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1. Introduction
The concatenation model first came into light during 2014 and ever since its popularity has soared

[1-8]. This model is a combination of three popular equations that are studied in the context of
nonlinear fiber optics. They are the nonlinear Schrodinger’s equation (NLSE), Lakshmanan—
Porsezian—Daniel (LPD) equation, and the Sasa—Satsuma equation (SSE). The concatenation
model has been gradually extensively studied from various perspectives. The rogue waves have
been recovered [2]. Conservation laws have been identified with the usage of the multiplier
approach [3]. Kudryashov’s approaches have yielded straddled and other soliton solutions to the
model [5]. The Painleve analysis has also been carried out [8].

Thereafter, moving further along, the model was addressed in birefringent fibers with
differential group delay. In this context, a preliminary set of results has been identified. The
method of undetermined coefficients has recovered the bright, dark, and singular soliton solutions
[4]. However, as mentioned in the previous work [4], the method has its shortcomings. The
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approach failed to recover straddled soliton and also never recovered complexiton solutions. This
paper, therefore, bridges that gap. The current work implements two integration algorithms to
recover straddled soliton and complexiton solutions in birefringent fibers. These algorithms are the
enhanced Kudryashov’s method and the projective Riccati equation approach. The two approaches
collectively reveal the same bright, dark, and singular 1-soliton solutions, as determined earlier by
the method of undetermined coefficients, as well as straddled solitons and solitons of other
functional forms and finally the complexiton solutions. These varieties of solutions are presented
and displayed in the rest of the paper after a quick intro to the model and a succinct re-visitation of
the integration schemes.

2. Governing model
For the scalar case, the concatenation model reads:

. 2 2 * 2 2 2 * 4
i, +au,, +b|u| U+Cp| Oy + 0 (ux) u +o; |ux| u+oy |u| Uy + 05U U, +0g |u| u
(1)
. 2 2 %
+ic, |:G7Mxxx + 0y |u| U, +ogu uxJ =0
In Eq. (1), u(x,7) is the complex-valued wave profile that represents the electromagnetic
wave, u; gives the temporal dispersion, u, is the spatial dispersion, u,,, U, and u,,,, correspond to
the higher-order dispersions, o; (z’ = 1,2,...,7) represent the coefficients of nonlinearity, while a

and b are the coefficients of chromatic dispersion and Kerr law of nonlinearity, respectively. Here
x and ¢ represent the spatial and temporal variables, respectively. The first three terms

correspond to the usual NLSE that is visible everywhere in fiber optics. The coefficient of ¢ is the
LPD model, while the coefficient of ¢, is the SSE. Thus Eq. (1) is the conjunction of three

standard models and is referred to as the concatenation model in the scalar case. When the pulse
splits, the vector—coupled form of the concatenation model in birefringent fibers is given as:

i% T A9y +(b1 |q|2 +¢ |7‘|2)q

+¢py [Gnqu +{0‘1 (Clx)z + B (”x)z}q* +(71 |qx|2 +4 |”x|2)q+(51 |Q|2 +¢ |r|2)qxx

@
+(una> + o g+ (Alal" +erlaf 1 + o |
iy, |:G71qxxx +(mla +6 T ), + (2102 + 707 )qi} =0,
and
. 2 2
I + Ayl +(b2 |V| T |q| )I’
i |:C712rxxxx +{O£2 (rx)z +132 (qx)z}r* +(7/2 |rx|2 +/12 |qx|2)r+(52 |l”|2 +§2 |q|2)rxx
©)

#{sar® 4 pag? i+ (folrl* + o o o+ lgl* )]

Here, in Egs. (2) and (3), the dependent variables ¢(x,7) and r(x,z) are the dependent

variables along the two components in a birefringent fiber. For j = 1, 2, a; represents the chromatic
dispersion along the two components, while b; accounts for self-phase modulation, and ¢;
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represents the cross-phase modulation. Then, oy; represents the fourth-order dispersions along the
two components. Nextup, a;, B;, v;, 4j, 6;, C;, U;, p;, f;, g;,and h; are the respective
split-ups of the coefficients o, to o4 from the LPD model, along the two components for a

birefringent fiber. o; represents the coefficients of the fourth-order dispersion along the
components, while in Equation (1), this effect is represented by the coefficient of o5 . Finally, n;,

0., ¢

i, €;,and 7, are the components of soliton self-frequency shift along the two components of a

birefringent fiber, which are designated by og and oq in the SSE part.

In order to solve the coupled system (2) and (3), the following solution structure is assumed:

q(x,1)=U, (&)™), 4)

r(x,1)=U, (§)ei¢(x’t), %)
where, the wave variable & is given by

£=k(x-vt). (©)

Here, U; (5 )( j= 1,2) represents the amplitude component of the soliton solution with a

width of &, which implies that there are two soliton amplitudes with a specified width and v is

the speed of the soliton, while the phase component ¢(x,t) is defined as
¢(x,t)=—Kkx+wt+6,, (7)
where x is the wave number of the soliton, while @ represents the frequency, and 6, is the phase

constant. Substituting Egs. (4) and (5) into Egs. (2) and (3) and then decomposing into real and
imaginary parts, the real parts give

k2 (a] +3K(G71021 —2011K611))U1vv +(—a1K2 —0-71021’(3 +CHK4GH —CO)U]
Jr(bl—’f(cll’f(%—7’14'51+Ml)+021(51—771)))(]13+C11f1U15+C11glezU13

+e USUy + ¢k 0y Uy + k2 (g + 77 )UUT + ¢k (B + 24 ) U U, ®)
+Cllk2 (51 +M1)U12U1“ +C11k2 (é’l +p1)U22U "

+(01 —‘711’<2 (/31 +8 -4 +P1)—021’<(71 —91))U22U1 =0,
k2 (a2 +3K(G72C22 —2C12K612 )) Uzw

+(_(12K2 —0'72C22K3 +C12K4C712 _a))Uz

+(b2 _K(Clz’f(az ~72+8 )+ ex (82— )))US
+¢12/5U3 +¢1p82ULU3 +ci,hUrU, 9)
ek o1 Uym +cak> (ay + 72 ) UaUs:

+C12k2 (ﬂz +/12)U2U12' +512k2 (52 +ﬂ2)U22U2"

ok (S + py UL Uy

+(Cz —epk” (By+8y = Ay + py) — ook (13 —'92))U12U2 =0,

and the imaginary parts give
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+k(C21 (81 +T]1)—2011K(0t1 +61 _/ll ))U12U1'

(10)
+k3 (0'716'21 _4C11K611)U1m _ZﬁlcllKk U1U2U2|
—k(2a27< +3O'72022K‘2 —46’121(3(712 + v)Uz.
k(a2 (82 +my) = 26105 (03 + 85 = 1) USU» (11

+k3 (672C22 —4C12KC712)U2"V _zﬁzclsz U]UzU]v
+k(2C12K(p2 —§2)+C22 (02 +T2))U12U2v = O

2 3 2 2
Here Ul,:ﬂ’ Ul,,:d_lil’ Ul,,,:d_lgl’ Ulz:(&j , UZ'Z&» Uz,,:d_U;’
dé dé dé dé dé dé

d*U,

2
du . . . .
Uyn = d—?, and U22. = [—2) . Using the balancing principle leads to U, = ¢ U,, where o is

a constant, provided o #0 or 1. Then Egs. (8) and (9) become

K (al +3x (07161 —2611’<011))U1" —(ale +o71K° — ok toy +0))U1
ven (f+g0” +hot U7

+[?, _K(Cn’f(al + 510" =1 +8 +610% —o® + +P1£2)

+Cyy {81 —n +0° (-6 )})+clgz}U13

+Cllk40'11U1"" +cllk2 (0‘1 +ﬂ2 (ﬂl +4 )+ 41 )U1U12'

(12)

oy k? (51 +0° (Citp)+Hm )U12U1" =0,
—k(2ayk + 307,667 ~de Koy +v ) U
+1 (71631 —4ey K01, ) Uy +k[021 (51 +m+0° (6, +7, )) 13)
_chlK(al + B0t +6+60 -y _sz)JUlel' =0,
and Egs. (10) and (11) come out as:
I o (ay + 3K (a7ycyy — 26155071, ) ) Uy
—Q(Gz’fz +apeyK’ —cprtor, +0))U1
+ep0( 0% + 2,07+ )UT
+£(£2 (bz —k[eir(ay =72 + 8, + 1)+ exy (82— )]) (14)
—cipk? (Bo +8a =g + py) ek (02 =13 )+ ) UF
+e2k o150U;m +012k2Q(£2 (a2 +72)+ B +12)U1U12'

+012k29(g2 (62 + 1) 485 +P2)U12U1" =0,
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—kp(2a2K+3a72022K2 —46’121(30'12 + v)Ul. +k3g(a72022 —4cppK0, )Ulm
2 2 2 2 2 2 (15
+kQ(C22 (gzg +1mo° +0, +Tz)—2C12’<(052£ + Py +6,0" + 8y — 1o —Pz))Ul Uy =0.

By comparing Eqgs. (12) with (14) and reducing them to a single equation, we are able to derive the
following parametric restrictions:

y(ﬁz (bz —K(C12’<(az ~Y2+8 )+ (62—, )))
_Clz’fz(ﬂz +8 -1 +P2)+022K(92_72)+02)

2 2 2 2 (16)
:bl_’f(cll’f(a1+ﬁw N+ +& 0" — Qo iyt po )
+co (51 - +Q2 (Tl —91)))+C1£2,

ak? + 0,006 —cp ko +to=yp UyK> + Gy Ok — oo +w), (17)
1 71621 115 011 2 72€22 12K 013

Cn(fl+g1£2+h1£4)2012£(f2£4+gzﬂz+hz); (18)
011(0‘1 +0° (B +/11)+71)2012£(£2 (ay+72)+ By +12), (19)
ay +3x (071091 —2¢ K07 ) = 0(ay +3x (07502 = 2¢13K07,) ), (20)
‘311(51 +0% (¢ +P1)+,U1)=012€(Q2 (62 +12)+ &5 +.02): 21

€11011 = €120120- (22)

From the imaginary parts of Egs. (13) and (15), we can equate the coefficients of the linearly
independent functions with being zero then we get the speed of the two components as follows:

v=-2Kka - 31{2021071 + 4K3cl 011> (23)
V=—2Kaz —3K2022672 +4K3C‘120'12, (24)

and the wave number as follows:

_ 297 (25)
4cir00,
o= 221971 (26)
4cp 013
The third terms give the constraints:
1 (81 +n+0° (6 +71)) = 2011’<(0‘1 + B0’ +8+ 6100 — —.01?2), (27)
2 (52Q2 +1,0° +0, +1, ) = 2‘312’<(052£2 + B+ 820" +8y — 10" — py ) (28)

By equating the velocities and the wave numbers of the two components, we get the
following parametric restrictions:

2((11 —a2)+K(3671C21 _4C11KG” +4C12KO-12)

C22 = s (29)
3072’(
22011972
Cp=————(11. (30)
€21012071

Eq. (12) can be set as
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QU + U + KU +QUU?R + Uy +UEU w + k*Upm = 0, (31)
with
,91 _ a1K2+CT71621K3—CUK4611+a)
=— 5 ,
ok oy
C11’<(0‘1+/3192_71+51+§192_1192+/J1+Pl@2)
b —x 5 +c0
g +021(51—771+Q (71—91))
h = ; ; (32)
ok oy
2
_ fi+go® + o' g _te (B +4)+7
'93 _2—7 4 — )
k Gll Gll
2
9 _a1+3071021K—6011K2011 9 _61“1‘@ (§1+p1)+,l,l]
5 = > Vg = .
1011 o11

3. Integration algorithm: an overview
Consider a governing model:

G (w1t uy 1y sty ,.) =0, (33)

where u = u(x,t) denotes a wave profile, while ¢ and x depict the time and space variables in

sequence.
The relations
u(x,t)zU(f), §=k(x—vt), (34)
condenses Eq. (33) to
P(U,—ka’, kU, kZU",...) -0, (35)

where & is the wave width, & is the wave variable, and v is the wave velocity.

3.1. Enhanced Kudryashov’s method
The present subsection outlines the basic procedures of the new enhanced Kudryashov technique.

Step — 1: The reduced model (35) admits the explicit solution

N
~ R'(€)
U(E)=rn -+ nRE) +S~(—.} (36)
= R
along with the auxiliary equation
R(£)? =R (1= 2REP). (37)
Here 1y, 1, 1,5 (i =1,..,.N ) are constants, where N come from the balancing technique in
(35).
Step —2: Eq. (37) gives the soliton wave
4c
R(¢)=—F5———, (38)
( ) 4c%ef +)(efé

where c is constant.
Step — 3: Putting Eq. (36) along with Eq. (37) into Eq. (35) gives us the constants in Egs. (34) and
(36). Finally, the acquired parametric restrictions can be applied by plugging them into Eq. (36)
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along with Eq. (38). One arrives at straddled solitons, which can be reduced to bright, or dark or
singular solitons.

3.2. Projective Riccati equation method
The central proceedings of the new projective Riccati equations method are as follows:

Step — 1: Eq. (35) has the formal solution
N .
U(&)=o0q+ Y F(&)(0:F (€)+4G(£)), (39)
i=1
where F (&) and G(&) satisfy the following ODEs:
F'(§)=-F(£)G(£), G'(£)=1-G*(§)-tF(4), (40)
where 7 is constant. N is a positive integer that comes from the balancing principle in Eq. (35).
0¢,0; and g (i=0,1,..,N) are constants.

Step — 2: The solutions of Eq. (40) are listed as follows:

Family — I:
2Lsech2 [%}
F(&)=1"
—Lcsch2 [é}
2t 2
tanhli%} ) 41)
G(¢)=
coth[é}
2
G(&)* =1-20F (&)
Family — 2:
( )zl 5 sech[£]
T 5 sech[£]+1
_ tanh[&]
G(8)= 1£5 sech|[£] (42)
G(£)* =1—2TF(§)+%12F(§)2
Family — 3:
1 3sech[&
(5)_;3 sech[é]iZ
2
G(e)= 2 coth[£]£3 csch[&] “3)
G = 1—21F(§)+§1'2F(§)2
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Family — 4:
e=-1
F(E) = {4 sech[£]3 tanh[£]+ 47 sech[£]+ 5’ 6(e) = {5 tanh[£]+ 33 tanh[£]+ 47 sech[£]+5
sech[£]r sech[£]+1 tanh[& ]z sech[£]+1
e=1 8

F(&)=csch[&]resch[E]+1,G(&) = coth[E]r esch[E]+1
G(E) =1-20F (&) +( +¢| F(&)

Here € is real-valued constant parameter.

4. Optical soliton solutions
The two integration schemes from the previous section will now be implemented to the model

equations given by (2) and (3) to retrieve the optical soliton solutions. A wide variety of soliton
solutions will be identified that are being reported for the first time in this work. The derivation
details are exhibited and enumerated in the subsequent two subsections.

4.1. Enhanced Kudryashov’s method
The solution to Eq. (31) can be derived by setting Ul“" equal to U15 and solving for N, which
yields N =1, resulting in the following solution:
R'(E)
Ui(§)=rn+nR(£)+s : (45)
R(¢)

The substitution of Egs. (45) and (37) into Eq. (31) leads to a set of algebraic equations that
need to be solved, as shown below:

10r03S12193 + 3r0s1292 + 5r0s14,93 + r05.93 +r()392 +19 =0, (46)
20r1r03s1.93 + 617519, + 20”1’”051393 +2n7p8519 =0, 47)
10755795 + 315 5,95 + 5755195 + 5795 +57% +5,9 =0, (48)
kzrl + 3qu()2s1293 + 3rls12192 + 5rls14193 (49)
+}f1s1296 + 5r1r04,93 +3r1r02.92 + r1r02196 +19 +1n95 =0,
—8k2s] x— IOV()2S13}(93 - 2r02s1;(196 + 10;’12s13193 + 31"]2s1192 + 30r02r12s1|93 + r12s1194 (50)
2175195 =257 19 =i 29 — 25} 19 251195 =0,
—1Or0s14)(‘93 —3r0s12;(92 —10r03s12)5193 —4r0s12)5l96 +3Or0r12sl2‘93 51)
+3r0r12192 +1 0r03r12193 + ror12194 + 2r0r12196 =0,
~207y7i7 295 — 21111 294 — 811y 29 + 20ry77 519 = 0, (52)

—20kr z — 1058 7295 = 3ris} 29> =303 risi 2 9
25t 19 = Trisi 29 + 10557 95 = 21, 295 (53)
—2r()2;f1;(96 + ;’13192 + 10r02r13.93 + 1’13194 + 1”1396 =0,
24k%s,1° = 10178 1% = 3151094 — 61751 1%

(34
+5r14s193 +s15)(293 +s13;(2.94 + 2s13;(296 =0,
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Srost 2295 +1ost 129y +41ySE 9 = 30myEsE Sy — o x4 —dnyr 9 + 5o 95 =0, (55)

24k + 5t 2795 + 31157 2794 + 615t 129 — 101t 1y =17 194 =217 295 +177% = 0. (56)
These equations, when solved together, result in the following outcomes:
Result —1:

=81 =0, q:iJ_—zgz(lfiff), = ryeal
(395 (49, + 9y =29 )+ 29, (69, + 94 —49)) (% + 94 + %)
2(108, +99 )’
Using the parameters obtained from Eqgs. (57) and (38), we can plug them into Eq. (45) to obtain:

e _2;((10.91 +995)
9 +94 +9

’t =
FAL YR o NP P S e Ty
X exp i(—mx+a)t+90] ,
4101

e 27(108 +99)
9 +9, + 9

r(”):%zexp[ (& +8) () [+ rewp[ (- 8) (o) | 59

€0
xexp|i| ——22"2 x+wt+6, ||.
41201,

Bright solitons can be obtained by setting y to +4¢? that satisfy the conditions 9 +95 <0
and (109, +99 ) (9, + 94 +95) < 0, as described below

(57)

and

[ 2(108,+99)
q(x,t)—i —msech[ —(191 +195)(x—vt):| (60)
xexp| i —Mx+a)t+00 ,
4cy107;

and

2(109, +99)
9, +9,+9,
The conditions $ +95 <0 and (109 +99)(9,+9% +9%)>0 lead to the existence of

r(x,t)=+o

sech[ -(% +95)(x—vt)} exp{i(_ﬂx+a)t+90ﬂ. (61)

€12012

singular solitons:

2(109 +98 [ 0o
g(x,t)== Wcsch[ -(% +195)(x—vt)} exp{{—ﬁx+wt+90]:|, (62)
and
2(104, +98 [ o
r(x,t):ig Wcsch[ _(91 +195)(x_vt):| exp{l(_ﬁx+wt+eoji|. (63)
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Result —2:

P 695 —54 k=l 295 (9, — 9, —255)+ 9 (2( +‘96)_‘92)’

(29, + 9, ~ 49 )(% (3%, — 94 +49)—69,9)

(5% —69)" |
Substituting the parameters derived from Egs. (64) and (38) into Eq. (45) results in:

69 -5
q(x,t):i Mexp i —ﬂx-i-wt—l-eo
2192 +194 _4196 4C110-1]

(65)
X 2x -1,
29 (9 -9, —28 2(9,+9 )-89
acexp 5 (9, — 94 6)+‘91( (9 +%) 2)(x—vt) ry
2(29, +9, —4%)
and
685 —59 | €297
) =1tp | ———— ——==1 0,
r(x,t)=+o f292+94_496 exp[z[ 4012612x+a)t+ b
(66)

2y 1

5 295 (9 =94 —29)+ 9 (2(% + %) - %)
i eXp[\/ 2(29, + 9, — 49, ) (x=vt) [+ x

X

Dark and singular solitons can be found by plugging y = +4¢? into the equations, as indicated

q(x,t):ir Mxexp i —Mx+a)t+90
2192 +L9'4 —4196 46110'11

1 295(,92—94—296)+l91(2(94+96)—92)
xtanh| —
2 2(29, + 94 -4%)

r(x,t)=+o Mexp i(—ﬂx+wt+ﬁoj
2192 +194 _4196 4C12012

1295 (% =94 29 )+ % (2(% + %)~ %)
xtanh| —
2(29, + 9, —49;)

q(x,t)==% Mexp i —Mx+a)t+90
2192 +L9'4 —4196 40110'11

1 235(92—94—296)+91(2(94+36)—92)
xcoth| —
2 2(29, + 94 -4Y%)

below:

67)

(x—vt) )

(68)

(x—vt) s

(69)

(x—vt) ,

and
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r(x,t)=+o /Mexp i[—ﬂx+wt+90]
2192 +194 —4196 4012(712

1295 (% — 9 —29)+ 9 (2(%4 +9%)—%)
xcoth| —
2 2(29, + 8, —4%)

(70)

(x—vt) .

The conditions for the wvalidity of these solitons are as follows:
295 (9 — 9 —29)+% (2(%4 +%)-%) >0, 2(29,+9,-4%)>0, and 69559 >0 must

hold.
Result — 3:

_, [ 2(209,-69) .| 695-208
V89, +9,—49, 1 T\89, +9, -4,

\/491 (<29, + 94 +95) + 95 (4%, — 9, —29)
0

>

8% +9y — 49 (71)

(89, + 94 —49) (% (129, — 94 + 495 ) — 69,95 )
4(109, -39
Upon substitution of the parameters obtained from Eqs. (71) and (38) into Eq. (45), we arrive at:

49, (29 + 94+ )
+95 (49, - 9, —29%)

€ -Vt
P 89,19, 49, 7"
89 +94 -4 (4,91 (29, +9, +96)]
+9 (4%, - 94 -239
4czexp 2 5( 2 T 6) (x—vt) |+ x
89, +9, —49,
q(x,0) =
L [ 6%5-204 2 »
89y + 94 — 45 [4191 (29, + 9, +96))
+9 (49, -9, 29,
4c2exp 2 5( 2™ 6) (x—vt) |+yx
8%, +9, —49
., (72
xexp{i[—ﬂx+wt+%ﬂ
4cp 101

and
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49 (-2%, + 9, +96)]

2(209, - 69) (H}s (49, - 94 —25)

t4c exp
89, +9, —49 8% +94 —49

(x—vt)

+95 (49, — 9y —29)
89, + 9, — 49

[491 (=29, +9, +96)]

4¢? exp| 2

(x—vt) |+ x

r(x,t)=o0

. [[69 208 2 .
89 +8; —45 [491 (29, + 94 + )

+95 (49, -9, — 29 )J
89, +9, —49;

4¢? exp| 2 (x—vt) |+ x

(73)

€O
xexp[i[—ux+wt+90ﬂ.
4cp01,
By setting y to +402 complexiton solutions can be obtained that admit the conditions

695 -20% >0, 8% +9,-49% >0, and 49 (—292 +9, +96)+95 (482 -9 —296) >0, as
described below

P 69 —209,
TTTN8Y, + 9, -4

49, (2% + % +9 )+ 9 (49, -9, —28
tanh 91( 2 4 6) 5( 2 4 6)(x_Vt) c, 0. (74)
8192 + 194 — 4196 i(*Mera)tJr@O]
49 (<29, + % + 9, )+ 95 (49, — 9, —29 ’
tisech 91( 2T 6)+ 5( 2 6)(x—vt)
89, + 9, — 49,
and
r(x,f) =+p _695-204
89, + 9, — 49,
49, (2% + G4 + % )+ 9 (49, -9, —28
tanh 31( 2™ 6) 5( 2 = 6)(X—Vf) e (75)
89, +9, 49 i[—rzi”xmwr@u)

49 (2% +9, + 9 )+ % (49, — 9, —29
+isech 91( 2 T Uy 6) 5( 2 T U4 6)(x_vt)
89, +9, —49,
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Additionally, such solutions can be reduced to dark and singular solitons:

49, (29, + 94+ %)
i )

+9 (4%, -9, -239
q(x,t)=+ —2()81 anh| — 5( EN. 6) x—vt)
89, +9, — 49, 2 89y + 9, — 49, 6
76
xexp| i ‘a9 x+a)t+00
4011011
292+94+96)J
r(x t):+g 20'91 +95 % 2%) (x—vt)
’ 892+94 496 8%, + 9, —49 -
xexp| i —ﬂx+wt+90 ,
4150715
(431 (=29, +9, +96)]
a(nr)=+ —2(),91 1 +95 (49, -9, —29) (x-w)
’ 89, + 9, —49 2 89, + 9, — 49 8
xexp| i —mx+a)t+ﬁo ,
4c1013
and
(491 (=29, +9, +96)J
() = 20 (65,204 |1 +95 (49, -9, —29) (x-w)
’ 8%, +9, —49 2 89, + 9, —49 )
7

€0
xexp|i| ——22"2 x+wt+6, ||.
4c1201,

4.2. Projective Riccati equation method
We can obtain the solution by balancing U 1"" and U, 15 in Eq. (31), which leads to N =1, resulting

in the form

Ui (§)=0¢+0F(&)+aG(&). (80)
Substituting  the obtained values of Eqs.(80) and (40) as well as

G(€)? =1-2tF (&)+R(r)F (&)? into Eq. (31), we derive a system of algebraic equations:
24k%01R(r)* + 07 %R (1) +207 96 R(7)
+1007 %07 R (1) +501%0{ R()* +3019, 07 R(7)* (81)
+60'1196g12R(r)2 + 0'15.93 =0,
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24kzglR(f)2 +10012.93g13R(T)+3612194p1R(7)+ 661296g1R (7)

(82)
+950° R(0)* + 9,07 R(1)* +29,0 R(z)* + 50 %30 =0,
—6Ok2T61R(r) + 0'00'12.94R(T) + 46061296R(T) + 50093914R(T)2
—20101193@4R(1) + 306061293912R(T) + 0094912R(1)2 83)

+4O'0196Q12R(T)2 - 8T6194,912R(1) -1 7T6196Q12R(T) - 2101394

—370'13 9 — 20r0'13 93Q12 + 50'00'14 % =0,

—36k27g1R(7) + 20000193QI3R (T) + 26061194g1R(T) +80y01%a R (T)
~419%0° R(7)— 209, R(7) 51907 R (1)~ 20101 %07 — 4707 9y (84)
—71012196g1 + 200'00'13.93g1 =0,

30k2T261 + 20k2c71R(2') + 201201,93914 + 51201.94912

+10120196,912 + 2650‘1361?(1) +20195R(7) - 20T60-93Q14R(T)

+100,:%01' R(r) — 21609, 0 R(z) — 1070y 95 0f R(7) (85)
+300301%07 R(t) + 301900 R(7) + 2679,07 R(7)

+70196912R(r) - 21’6061294 - 676061296 - 6070'00'12 .93912

+100307 % + 079, + 0794 + 079 +1007 %07 =0,

6k2r2,gl + 8k291R(r) + 41293915 + T294Q13 + 212.96913

+1007 930 R() + 20790 R(7) + 2930 R(t) + 9,0 R(r)

+29507 R(t) + 2950, R(7) — 401600190 — 216001940, (86)
—8royo1 %0, + 100'12.93913 + 30630’129391 + 30'1292@1

+(712194Q1 + 2012.9691 =0,

—15k2‘rc71 + 201200-93914 +126094912 + 4126086g12

+1000950; R(7) +1003 %507 R(7) + 304907 R(7)

+46, 9507 R(1) - 3163 0,96 — 310,95 — 2010,% 0" (87)
—601'05 6183912 - 61019, 912 - 210, 94Q12 — 770, 86Q12

+10c7801293 + 30'00'1292 + 0001294 + 20001296 + 300001293912 =0,

—kzrpl - 201’6593@13 - 10396g1 - 4183g15

219,07 1907 —19% 14 +200,0,% 4" (88)
+200'36193gl +60,01% 9 +207019%4 =0,

ko, - 20T6093pl4 - 20T6893g12 - 610092g12 - 216096g12

+5630‘1193 + 3030‘192 + 050'1196 (89)

+019 + 019 +56183g14 +306§01,93g12 +30192p12 +0136g12 =0,

10(7(%193&34-50'319391 +3Gg.92g1 +.93g15+.92y13+914 =0, (90)
03193 +0392 +0p9% +106893g12 +50'0.93g14 +30092p12 =0. 1)
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The solution to these equations provides us with the following findings:
Family — 1: R(r) =0

- 695 —209, ‘e 49, (29, + 94 + 95 )+ 95 (4%, — 94 —29)
8%, + 9, —49° 89, + 9, —49 ’

. (89, +94 —49)(% (129, - 9, +4 ) - 699%)
Cp=01=VY, = .
4(109, -39
We can obtain dark and singular solitons by substituting the parameters derived from
Egs. (92) and (41) into Eq. (80), as indicated below:

[491 (=29, + 9, + 96)J
(8 029) e[“me]

92)

-2
q(x,t)==% Mtamh 1 , (93)
89, +9, —49, 2 89, +9, —49,
(491 (=29, +9, + 96)J
- +95 (49, -9, -2, i[—ﬁxwﬂ%j
r(x,t)zig Mtanh 1 5( 2 ™ 6) (x—vt) e\ 4% , (94)
8% + 94 — 49 2 8%, +9, —49,
(491 (=29, +9, +.96)]
) +9:- (49, -9, — 29 i(—%xmﬁw{}]
q(x,t)==% Mcotb 1 5 (4% — 9% ‘) (x—vt)|e o , (95)

89, +9,-49 |2 89, + 9, —49,

and

(45&1 (=29, +9, +.96)]

- +95 (49, -9, -2, i[—ﬁxww@j
r(x,t)=+o Mcoth 1 (49 =% ~2%) (x—vt)|e 4601 . (96)
89, + 9, — 49, 2 89, + 9, — 49,

The resulting solitons satisfy the conditions 69 —209 >0, 89,+9,-49% >0, and
49, (29, + 94+ 95 )+ 95 (49, — 94 —294) > 0.
= ﬁ’1'2
25

Family — 2: R(r)

Result — 1:
99,-30% [ 69;-208
89, +9, 49, % TV\8Y, 19,49,

k—\/491(_292+94+'96)+95(492_94_296)

0020, o =—

97
89, +9, —49;

(8% +94 —49) (% (129, — 94 +495)— 69,9 )
4(108, -39 )’
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Upon plugging the parameters obtained from Egs. (97) and (42) into Eq. (80), we obtain
straddled singular—singular solitons that satisfy the conditions 695 —204, >0, 89, +9, -49% >0,

and 49, (29, +94 + 95 )+ 95 (49, — 94 —29%) > 0, as described below

s —20
o= B2
8% + 94 —49
49 (29 +9, + 9 )+ 95 (49, -9, — 289
1426 csch 9 (=28, + 94+ ) + 95 (49, - 9 6)(x_w)
89, + 9, — 49
(98)

cotl 49 (29 + 94 + 95 ) + 95 (49, — %4 —2%) (i)
89, + 9, — 49,

49, (2% +94 +9 )+ 9 (49, -9, -2
+5csch 81( 2T 6) 5( 2 T 6)(x—vt)
89, +9 —49

[ oo
1[—Mx+wt+90J
4CHGH
xe

E

and
r(x,0)=0 _ 68205
8%, +9, —49
49 (29 + 94 + 9 )+ 95 (43, — 94 — 289
1+2+/6 csch \/ ]91( 2T 6)+ 5( 2 T 6)()c—vt)
8% + 94 —49 ©9)
89, +9, — 49
t5esch 49, (29, + 94 + 95 )+ 95 (4%, — 94 —29) (x=vr)
89, +9, —49
(LMJ
4C12612
xe .
Result —2:
o 0, o 12\/77 —9—5
oma=n o= 294 T 396 =y 100)

284 +119:9, +1296
609

Gy =-— ,92_ (6.94+1796) § =——.

Straddled bright-bright solitons can be obtained from the parameters found in Eqgs. (100) and (42)
by inserting them into Eq. (80), which results in 95 <0 and 29, +395 <0, as shown below:

s
1242 29+ 396 (SSech[,/ S = (x- vt)D i[icﬂcﬂ x+a)t+t90]

C“O_“

(SSech {\/T;_(x vt)} ilJ e ’

q(x,t)z

(101)

and
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9 s
12\/5@ m [SSech |:\/:(x - Vt):U i(_ﬁx+wt+90]
e .

r(xt)= A0 (102)
(SSech{ / 35 (x vt)} IJ
Result — 3:
95 (294 +3%)
oy=0,=0, 2\/_ - 5 4 6
o= Thas 49, 479,
(103)
4 - 497 +239,9, +2886 g % 4796 g 95(329, +439)
12095 i 409, +709,

When the values obtained from Egs. (103) and (42) are inserted into Eq. (80), we observe the
emergence of straddled dark—bright solitons exhibiting the restrictions 95 >0, 49, +79 >0, and

294 +394 < 0, as described below:

9 (29, +39,
3 | (2|55 (294+3%) »
194 + 196 5 4194 + 7196 l{—ﬁiﬂ)ﬁra)ﬂr@uj
q(x,t) = e’ % s (104)
9 29 +3.9
1+ 5sech \/7 95 (29, +3%) (x—vt
48, +79
and
9. (294 + 39,
2\/8‘_0 % tanhl 2 _M X—vit o
4194 + 7'96 5 4194 + 7196 {—422772x+w[+90
r(x,t)= - ok . (105)
95 284 + 3.96
1+ 5sech x—vt
484 + 79

Family — 3: R(T) = grz

Result —1:

GO:O

" f 95 —109

1773 832+34 49,
695 —20

o= % (106)
89, +9, — 49,

49 (=29, + 4 + 9 )+ 95 (49, — 9, —29)

- 89, +9, — 49, ’

_ (89 +9 —49)(9 (129, - 9, +495) — 69,9
4(109, -39

We can derive straddled singular—singular solitons by inserting the parameters from Eqs. (106) and
(43) into Eq. (80), as presented below
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q(x,t) = 695208 X exp[i[—:ﬂ&x+ ot +90H

8192 +|94 —4196 Cl 10-11
23 9, + 9 9 (49, -9, —29
fcsch b+ +9)+95 (4%, - 9 6)(x_vt) 49
89, +9, —49
(107)
3csch 4.91 28, +9% +96)+95 (492 -9 _296)(x—vt)
89, +9, —49
89, +9 —4Y
and
-2
r(x,t)=0 Mxexp i —ﬂx+a)t+90
8192 +194 _4'96 0120'12
89, +9, —4Y
49, (29, + 9, + 9. )+ 95 (4% -9, - 29 B
29, +94 + Y )+ -9y -
3esch 9 (=28 +84+95)+ 95 (49, - % 6)(x_tv)
89, +9, — 49

49, (2% +94 + 9 )+ 9 (49, -9, - 28
+2coth ‘91( 2T 6) 5( 2 T 6)(x—vt)
89, +9, — 49

The resulting conditions are 695 —204 >0, 8% +9, -49% >0, and
49, (29, + 94+ 95 )+ 95 (4%, — 94 —29) > 0.

Result —2:
0y=0, 0y = \/7
284 + 396
a=0,k= /
5 (109)

9 :_é(495), 9, :%(1794 +339),

297 +119,9, +1297
6095 '

The parameters obtained from Egs. (109) and (43) can be substituted into Eq. (80) to yield
straddled bright-bright solitons exhibiting the conditions 95 <0 and 29, +39; <0, as given

\/7 SSech x vt) { c.o
3 294 +3‘96 1[—742' C;‘ x+a)t+90]
e 1111 S
3sech{/ : (x vt)} 2

33=_

below

(110)
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and
2\/§g 975 3seCh _&(X_Vt) 1 Cn0p
39Y29, +39, Vs {-WH@H@)
r(x>t): e 12%12 . (111)
3sech|: —lis(x—vt)}i2
Result — 3:
9 95 (294 +39,
O-0=G]=0>gl=2\/g —5’ = ——5( 4 6)’
1094 + 639, 109, + 639,
(112)
49(39-29) 8 3% , _ 1087 +1039:9, +2529;

= g, =% g
% 109, + 639 =3 3009

After plugging the parameters found in Egs. (112) and (43) into Eq. (80), we obtain straddled
singular—singular solitons satisfying the conditions 9 >0, 494 +78 >0, and 28, +39% <0, as

described below

g
415, |
( t) \/7 109, + 639
qg\x.t)=
2 2
1094 + 639 1094 + 639
i[— 1% x+a)t+00J
Xe 4611611
and
g
W50 |—3
Vise 108, + 639
r(x,t)z
2 2
2coth —w(x—vt) +3csch —M(x—vt) (114)
1094 + 639 109, + 639

i(—ﬁxﬂotwo]
46120-12

X e .
Family — 4: R(T) =2 +e

Case—1: ¢=-1
Result —1:

>

(£ -1)(69 —209,)
=0.0 =
o= 89, + 9, — 49,

) - [ 695-209, ’
89, +9, —49 (115)
k:J491(_292+94+96)+95(492_94_296)
89, +9, —49
(8% +94 —49)(9 (129, — 9, +495 ) — 699 )
4(109, -39

>

3=
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Upon plugging the parameters obtained in Egs. (115) and (44) into Eq. (80), we observe the
emergence of straddled bright—dark solitons that satisfy 695 —-209 >0, 8%, +9; —49; >0, and

49, (-29; + 94 + 95 )+ 95 (49, — 94 —29) > 0, as shown below

69 —20
gen = |5 200
83, +94 —4Y;
49 (29, + 94 +9%)
9 (49, -9, -29
7 tsech | (|4 =0 =28%)
8%, + 94 —49,
49 (29 + 94 +9)
+9 (49, -9, -29
+5tanh (49, % 6)(x—vt) +3
89, +9, —49;
X (116)
49 (2% +9, +9 )+ 9 (49, -9, — 29
Arsech G (=28 + 84+ )+ 95 (49, - 9 6)(x_w)
8% + 94y — 49
49, (2% +9, + 9 )+ 95 (4%, -9, - 29
+3tanh 91( 2T 6)+ 5( 2 6)()c—vt) +5
i[—icz'gﬂ x+a)t+90]
4Cllo_ll
xe s
r(x,t)=o0 M
8%, +9, —49
49, (29, + 94 +Y%)
+9 (49, -9, -29,
47% —1sech 5( 2 T 6)(x—vt)
8%, +9, —49
49, (29, + 94 +Y)
9 (49, -9, - 29,
+5tanh i 5( S 6)(x—vt) +3
8%, +9, —49
x (117)
49, (29, + 9, + 9 )+ 95 (49, -9, — 29
4rsech ]91( 2T 6)+ 5( 2 T 6)()c—vt)
49 (29 +9, + 9 )+ 95 (49, -9, - 29
s3tanh| [P (2048 +86)+85(4, -9, -28) |
8%, + % —49,

| 605,

i| —2-x+wt+0,
4c,0,,
xXe -

>
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q(x,t) = Mexp{i(—ﬂx—kwt—l—%ﬂ

8‘92+‘94_4‘96 C']]O-l]
49, (29, + 9, + 95 ) + 95 (49, - 9, - 29 |
J22 —lesch \/ G (=29, + 94 + 95 ) + 95 (49, - 94 6)(x_w) +1
89, +9, —49,
—, (118)
4 29 G +3 9 (49, -9, -2
cesch K (=29, + 94 +9)+ 95 (49, -84 6)(x_vt)
89, +9, —49,
ot 491(_282+94+96)+95(492_94_296)(x—vt)
8% +9, —49
and
-2
r(x,t)=p 6'95—0"91exp i —ﬂx+wt+00
49, (<29, + 9, + 9 )+ 9 (49, — 9, — 29 |
[22 _1esch \/ 9 (=29, + 84+ )+ 95 (49, - 9, 6)(x_w) +1
89, + 9, — 49
—. (119)
4 29 g 4 -2
resch G (=29, + 94 + 95 ) + 95 (49, - 94 '96)(x_vt)
89, + 9, — 49
veotn] (¥4 2'92+94+9°)+‘95(432_'94_296)(x—w)
89, +9, — 49,
Result — 2:
3(T2—1)195 9 1
o o — =0k = -5 g =1 (49
o1 29, +39, Go=4a 5 ! 5( )
(120)
2 2
g 287 41199, +128; _2(7 +2)94+3(27 +1)'96
’ 6095 T2 6(1’2—1)

Upon substitution of the parameters in Eqgs. (120) with (44) into Eq. (80), we obtain straddled
bright-dark and bright-bright solitons characterized by the inequalities 695—-204 >0,

8%, +94 —49 >0, and 49 (29, + 9, + % )+ 95 (49, -9, —295) > 0, as indicated below:

3(z2-1)9
8 Q sech /_&(x_w) (e
2,94 +3'96 5 1( _ % x+a)t+9]

q(x,1)= el o (121)
4rsech{/—i_5(x—vt)}+3tanh|:,/ 6;_ (x- vt):l +5
3(z2-1)9
80 u sech ,[—&(x—vt) ( com
294 +39 5 {—74 - x+wt+90J
r(x,t): ‘1% , (122)

A ) e T
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q(x,t)=

2 msech{ﬁ(x—vt)} N {l[
rsech{ﬁ(x—vt)}ﬂ ’

_ 2N o+ QOH’ (123)
4cy 014

and

3(z2-1)9 o

20 2(19:29556011‘: —lis(x—vt):|
+
r(x,t)= 1 exp|i —ﬂx+a)t+6’0 . (124)
. 4ci707,

tsech |, |[——=> (x—vr) |+1

Result —3:

(2 -1) 95 (29, +3%)

- e _10(72 1) 9, +15(>+3) 9

2(e7 -1) 9, +3(c%+3) 9
(94+496)(2(72—1)94+3(72+3)96) (125)
8 =- : ,
60(c*~1) 9
(2:2-3)9; s, 29, (4(1’2 ~1)9, +3(2¢? —7)96)
2(e2-1) 300 5(2(12 ~1)9, +3(c? +3)96)

Inserting the findings in Eq. (125) together with Eq. (44) into Eq. (80) yields straddled dark—bright
solitons that hold the constraints (12 —1)95 >0, 2(12 —1)94 +3(72 +3).96 >0, and

192 =

29, +39¢ <0, as presented below:

(x,1) =2 (1)
anue 2(r2-1) 8, +3(c2 +3) 5
) (2 1) 95 (29, +39)
v _10(12—1)94+15(r2+3)96(x_Vt) "
X
| |7 %0835 _— (126)
10(c> =1) 9, +15(c% +3) %

) (77 -1) 95 (29 +39%)
e _10(12—1)94+15(72+3)96(X_Vt) +

[ o
xexp|i| —2Tx vt +6, || ,
4cp1o
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_ 3(72 _1)‘95 [ €2207
=2 2(12 —1)94 +3(12 +3)96 exp{{— 4c150715 x+a)t+«90H

(2 -1) 95 (29, +39)
Stanh| [— (x=vt)|+3
10(c> ~1)9, +15(c% +3) 9

, (127)
( 1)95 29, +39)
3tanh| [— (x—vt)
10> ~1) 9, +15(2% +3) %
(22 ~1)95 (29, +3%)
+4rsech| |- (x—vt) |+5
10(c ~1) 9 +15(2% +3) 9
_ 3(72_1)‘95 | €107
aen=2 2(72—1)94 +3(r2+3)96 CXP[ [_40110711 x+wt+90ﬂ
(£ -1) 95 (29, +3%)
tanh (x—vt) (128)
10(c =1) 9 +15(c” +3)9
X s
2
7sech (r 1)95(294+396) (x—vt) [+1
10(12 1)9 +15(r +3)9
and
_ 3(72_1)‘95 [ o
rnn =2 2(T2—1)194+3(T2+3)196 exl{ [_4612012 meHOH
\/ (2 =1) 95 (29, +3%)
tanh (x—wvt) (129)
10(z> =1) 9, +15(2% +3) 9
’ ( 1)95 29, +39) .
rsech (x—vt) |+1
( 1) +15(r +3)
Case-2: =1
Result — 1:
. 61=\/—2(T2+1)(1091_395), [0
89, +9, — 49, 89, +9, —49,
:J491(_292+94+96)+85(492_84_296) (130)
89, + 9, — 49 ’

_ (8% +94 —49)(9 (129, = 9, +495) — 69,9 )
4(108, -39
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Upon inserting the outcomes from Egs. (130) and (44) into Eq. (80), we arrive at straddled
bright—dark solitons that satisfy 69, -209 >0, 89, +9, -49, >0, and

49, (29, + 94 + 95 )+ 95 (4%, — 94 —294) > 0, as shown below:

-2
q(x,t) = _695-20% exp{i[—mxw%oh%’o J:I

8192 +194 _4196 C”CT“
. +lsech 2.92+.94+96)+95(492—94—296)(x_vt) "
89, +9, —49
—, (131)
Tsech[ \/491 29, + 9, +9) + 95 (49, — 94_296)(x—vt)]
89, + 9, — 49
89, + 9, — 49,
and
695 —205, [ _ €00
N)=o | B ~ 297\ i+
r(x,t)=o0 39, + 9, 49, exp{z( C12612x+co + OH
e 491(_2‘92+‘94+‘96)+‘95(4‘92_’94_2‘9")(x—w) "
89, + 9, — 49,
= (132)
ceoen| [E (280 8+ 5¢)+ 95 (49, - 94—2.96)(x_w)
89, + 9, — 49,
| 2‘92+‘94+‘96)+‘95(482_‘94_286)(x—w)
Result — 2:
3(e% +1) 9
Ogp =0 :0, O =2 2 > 5
2(T +1)194+3(T —3)196
k ('[2 + 1)195 (294 +3196)
10(c? +1)8; +15(c* =3) 9
(133)
(94+496)(2(r2+1)94+3(72—3)96)
‘93:_ s
60(z” +1) 95
2 2 2
(22 +3)95 235(4(r +1)8,+3(2¢ +7)96)
e R e B 2 2
2e2+1) 3 5(2(T +1)8, +3(r —3).96)

We obtain straddled singular—singular solitons with 95 > 0, 2(12 +1)94 +3(r2 —3).96 >0,

and 29, +39; <0 by substituting the parameters obtained from Eqs. (133) and (44) into Eq. (80):
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) (7 +1) 95 (29, +39%)
22 +1) 9, +3(c> -3) 5, ol _10(12+1)94+15(r2—3)96(x_w)

(T2 +1)195 (2194 +3196)
resch| |- (x—vt) |+1
10(2? +1)8, +15(c* =3) %

(134)

and

(7 +1)95 (29, +3%)
coth| |-
2(e? +1) 9, +3(e? -3) 9 10(c? +1)9, +15(c* ~3) %

(x—vt)

(22 +1)95 (29, +3%) (135)

10(? +1)8, +15(c> ~3) 5 Cemv

[ cpo
xexp| i| ——2"2 x+wt+6, ||.
4cp01,

Result — 3:
3(e? +1) 9
co=0=0, 01 =2%|——F"—, k=
294 +39 5
495

) _2(1 ~2)9,+3(2e7 -1) 9
AT T 6(c2+1)

297 +119,9, +1297
609 '
After plugging the parameters from Egs. (136) and (44) into Eq. (80), we obtain straddled

(136)

‘93:_

singular—singular solitons characterized by 9 <0 and 23, +39% <0, as described below

3(z2 +1)9
2 ;Qgscsch{,/—%(x—vt)}
+
q(x,t): i 6 exp{i[—mx+wt+ﬁoﬂ, (137)
95 €11071
resch —?(x—vt) +1
and
3(c2 +1)9
2 2(9 3?95csch{4f—i5(x—vt):l
+
r(x,t)=0 10 exp{i(—ﬂx+wt+00ﬂ. (138)
+ C12012

04084 Ukr. J. Phys. Opt. 2023, Volume 24, Issue 4



Optical solitons

5. Conclusions
The current paper is an extensive study of optical solitons for the concatenation model in birefringent

fibers. A couple of algorithms have revealed a wide range of soliton and complexiton solutions that are
being reported for the first time. Earlier, the method of undetermined coefficients identified only bright,
dark, and singular 1-soliton solutions to the model. The current paper has gone far and beyond to
recover the additional form of soliton and complexiton solutions. Nevertheless, the approaches have
their own limitations. The two schemes fail to recover soliton radiation to the model. This is one of the
future avenues to look into. The conservation laws for solitons in birefringent fibers for the
concatenation model are yet to be looked at. Next up, the model needs to be studied with perturbation
terms that can be addressed using the method of semi—inverse variational principle, especially when the
perturbation terms appear with maximum intensity. Subsequently, it would be necessary to have a look
at solitons in magneto—optic waveguides, or gap solitons, as well as solitons in optical couplers for the
concatenation model. Such studies are underway, and those results would be reported as soon as they
are available and aligned with the pre—existing works [1—10].
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Anomauyin. Lls cmamms po3kpugac po3e's3Ku ONMUYHUX CONIMOHIE 015l MOOeli KOHKAmeHayii y
0BONPOMEHE3ANIOMIIOIOUUX BOJIOKHAX. Y cmammi 3acmocosano 08a nioxoou 00 IHMe2pYSauHsi:
nokpawenuil nioxio Kyopsauwiosa ma HO8uil Memoo npoekmuerno2o pieusanusa Pikkami. L]i nioxoou
003601A10Mb  3HAUMU PO38'A3KU CONIMOHIE | KOMNJIEKCIMOHI8, AKI He 80an0Cs BIOHOSUMU 3d
00noM0o2010 Memody HeGU3HAUEHUX KoepiyicHmig y nonepedrix docriodicennsax. Taxoowe Hagedeni
00OMediceHHs napamempis 0isl iCHY8AHHSL CONIMOHIB MA KOMHIIEKCIMOHIG.

Knrouosi cnosa: mooens xonxamenayii conimonie, noogitine NPOMEHE3ANOMACHHS, OOMENCeHHs
napamempis, nioxio Kyopswosa, memoo piensanns Pikkami.
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