Optical solitons and group invariants for Chen-Lee-Liu equation
with time-dependent chromatic dispersion and nonlinearity by Lie
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Abstract. This paper uses the classical Lie symmetry method for optical solitons to
study the Chen-Lee-Liu equation. We are able to establish symmetries that convert
the model into a set of ordinary differential equations and obtain solutions of the
reduced equations through various methods.
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1. Introduction
The theory of optical solitons provides technology across the globe in the field of fiber-optic

communication systems. There are various models that govern the dynamics of soliton
propagation, including birefringent fibers, optical fibers, photonic-crystal fiber (PCF),
metamaterials, and others. Soliton solutions play a vital role in the telecommunications industry.
The Nonlinear Schrodinger’s equation (NLSE) is one of the most commonly studied equations. In
recent years, many authors have analyzed various models for different aspects. Some of the
available models are the Lakshmanan-Porsezian-Daniel model [1], the Gerdjikov-Ivanov equation
[2], the Kaup-Newell equation [3], the Schrodinger-Hirota model [4], the complex Ginzburg-
Landau equation [5], the Radhakrishnan-Kundu-Lakshmanan equation [6], and several others.
Several papers are readily available with such models and their corresponding soliton dynamics.

In nonlinear optics, three types of derivative NLSEs are being studied. The Chen-Lee-Liu
(CLL) equation [7] is one such model in the family of NLSEs that was first introduced in 1979 and
has gained importance ever since. There have been several studies regarding this equation in the
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past [8, 9]. Several mathematical algorithms [10, 11] have already been successfully implemented
to address such models using well-known techniques, including the Adomian decomposition
method [12], the semi-inverse variational principle [13], the Darboux transformation [14], and the
chirped W-shaped optical solitons [15].

In the context of optical fiber, the generation of combined solitary waves for the CLL
equation was first reported by Li et al. [16] in 2000. The rogue wave solutions with this model
were reported by Zhang et al. [17]. Triki et al. [8] retrieved chirped singular solitons using the
traveling wave approach for the CLL equation. The work in this paper focuses on handling the
propagation of an optical pulse modeled by a family of the following CLL equation [18]-[21],
which is also known as the generalized CLL equation with variable coefficients, as described
below

izt+f(t)zxx+ig(t)|z|2 z, =0, (1)
where z = z(x,t) , the dependent variable, represents the complex-valued function to be
determined, z, gives the temporal dispersion, z, is the spatial dispersion, z,,. corresponds to the
higher-order dispersion, f(¢) and g(¢) are arbitrary functions of time. This equation is a
generalization of the standard CLL equation, as presented below

iz, + foe +ig |z [} 2, =0, ?)
where f and g are constants. Eq. (2) transforms into the regular CLL equation when f=g=1.
In optical fiber, the term g represents the coefficient of self-steepening nonlinearity, while the
coefficient f gives the group velocity dispersion. In the upcoming sections of this manuscript,
Lie symmetry analysis [22]-[23] will be presented to find optical solitons and group invariant

solutions of Eq. (1).

2. Classical Lie symmetry analysis
The study of differential equations with symmetry analysis has been gaining popularity recently.

In this paper, we explain how to derive the symmetries, symmetry reductions, and group invariant
solutions of the variable coefficient CLL equation using the Lie classical method [24]-[28]
algorithmic way. To determine the symmetry analysis admitted by Eq. (1), let us consider

z(x,0) =u(x,0)+iv(x,1), 3)
which splits Eq. (1) into its real and imaginary portions as:
=V + () gy —g(t)(u2 +v2)vx =0 and u, + [ (1) vy +g(t)(u2 +v2)ux =0. 4)
To locate the classical symmetries, we will now consider the Lie group of continuous
transformations as follows:
u=u +677(x,t,u,v)+0(62), V= v+€¢(x,t,u,v)+o(52),
(%)
X= x+e§(x,t,u,v)+o(62), {= t+fr(x,t,u,v)+o(62),
which remains the system (4) invariant under this one-parameter transformation. This leads to an

overdetermined linear system of equations for the infinitesimals n(x,z,u,v), ¢(x,t,u,v),

&(x,t,u,v), and 7(x,t,u,v). Thus, the invariance condition of Eq. (1) yields:
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¢+ f (O e f (g —g (1) +7 )"
~g(1)(2um +2vg)v, (1 ++7 )eg (t)v, =0
and (6)
0+ £ ()" oS () v+ g (1)’ + )
+g(1)(2un +2v9)u, +(u? +3? )rg (1)u, = 0.
By substituting the values of the infinitesimal ', ¢", n*, ¢*, 7™, and ¢ into (6) and

equating the same power of various differentials to zero, we obtain the desired system of
overdetermined partial differential equations (PDEs). Solving this overdetermined system of PDEs
yields:

n=cqu+cy, ¢=—cu+cv, &=c3x+cy and TI%J.f(t)dt-i-%, @)

where ¢, ¢;, ¢3, ¢4, and c¢s are arbitrary constants, and f(7) and g(¢) are governed by the

following specific conditions:

tg'(t)+2(c;—c3)g(1)+g(t)r, =0, and 7 f'(¢)—2¢3f (1) + f(¢)7, =0. (8)

The associated infinitesimal generators are presented as follows:
0 0 0 0 0 2 0 0 1 0
G=u—+v—, G =v—-u—,G=x—+—— t)dt—, Gy =— d Gg=——F—.
= e TV Y x8x+f(t)~[f() a T M BT

The vector fields form a Lie algebra provided by (9) as:
[GI,G2]=O, [GI,G3]=O, [GI,G4]:O, [GI,GS]:O,
[GZ,G3]=O, [GZ,G4]:O, [G2,G5]:0,
[G3,G4]=—G4, [G3,G5]:—2G5,
[G4,G5]:0.

(10)

3. Reductions and exact solutions of variable coefficient CLL equation
In this section, our main goal is to derive the exact solutions of Eq. (1) through the reduced

equations. The similarity variables and forms can be obtained by using characteristic equations as:
e _di_du_dv an
s t . n ¢
To achieve symmetry reductions and exact solutions, we will discuss the following four cases
of vector fields: 1. Gy; 2. G4 +Gs; 3. G5 and 4. G, + AG4 +Gs, where A is an arbitrary real
number different from zero.
3.1. Reduction under G,

Solving Eq. (11) leads to the similarity variables in the following form:

() =Uw) W), = X (=L

2’ g( ):—1/2'
(jf(t)dt) 2(Jf(t)dt)

Treating U (y ) and ¥ (y) as new dependent variables with a new independent variable v,

(12)

and using Eq. (12) in Eq. (1), we obtain a special nonlinear ordinary differential equation as
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follows:

Lu(y)r' (w)+U" (n)-U )V @7 -S0 )7 (v)=0

and (13)

"

. ) . 1.
LU (W)U )V )+ 20 ()7 (v)+ U (v)UP (w) =o.
We are only able to retrieve a constant solution for the studied equation here.
3.2. Reduction under G, +G;

The similarity variables for the vector fields G, + G5 are given by:
2(xt)=U()e" W), y=x—[r(0)d g(t)=cos (). (14)

By substituting Eq. (14) into Eq. (1), Eq. (1) reduces to the following system of ordinary
differential equations (ODEs):

Up)V (v)+U (v)-Uw)V @) =cU* (v)V (v)=0, (15)
and
—U'(l//)+U((//)V”(l//)+2U'(I/I)V'((//)+C6U'((//)U2 (w)=0. (16)
Multiplying Eq. (16) by U (l//) and integrating the resulting equation with respect to w
gives:
: 1 1
U*(y)v (t//)—EUZ (l//)+c6ZU4 (v)=0. (17)
Using Eq. (17) leads to:
' 1 1
Vy)=5 =l (v)+B, (18)

where B is an arbitrary constant. By substituting Eq. (18) into Eq. (15) and multiplying it again
with U’ (w) and integrating, we obtain:

—4e, (1+B)U4((//)+4(1—4BZ)U2 (w)+16U (y ) +c2Ul(w)=0.  (19)
By choosing U (v)=0(v) in Eq. (19), we conclude that:
30" (w)~4cs (1+ B)O® () +4(1-4B) 0 (w)+4Q () =0. (20)

Upon solving Eq. (20), the solution of the variable coefficient CLL equation is given as:

S (—1+4Bz)
Z(X,l)z (eqm)

—\2
2 (ew o ) P Y
x| 16c +~——— L _464B% 8= 67 Q1)
(eqmjz CN-1+45°
e’ 71+4BZCG 2 252 )
—8———+32¢,"B+16¢,"B” —-16
N1+ B 6 <
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where  is given by Eq. (14) and C is an arbitrary constant of integration.
3.3. Reduction under G;
In this case, the similarity variables are given as follows:
2(x,t)=U(y)e" W),
V=X, (22)
g(t)=c1f (1),
which presents the reduced form of Eq. (1) as:
U (w)-Uw)V W) —c;U (w)V (v)=0, (23)

and

"

Uy )V (v)+2U (w)V (v)+cU (w)F*(y)=0. (24)
In this case, due to the complexity of the above system of equations, we are unable to find
non-trivial solutions for it.

3.4. Reduction under G, + G, + G;s

The similarity variables are obtained by taking the characteristic equation as:

Z(x,l) _ e_i(-[f(l)dHV(W))U(l//)

>

v :x—ljf(t)dt, . (25)
g(1)=7(1)
Hence, Eq. (1) turns out to be the following system of ODEs
U) =AU ()7 () +U" () -U @)V )] +0* )V (v)=0,  6)
and

~2U () =U(w)V" (v)=2U" (w)V (v)+U* (W)U (v)=0. @7

Multiplying Eq. (27) by U (l//) and integrating once gives:

2 (W)V'(w)—%/{Uz(wH%U“ ()=0. (28)
Using Eq. (28) leads to:
V’(w):—%%(ﬂ (w)+M, (29)

where M is an arbitrary constant. Putting (29) into (26) and once more multiplying it with U (1//)

and integrating, leads to:
4(M = 2)U* () +(16+427 ~16M U ((//)+16(U’((//))2 +U (y)=0. (30)
Substituting U (w)=H () into Eq. (30) gives us:
H* (y)+4(M = 2)H? () +4(4+ 4> ~am? | 1 (z,/)+4(H'(l,/))2 0. 31)

Upon solving Eq. (31), the following solution of the variable coefficient CLL equation is
obtained:
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| A3 1 2 2
_,[jf(z)m(—fgcﬁg J5C-16C, A+16 4 +64](x—l | f(t)dt)]

Z(x,t)= Cue (32)

where C, is an arbitrary positive constant of integration.

To obtain different solutions, we take the following form of H () :
H (y)=Cytanh (Cyy), (33)

(Cy represents the difference between the two stable states of the shock wave) which leads to the
dark optical soliton solution of the variable coefficient CLL equation as:

)
y =x—A[ f(t)t,

U(w):%{ZO/I—S /12+20—5\/—8/1 A2 +20+171% +20 (34)

1/2
x tanh(—%\/i%l\/lz +20-174%2 =20y + czﬂ ,

and

— 2 2
V(u/)=—i il iz+20_l\/ 8ANA2+20 +17 2% +20

A
1o~ 20 4 Jsaa2+20-172% 20
—tanh[—%\/&l\/iz +20-174% —20W+Czj—1

_1\/—8& A2 +20+174% +20

4 JsaJa2 1201722 20
—tanh[—%\/wnliz +20-1722 —20l/1+C2j+1

where C, is the constant of integration that represents the center position shift.

xIn

(35)

xIn

>

However, the discriminant 8AvA%+20-174% =20 must be both positive and negative
simultaneously for solitons. Therefore, we can set this discriminant to zero in order to obtain
certain solitons.

Let us take H () to be of the form:
H (y)=Cyeoth(Cy ), (36)
and the singular soliton solution appears as:
=) =U ) W)
"% =x—/1jf(t)dt,

E

U(n//):l 201-5 12+2O—5\/—81 22 +20+172% +20 (37)
5

1/2
xcoth(—%\/&i\/lz +20-172% =20y +02H ,

and
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1
V(l//) :—El

+ 222420

_l\/—Sﬂ, A2 +20+174% +20

4 Jsada2+20-1722 20
—coth(—ll\/sm//lz +20-172% =20y + Czj—l‘ (38)

1 \/—81 22 +204172%+20

4 s 201722 20
—coth(—ﬁ\/Sl\/lz+20—1712—20y/+C2j+1.

xIn

xIn

However, the discriminant 8AvA%+20-174% =20 must be both positive and negative
simultaneously for solitons. We can set this number to zero to obtain certain solutions.
Taking H (y) to be of the form:

H (y)=Cysech(Cy), (39)
which leads to the bright soliton solution:

z(x,t)=[2 3/12_4seCh((x_}“jf(’)d’)\/m_cl)]l/z

(40)
Xe—{j f(z)dt%(x—/lj f(t)dt)+%rctan(sinh((x—lj. £(0)de W32 —4 —Cl)))

>

whereas the discriminant for bright solitons, given by Eq. (40), must be positive, which is expressed as:

322 -4>0. (41)
Assuming the following form of H (y):
H (y)=Cyesch(Cy), (42)

yields another kind of singular soliton solution as:

1
z(x,1)= {—2 -32% +4csch(—y/ 327 -4+C )}2

R e

However, the discriminant 3% —4 must be both positive and negative simultaneously for

(43)

solitary solitons, as given by Eq. (43). As a result, it can be concluded that the variable coefficient
CLL equation does not contain any such form of singular soliton.

4. Conclusions
In this manuscript, we have successfully found the optical soliton solutions of the variable

coefficient CLL equation with the aid of the Lie classical method. The reduced system of
nonlinear ODEs obtained by symmetry reductions provides new bright soliton solutions by
implementing the scheme of integration and gives us certain conditions under which other singular
solitons can be obtained. The results of this paper can be useful for further investigation in future
research. All the results have been verified using Maple software.
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Anomayia. YV yii cmammi eusuacmoca pienuanna Yena-Jli-/lio 3 6UKOpUCMAHHAM KIACUHHO20
Mmemooy cumempii JIi Ona onmuunux conimouis. IIpo0emMoHCmpo8aHo MONCIUBICIG 8CIAHOBIEHHS
cumempill, AKi NepemopIOMbd MOOelb HA HAOIp 36UYAUHUX OuepeHyianbHux pieHAHb |
OMPUMAHHSL PO38 A3KIE CKOPOUEHUX PIBHAHb PISHUMU MEMOOAMU.

Kntouosi cnosa: conimonu, pisnanna Yen-Jli-J/lo, ananiz cumempii JIi.
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