 2y (10w, +9wsg)

= Wy + W,y + W i[—{M}XMOHGW(t)—UZHHO]
q(x,t)= el l4enon , (46)

4¢c2eN-(wi+ws)(x-vt)

+ye~—(witws)(x-vt)
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4 ~ 2x(10wy +9ws)

t)=
A Al oW e TS a e ey @)

i{*{m}x+wt+0‘W(t)*0‘zf+90]
xe \ [4€12012 .

Selecting y =+4c? in Egs. (46) and (47) yields bright and singular solitons when w; +ws <0
and (10w, +9ws )(w, +w, +wg ) <0:

q(x,t)==% —Msech[. [—(wy +ws ) (x —vt)}

(48)
i[—{M}XMOHGW(t)—oQHGOJ
xe \ (4611011 ,
2(10w; +9ws)
t)=tm -1 TS gech[ [~ vt
r(xt)=+w T sec [ (wy +ws)(x—v )J )

i[—{M}XMOHGW(t)—azHGOJ
xe \ [4c12012

’

. [2(10wy +9ws) — -
q(x't)_i’—w2+w4+w6 csch[ (wy +wsg)(x vt)] 0

i[—{m}x+wt+GW(t)—azt+%]
xe

411011 ,
r(xt)=+o Mcsch[ —(wy +ws)(x —vt)}
i{_{iczzan }x+wt+0'W(t)—0'2t+90]
xe \ 4612012 .

Figs. 1 through 12 present visual representations of numerical simulations illustrating
various soliton solutions under specific parameter settings. The parameters used in these
simulations are: q;=1, b;=1, w=1, c=1, k=1, o, =1, B=1, y1=1, 6;=1, {;=1,
=1, =1, p=1,¢=1,n=1,1=1,6,=1,¢c,=1, d;=1 and @ =5.5.In Figs. 1, 2,
and 3, we present surface, contour, and 2D plots that showcase the bright soliton solutions
(48) and (49). These plots provide a comprehensive visual understanding of the behavior of
these solutions. Moving on to Figs. 4, 5, and 6, we shift our focus to the dark soliton solutions
(55) and (56). These figures provide surface, contour, and 2D plots that depict the
characteristics and properties of the dark solitons under the specified parameter values.
Figs.7, 8, and 9 introduce the combo bright-dark soliton solutions (82) and (83). These
visual representations in surface, contour, and 2D plots give us valuable insights into the
combined behavior of bright and dark solitons in the given parameter regime. Lastly,
Figs. 10, 11, and 12 delve into the singular soliton solutions (57) and (58). Through surface,
contour, and 2D plots, these figures offer a detailed exploration of the singular solitons,
shedding light on their unique characteristics and features. Collectively, these figures and
simulations provide a comprehensive and insightful visual representation of the different
soliton solutions in the context of the specified parameters, aiding in the understanding and
analyzing these complex mathematical phenomena.
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Fig. 1. Surface plots of a bright soliton.

Result-2:

6wz — 5w
= :0’ :i —5 1 )

0= P1 2wy +wy —4wg

k=1 2w (wy —wy —2wg ) +wy (2(wy +W,) - W)

2 2(2wy +wy —4wy)

, (52)

(2w, +wy —4wg ) (wy (3w, —wy + 4w ) —6w,ws)
W3 = 2 .
(5w —6ws)

Accordingly, the model results in the solutions:

[2ws(wy—wy—2wg ) +wy (2(wy +wg)—ws)

(x-vt)
g(xt)=1% bws —5w; | x—4cze) 2(2wy+wy—4w )
o 2wy +wy — 4w IZWS(WZ’WFZWa)*Wl(2(W4+W6)*Wz)(vat) (53)
+x

4c2e 2(2wp+wy—4wg)

i(—{m}x+a)t+O‘W(t)—O‘2t+@)]
xe | (4611011

’

\/ZWS(WZ—W4—2W6 J+w (2(wy+wg )-w,)
6ws — 5wy x —4ce 2(2wy+wy—4wg)

2wy +wy —4wg 2w (W =Wy —2wg )+ w1 (2(wytwe )W)
4c2e 2(2wy+wy—4wg)

(x-vt)

r(xt)=+w

(x-vt) s (54)

i[f{iczzan }x+wt+oW(t)faZt+90J
xe \ 4c12012 .

Selecting y =+4c? recovers dark and singular solitons (see Egs.(53) and (54)) when
(6ws —5wy )(2w, +w, —4wg) >0 and
(2ws (wy —wy — 2wy ) +wy (2(wy +wg ) —w,)) (2w, +w, — 4w, ) >0 :

q(xt)=7 |—Ws W1
2wy +wy —4wg

xtanh{%\/ZWS(Wz —wy — 2w ) +wq (2(wy +wg)—w,) (x—vt) (55)

2(2w, +wy —4wy)
i(_{76210571 }x+wt+o‘W(t)—o‘2t+90j
xe

4c1101;

’
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_ 6ws —5wy
rt = -
r(xt)=vo 2w, +wy —4wg
xtanh l ZWS(WZ—W4_2W6)+W1(2(W4 +W6)_W2)(X_vt) (56)
2 2(2w, +wy —4wg)
i(—{:czzogz }x+wt+o-W(t)—o-2t+6’0j
xe 12912 )
_ | 6ws—5w,
)t =
a(xt)=7 2wy +wy — 4w,
2 —w, -2 2 -
xcothBJ ws (w2 W42(2W6)+W1( (ws +we) Wz)(x—vt)} (57)
Wy +w, — 4w )

i(—{ 21971 }x+wt+oW(t)—02t+00]
xe \ 4611011

]

_ 6ws — 5wy
lt = -
r(xt)=3o 2w, +wy —4wg
coth| L 2ws (wy —wy — 2wy )+ wy (2(wy +wg)—w,) (x—v) (58)
2 2(2w, +wy —4wy)

i(_{iczzan }x+wt+o-W(t)—o-2t+00J
xe \ 412012 )

lax ) Ir(x 0

-4
-3 -2 -1 0

-

Fig. 2. Contour plots of a bright soliton.
Result-3:

GO=0, 01 =_Ip1\/_l

6ws — 20w,
8w, +w, — 4w,

_\/4w1 (=2w, + Wy +wg )+ ws (4w, —wy —2wg) (59)

I+

P1=

k

)

8wy +wy —4wg
(8w +wy — 4w, ) (12w w, —6wsw, —wyw, + 4wy w)
4(10w; —3ws )2

This leads to the solutions of the model:
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q(x t):i 6ws — 20w,
' 8w, +w, — 4wy

B I4W1(—2w2+w4+w6)+ws(4w2—w4—2w6)(X_Vt)
2ye \ 8w, +w,—4we —ide [y 1

\/4—wl(—2w2 +Wy+ W J+ws (4w, —w,—2we ) (x—ve)
4cze 8W2+W4—4-W6 + Ze

B [4w; (—2wy+wy +wg)+ws(4wy—w,—2wg)

(x—vt)

8w, +wy—4wg

i[—{ 21971 }x+mt+aW(t)—02t+00]
xe \ 4611011

r(X,t) =+tw M
8wy +wy — 4w

_\/4W1(—2W2+W4+W6)+W5(4W2_W4_2W6) (x-vt)
2%8 8W2+W4—4W6 - 14‘C\/E 1

(4w (—2wytwy +wg ) +ws (4w, —wy—2w,) (

x-vt)
4c2e\ 8w, +w,—4we

B l4w1(—2w2+w4+w6)+W5(4—w2—w4—2w6)(
+ye 8w, +w,—4wg

1{—{7622&72 }x+a)t+aW(t)—aZt+90J
xe \ [4¢12012 .

x—vt)

Complexitons and singular solitons (see Egs. (60) and (61)) along with y =+4c2 are:

q(x t):i 6w — 20w,
' 8wy +wy —4wg

x{tanh{\/zlwl(_zwz + Wy +We )+ ws (4w, —wy —2wy) (x —vt)}
8wy +wy — 4w,

i sech 4wy (=2wy +wy +wg )+ ws (4w, —w, —2wy) (x—vt)
8w, +wy —4wg
i[—{M}XerHGW(t)—GZHHO]
xe

4c11011

1]

8w, +wy —4wg

x{tanh{ 4wy (=2wy +wy +wg )+ ws (4w, —w, —2wy) (x —vt)}

8wy +wy —4wg

i sech 4wy (—2wy +wy +wg ) +ws (4w, —w, —2wy) (x—vt)
8wy +wy —4wg
i[_{iczzan }x+wt+aW(t)—aZt+90J
xe

4¢12012

)

(60)

(61)

(62)

(63)
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q(x t):J_r 6ws — 20w,
' 8wy +wy —4wg

xcoth{%\/%ﬁ (—2wy +wy +wg ) +ws (4w, —w, —2w,) (x _Vt):l

(64)
8w, +wy — 4wy

{_{70210571 }X+a}t+0’W(t)—O’2t+90]
xe \ 4611011

)

r(x,t):iw 6ws — 20w,

8w, +wy — 4w

©eothl 1 4wy (=2wy +wy +wg )+ ws (4w, —w, —2wy)
2 8wy +wy —4wg

(x—vt):l (65)

i[—{m}x+wt+O‘W(C)—O‘2t+90j
xe .

4c1201;
2.0
15
o
o
by — m=25
%1 0 =35
— w=45
0.5 Temss
0.0 , . . ‘ L
-4 -2 0 2 4
X

Fig. 3. 2D plots of a bright soliton.
4.2. The projective Riccati equations method

After balancing P,"" and P;5 in Eq. (14), we find N=1.In accordance with this, the solution
is structured as below

Pi(&)=ag+arF(§)+bG(&). (66)
By combining Egs. (66), (35), and Eq. (36), and plugging them into Eq. (26), a system of

algebraic equations is formed. The solutions to this system, when obtained together, result in
the following findings:

Case-1: {(£)=0

G—d 0 bt | OWs=20w; 4wy (—2wy +wy +wg )+ ws (4w, —w, —2wy)
oA 8W2+W4—4W6’ 8w, +wy — 4w '

(Bwy +wy — 4w )(wy (12w, —wy + 4w ) — 6w,ws)
4(10w; —3wg )’

As a consequence, the solutions of Egs. (1) and (2) of the model are

(67)

3:

g(x.t)== _bws —20w;
8w, +wy — 4wy
xtanh| £ 4wy (—2wy +wy +we ) +ws (4w, —wy — 2w )

(68)
i[—{M})HwHGW(t)—GZHHO]
xe \ (4c11011
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F(xt) =t | W5 201

Xtanhl:l\/4wl(_zwz + Wy +We ) +ws (4w, —w, —2wp)
2

i[_{ €22072 }X+wf+GW(t)—o'2t+90j
xe \ 4012012

)

q(x,t)== _bws —20w;

><coth{l\/4w1 (—2wy +wy +wg ) +ws (4w, —wy —2wg)
2

8w, +w, — 4wy

i(_{ €21971 }X+wf+O'W([)—o'2t+90]
xe 411011

)

r(xt)=+o _bws —20w;

xcoth| L 4wy (—2wy +wy + we ) +ws (4w, —wy —2we)

i({%}ﬁwnow(t)fﬁ”%j
xe 4¢12012 .

(69)

(70)

(71)

12¢/2
00:0, alzg—‘”s’ b1=0, kZ\/E,
52w, +3wg 5

w,=———2w, =—(6w, +17w, ), 72
1 o W2=7 6( 4 6) (72)
—2w% —11lwew, —12w?
W3 = .
60w
In consequence, the model yields the solutions of Egs. (1) and (2):
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12,/2we sech{ /—M;S(x—vt)}
q(x,t)==%
2w, + 3wy (556Ch|:,’ ‘4;5 (x—vt)}_rl] (73)

C
{ 21971 x+wt+o‘W(t)—o‘2t+00]
)

4C11C711
sech[,}—wi;(x—vt)}
5
2w, +3wg 556Ch|: /—M;E‘(x—vt)}ilj (74)

{CZZ 72 x+wt+oW(t)—02t+90j
4¢12012 .

lax ) )

—
|
@
I
)
I
-
=)
—
-—

-3 -2 -1 0

Fig. 5. Contour plots of a dark soliton.
Result-2:

2,/6w
(10 =0, 611 =0, b1 =i—5,
JAw, +7wg

. \/ 2ws (2w, +3wg) ws (32w, +43wg)

5(4w, +7wg) 1 10(4w, +7wg)

(75)

—4w7 —23wew, —28w2
120w '

Hence, the model leads to the solutions of Egs. (1) and (2):

+2, /6w tanh —M(x—vt)
5(4w, +7wy)

q(x,t)==%
2we (2 3
JAw, + 7wy [SSech{\/—W(x—vt)}ilJ (76)

i( {M}x-kaaW(t)—o-ZHOOj
xe \ (411011

)
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+2,f6ws
xtanh{ J—ZWS(ZW‘*”WG)(X_vt)}

5(4w, +7wg)

JAw, + 7wy 77)
x(Ssech{\/—wa(ZW‘pLgm (x— vt)} + 1}
5(4w, +7wg)

i[—{m}x+wt+o‘W(t)—o‘2t+90j
xe .

r(xt)=+w

4c12012

20—

1.5

laCet
o

=35
m=45
~ m=55

0.5

0.0

-4 -2 0 2 4

Fig. 6. 2D plots of a dark soliton.

f 6ws —20
Wy +w, — 4w,

= 4w, (—2wy +wy +wg )+ ws (4w, —w, —2wy)
8w, +w, — 4w

Result-3:

)

(78)

2/6¢

= b )

1=7¢ O

Wy = (Bwy +wy — 4wy )(wy (12w, —w + 4w ) — 6w,ws)
4(10w, —3w;)?

Accordingly, the model results in the solutions of Egs. (1) and (2):

(x.t)= 6w — 20w,
ae 8wy +wy — 4w

oG sech{\/z}wl (—2wy +wy +wg )+ ws (4w, —wy —2wg) (x —vt)}
8wy +wy —4wg

itanh{\/lkwl(—sz +Wy+We )+ ws (4w, —w, —2wy) (x —Vt)i|
8w, +wy —4wg
x (79)

SSeCh|:\/4W1(_2W2 + Wy +We )+ ws (4w, —wy —2wy) (x —vt)}i 1
8w, +wy —4wg

i(f{ﬂ}x+wt+ow(t)—ozt+%]
xe \ 411011

)
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6ws —20
r(x,t):w M
8wy +w, — 4w

2\/6 sech|:\/4w1 (—ZWZ +W4 +W6)+W5(4W2 —W4 _2W6) (X —Vt)j|
8wy +wy —4wg

ttanh 4wy (—2wy +wy +wg ) +ws (4w, —w, —2wy) (x=vt)
8w, +wy — 4w
x (80)

ssech{\/élwl(—ZWZ + Wy +We )+ Ws (4w, —wy —2wg) (x —vt)} i1
8wy +wy — 4w

i[_{7622a72 }x+wt+oW(t)—02t+90j
xe 4c12012 .

Irtx o)

-4
Fig. 7. Surface plots of a combo bright-dark soliton.

Case-3: { (&)= gsz

Result-1:

2&,/5ws Ws 4w
ay=0, a0 =———==,b;=0,k= /——,W =——2,
0 ! oW, + 9w, ! 51 5
2wy, +3 +4
szi(17W4+33W6),w3=—( wy +3we ) (W, Ws)_
15 60ws

In consequence, the model yields the solutions of Egs. (1) and (2):

6 5W55ech[\/¥(x —Vt)}
Jow, +9wg (3sech{ﬁ (x—vt)}ﬂ] (82)

i(—{icna“ }x+wt+0'W(t)—0'2t+60
xe \ (4c11011

(81)

q(x,t)=

1]

6./5ws sech{ —V?(x—vt)}

J6W, + 9w, (3sech{‘f—M;5(x—vt)}iZ] (83)

i(—{m}mwﬁaw(t)—azn%]
xe \ [4c12012 .

r(xt)=o
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1 !
B |
I P
i i
. i
| I
' ]
i -
I |
e
] L.
'S [
i i
X X
Fig. 8. Contour plots of a combo bright-dark soliton.
Result-2:
G =0 b < 2,/15w¢ fe ws (2w, +3wg) " 4w (3w —2wy)
0T low, + 63w, 10w, +63w, ' 10w, +63wg 64
+4 10w, +63
w, =l(5w4 +9wg ), wz = (Wy +4we ) (10w, Wé).
15 300ws
Hence, the model leads to the solutions of Egs. (1) and (2):
4,/15w
alxt)= 52 3
2coth| |5 (PWat3We) ()
10w, + 63w
J10w, + 63w, (85)
2 3
10w, + 63w
i[—{m}x+wt+aW(t)—02t+00]
xe \ (4611011 ,
4,/15
r(xt)=a Ws
2 3
2coth| |- Ws(PWat3We) ()
10w, +63wyg
10w, + 63wy (86)
2 3
10w, + 63w
i[—{m}xﬂzJHGW(t)—GZHQO]
xe \ 1412012 )
1.0
0.5
g oo g Pt
E —— m=45
-05 —mass
-1.0
-4 -2 0 2 4

X X
Fig. 9. 2D plots of a combo bright-dark soliton.
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Result-3:
ao = 0,

5.
w7 b

by = 6ws — 20w, ’ 87)
8w, +wy — 4w

e [Aw (—2wy +wy +wg ) +ws (4w, —wy —2wg)
8wy +wy —4wg

’

(Bwy +wy — 4wy )(wy (12w, —w, + 4w ) — 6w,ws)
4(10w; —3w;)?

W3=

As a consequence, the solutions of Egs. (1) and (2) of the model, reach

6ws — 20w,
’t e
alxt) 8w, +w, — 4w
JBsech 4wy (—2wy +wy +wg ) +ws (4w, —w, —2wy) (x-ve)
8wy +wy — 4w
X
T ]
2t Wy 6
. 2 (88)
2coth{\/4wl (2w, + ngJVr M:L63V+ t/fh(fwz —w, —2wg) (x- vt)}
2t Wy 6
3esch 4wy (—2wy +wy +wg ) +ws (4w, —w, —2wy) (x-vt)
a 8w, +wy — 4w
i —{ 21971 }x+wt+aW(t)—02t+00
xe \ 4611011 s
r(xt)=w 6w —20w;
8wy +wy —4wg
JEsech 4wy (—2wy +wy +wg )+ ws (4w, —w, —2wy) (x—vt)
8wy +wy —4wg
?)Sech{\/élwl(—ZW2 +wy +wg )+ ws (4w, —w, —2wg) (x—vt)} 12
8w, +w, — 4wy
.\ 2 (89)

2COth{\/ALWI(—ZW2 + Wy +We )+ ws (4w, —w, —2wy) (x —Vt):|
8w, +wy —4wg

i3csch{\/4w1 (—2wy +wy +wg ) +ws (4w, —w, —2wg) (x —vt)}
8w, +w, —4wg

i[—{M}XHUHGW(t)—UZHGOJ
xe \ 4¢12012 )
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&
-2 -3

Fig. 10. Surface plots of a singular soliton.

Case-4: {(e)=¢2-1

12(s2-1
ay=0,a;, =% M,m:o’k: _ﬂ,
w, +3wg 5

Result-1:

1 _2(e2+2)w, +3(262+1)wy
wy = —§(4W5),W2 = 6(e2-1) , (90)
(2w, +3wg ) (W, + 4wy
W3 - .

Accordingly, the model results in the solutions of Egs. (1) and (2):

4 12(32_31)‘/"'55“}1["_";5()(_”)}
a(x.6)= W, +3wg
4gsech[ f—vgs(x—vt)}+3tanh{ —Mgs(x—vt)}+5 (91)

i(—{ﬂ}x+wt+aw(t)—azt+%]
xe \ 4611011

’

4 12(82_1)‘/‘/55ech{ ,—W's‘(x—vt)}
2wy + 3wy 5
4ssech{ —Més(x—vt)}+3tanh{ /—VES(x—vt)}+5 (92)

i[—{m}x+wt+cw(t)—02t+90j
xe \ 412012

r(xt)=o

)

W—’sechﬂ /—% (x —vt)}
q(x,t)z Wy +5W¢
gsech{‘]—vgf’(x—vt)}+1 (93)

i(—{m}x+wt+aW(t)—azt+60]
xe \ (4¢11011

or

)
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[12(e2-1)wy [w
2wy +3wg Ch{ (X Vt}
r(xt)=o "
gsech{ /—;(x—vt)}+1 (94)

i( {u}x+wt+ow(t)—02t+90]
xe .

4¢12012

laC ) Ir(x o)

-

t
[=]

=Y

-3 -2 -1 0 1 -3 -2 -1 0
X X

Fig. 11. Contour plots of a singular soliton.

-

Result-2:

12(82 —1)W5
= :0' b =
h=% ! \/2(82—1)w4 +3(£2+3)w,

(e2-1)ws (2w, +3wy)
10(e2 -1)w, +15(£2+3)wg’

2ws(4(e2-D)wy +3(262-T)wg)  (252-3)ws w,

(95)

e 5(2(e2-1)w, +3(e2+3)wg) e 2(s2-1)
_ (wy+4wg)(2(e2-1)wy +3(£2 +3)wg)
3 60(£2 —1)ws '

In consequence, the model yields the solutions of Egs. (1) and (2):

12(2-1)wq
\/2(82 —1)w, +3(e2+3)wy
(62 —1)ws (2w, +3wy)
Xtanh{\/_w(gz —1)w, +15(£2 +3)wg (X_Vt)}r3

q(xt)=
(e2—1)ws (2w, +3wy)
3tanh[\/_10(‘92—1)w4 +15(&2+3)wy (X_Vt)} ©0)

+4£sech|:\/—10(82 ~1)ws (2w, +3ws) (x—vt)}+5

(e2-1)w, +15(£2+3)wg

i( {M}xﬂotﬂrw( )—02t+60]
xe \ (411011

’
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or

q(x,t)

r(xt)=w

12(c2—1)ws
2(e2-1)wy +3(£2+3)wy

xtanh{\/—lo (e2—1)wg (2w, +3wy)

(e2-1)w, +15(&2+3)wg (x —vt)} +3

|

Xtanh{\/_m(gz —1)w, +15(£2 +3)w, (X_Vt)}ﬂ

] [l

m}xﬂoHcW(t)—o—Zwﬁoj
412012

(62—1)w, +15(&2+3)wy

2_
+4gsech{\/— O(s 1)ws (2w, +3wg)

e

10(e2 —1)w, +15(&2 +3)wg

’

12(e2-1)ws

2(e2-1)w, +3(£2+3)wg

(e2—1)ws (2w, +3wy)

L

ot
M}x+wt+o‘W(t)—o‘2t+90]
4c1101y

(82 -1)ws (2w, +3wy)
3tanh|:\/—10(82 —1)w, +15(&2+3)wg (x _Vt)}

2_
+4¢gsech| |- (&2~ 1)ws (2ws +3ws ) (x—vt) [+5
10(e2-1)w, +15(£2 +3)wg

’

12(82 - 1)W5

\/ 2(62 ~1)wy +3(c2 +3)wg

xtanh{ \/—10(82‘1)‘”5(2””4*3%)% (x—vt)}a

(e2-1)w, +15(£2+3)

e

(e2—1)ws (2w, +3wg)
3tanh{\/—10(82 —1)w, +15(&2 +3)wg (x _Vt)}

2
. 4gsech{ \/_10(8 1)wg (2w, +3wg)

(e2—1)w, +15(&2+3)wy

22072 }x+a)t+aW(t)fczt+90j

4¢12012

1.2x10%
1.0x108
= 800000
g 600000
400000
200000

0

x—vt)} (97)
(x —vt)} +5
(98)
(99)
X —vt):l +5

3.5x10°
3.0x10°
o 25x10°
~ 2.0x10°
>
= 1.5x10°
1.0x10°
500000

0

m=45

-3

0 1 -3 -2

Fig. 12. 2D plots of a singular soliton.
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Result-3:

GOIO,

(11=b1\/€2—1,

by = 6ws — 20w, ’ (100)
8w, +wy —4wg

. 4wy (—2wy +wy +wg ) +ws (4w, —w, —2wy)
8wy +wy —4wg

1]

_(8wy +wy — 4wy ) (12w w, — 6Wsw, —wiw, + 4w wg )
4(10w; —3ws)’

Hence, the model leads to the solutions of Egs. (1) and (2):

6ws — 20w,
lt =\
a(xt) 8wy +wy —4wg
ae? —1sech 4wy (—2wy +wy +wg ) +ws (4w, —w, —2wy) (x=vt) |+
8w, +wy — 4w
JrStanh{\/élwl(—ZW2 + Wy +Wg )+ ws (4w, —w, —2wy) (x —Vt):| 3
8w, +wy —4wg
x (101)
sesech 4wy (—2wy +wy +wg )+ ws (4w, —w, —2wg) (x—vt)
8wy +wy —4wg
- 3tanh 4wy (—2wy +wy +wg ) +ws (4w, —w, —2wy) (x=vt) |+5
8w, +wy — 4w
i[—{ﬂ}x-%—wt#—o‘W(t)—o‘zt#—on
41101
xe )
r(xt)=a 6wz — 20w,

8wy +wy —4wg

N _1sech{\/4w1(—2w2 + Wy +We )+ ws (4w, —wy —2wy) (x —vt)} .
8wy +wy —4wg

+5tanh{\/4w1 (—2wy +wy +wg )+ ws (4w, —wy —2wg) (x —vt)} 3
8w, +wy — 4w,
y (102)

4gsech{\/élwl(—sz + Wy +Wg )+ ws (4w, —wy —2wy) (x —vt)}
8wy +wy — 4w

Jr?)tanh{\/ﬁlwl(—2w2 + Wy +wg )+ ws (4w, —w, —2wy) (x—vt)} L5
8wy +wy — 4w

i[—{m}x+a)t+aw(t)fazt+90]
4¢12012
xe )

or
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6ws — 20w,

It =
a(xt) 8w, +wy — 4w

4wy (—2wy +wy +wg ) +ws (4w, —w, —2wy)

\/52 - 1sech{

mnh{ y

8wy +w, —4w

4wy (—2wy +wy +wg )+ ws (4w, —w, —2wy)

8w, +wy — 4w

(x|

(x|

4wy (—2wy +wy +wg )+ ws (4w, —w, —2wy)

=

8wy +wy —4w,

(x —vt)j +1

i[—{m}x+a}t+6W(t)—o‘2t+90] (103)
4c11011
xe )]
r(xt)=a |5 —20W1
8wy +wy —4wg
/82 “sech 4wy (—2wy +wy +wg ) +ws (4w, —w, —2wy) (x=vt)
8wy +w, — 4w
+tanh 4wy (—2wy +wy +wg )+ ws (4w, —w, —2wy) (x—vt)
8w, +wy — 4w
x (104)
ssech 4wy (=2wy +wy +wg )+ ws (4w, —w, —2wy) (x—ve) |41
8wy +wy —4wg
i| -] C22%72. x+wt+o‘W(t)—o‘2t+90
412012
xe
Case-5: {(g)=¢e2+1
Result-1:
12(e2+1
ay=0,a, =+ M, b =0, k= /_&’ w, :_%’
2wy + 3wy 5 5 (105)
= 2(e2-2)w, +3(262-1)wg e = (2w +3wg )(wy +4wy)
2 6(s2+1) 3 60wy '
Accordingly, the model results in the solutions of Egs. (1) and (2):
12(e2+1
12(e2+1)wg csch /—&(x —vt)
2w, + 3w, 5
q(x,t)= "
gcsch{ /—;(x—vt)}a (106)
i{_{7c21a71 }x+a}t+aW(t)—02t+00]
xe \ 4611011 ,
12(e2+1 ’
2wy + 3wy 5
r(xt)=
gcsch[ —‘?(x—vt)}% (107)
i[—{m}xHoHGW(t)—azwﬁoj
xe \ 412012 )
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Result-2:

12(e2+1)w
% =01=0,b :\/2(82 +1)54/4 +3()525—3)w6’
kz\/ (82 +1)ws (2w, +3wg)
10(e2 +1)w, +15(£2 -3)wg
2w (4(£2+1)w, +3(262+7)wg)
5(2(e2+1)wy +3(£2-3)wg)
(282—3)W6 wy
2(e2+1) 3
(wy +4wg)(2(e2 +1)wy +3(£2 -3)wg)
60(e2 +1)ws '

, (108)

Wz—

W3:

In consequence, the model yields the solutions of Egs. (1) and (2):

\/ 12(e2+1)wg

2(e2+1)wy+3(2-3)wg

a(x.t)= xcoth{ \/_10(8“1)””5(”“3‘”6) (x—vt)}

(e2+1)w, +15(e2-3)wy

2
ecsch| |- (&2 +1)ws (2w, +3we) (x—vt) [+1
10(e2 +1)w, +15(&2 -3)wg

(109)

i[—{ﬂ}x+wt+o‘W(t)—o‘2t+%]
xe | (4611011

Jz( 12(2+1)wg

e2+1)w, +3(e2-3)wg

’

r(x,t)=w! xco _ (82+1)W5(2W4+3W6) X—v
(x.t) thN 10(82+1)W4+15(82—3)W6( t)}

2
ecsch| |- (22 +1)ws (2w, +3ws) (x—vt) |+1
10(e2+1)w, +15(£2 —3)wg

(110)

i[f{ifzzan }x+wt+aW(t)702t+60]
xe .

412012
Result-3:
ap =0,
a; =b;e2 +1,

b, = M’ (111)
8w, +wy — 4w

e [P (—2wy +wy +wg ) +ws (4w, —wy —2wg)
8wy +wy — 4w

(8w, +wy, — 4w ) (12w W, — 6Wsw) —wiw, + 4w wg )
W3 =
4(10w, —3ws)’
Hence, the model leads to the solutions of Egs. (1) and (2):
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6ws — 20w,
’t =\
alxt) 8w, +wy —4wg
52+1csch{\/ (2w, +w, +W6)+W5(4W2_W4_2W6)(x—vt)}
8w, +wy — 4w
| teoth wy (—2w, + Wy +wg )+ ws (4w, —wy —2wy) (x—vt) (112)
8w, +wy — 4w
gcsch(\/4wl (—2wy +wy +wg ) +ws (4w, —wy —2wg) (x —vt)J+ L
8w, +wy — 4w

i{ {m}xm)ﬂow(t) 02t+60]
xe \ [4c11011

)

r(X’t) =w M
8wy +wy — 4w

mcsch{\/élwl(—ZWz + Wy +We )+ ws (4w, —wy —2wy) (x —vt)}

8wy +wy —4wg

X

JrCOth{\/élwl(—Zw2 + Wy +wWg )+ ws (4w, —wy —2wg) (x—vt)} (113)
8wy +w, — 4w

gcsch(\/4w1(_2w2 + Wy +We )+ ws (4w, —wy —2wy) (x —vt)]+ 1
8w, +wy —4wg

i[—{M}XHUHGW(t)—UZHGOJ
xe \ (4C12012 .

5. Conclusions
This paper addressed the soliton dynamics for the concatenation model in birefringent fibers

that was with the effect of white noise along both components. The governing model is
integrated with two integration schemes. They are the enhanced Kudryashov approach and
the new projective Riccati equations approach. A full spectrum of soliton solutions
collectively emerged from the schemes. It has been observed that the effect of white noise is
with the phase portion along both components of the soliton solution. This is an interesting
observation made for the first time in this paper.

The future of this paper holds very strong. Later, the model will be extended from
differential group delay to dispersion flattened fibers that would portray a generalized
version of the current results. Additional studies would also be conducted with the
concatenation model, such as the retrieval of gap solitons, supercontinuum generation, and
many others. These results will be recovered and reported across various journals after
aligning them with the known results [11-32].
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AHomayis. Y yill po6bomi ompumyromuvcsi po38'a3KU ONMUYHUX CO/1iMmoOHI8 8 Mmodei
KOHKameHayii 3 dugepeHyiaibHO0 2pyno8oio 3ampuMKoOH, 3d yMO8U HASIBHOCMI 611020 WYMYy
8 060x KomnoHenmax. IlogHull cnekmp po3e8'si3kie cosimoHie 04 yiei Modesi ompumaHo 3a
donomozor 080x aszopummie iHmezpysaHHs. Bysno0 nokazaHo, wo enaug 6in020 Wymy
cnocmepieaemucs auwe y ¢asi conimoHie 8 060X KOMNOHEHMAXx.

Kawuoei caoea: siHepiscokull npoyec, memod Kydpsawosa, koHkKameHayillHa modesv,
nodsitiHe npomeHe3a.10M1eHHs

Ukr. . Phys. Opt. 2024, Volume 25, Issue 1 01139





