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Abstract. We employ an enhanced version of a decomposition technique, an
improved Adomian decomposition method, and confirm computationally its high
accuracy for a number of dark and singular cubic—quartic optical solitons which
arise from the Lakshmanan—Porsezian—Daniel equation. The overall recurrent
scheme applied for the governing model is elucidated and further scrutinized with
regard to the optical solitons mentioned above. The computational results are
promising and reveal a remarkably high level of precision. Tables of the absolute
errors and illustrating plots are provided to augment the main findings of our
comparative study.

Keywords: computational methods, Lakshmanan—Porsezian—Daniel model,
improved Adomian decomposition method, optical solitons, Kerr-law nonlinearity.

UDC: 535.32

1. Introduction

Phenomena that appear in quantum optics are modelled by a wide variety of nonlinear evolution
equations. Solitons are known as a special class of the solutions of nonlinear evolution equations
[1]. A soliton represents a self-reinforcing wave beam that propagates without changing its shape
and speed and maintains its stability during mutual collisions [2]. Optical solitons are important, in
particular, for optical switching devices and pulse modulation of laser-source light. They form a
basic ‘fabric’ for long-range communications industry [3].

The optical solitons arise owing to a very delicate balance among the nonlinear effects, the self-
phase modulation and the chromatic dispersion. The presence of this balance leads to transmission of
solitons over optical fibres over transcontinental and transoceanic distances [2, 4]. However, this
balance can be lost and the soliton transmission can fail when the chromatic dispersion is too low or
negligible [5]. Many concepts have been suggested recently to solve this problem. They are given,
e.g., by cubic—quartic (CQ) solitons, purely cubic solitons, highly dispersive solitons and Bragg
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gratings. These technological innovations can salvage the propagation of solitons in optical fibres [6].
Introduction of higher-order dispersions maintains securely the balance between the dispersive
effects and the self-phase modulation and so preserves the solitons. The notion of the CQ solitons has
appeared in 2017, following the emergence of purely quartic solitons in 2016. Note that the purely
quartic solitons have been examined only numerically [3, 4].

The CQ case is applicable when the usual chromatic dispersion is too small and can be
neglected. Then it is ‘substituted’ by a mixture of third- and fourth-order dispersions. The CQ
solitons have been dealt with both analytically and numerically. They have given an immense
impetus to the field of quantum optics [2-7]. Recently, several mathematical models have
appeared for description of the pulse propagation in optical fibres and, in particular, the CQ
solitons. They describe substitution for the chromatic dispersion and generalize a well-known
nonlinear Schrédinger evolution equations which represent the most fundamental model for the
transmission of solitons through optical fibres [2, 4]. Among those models, one can mention a
Fokas—Lenells equation [6], a complex dispersive Ginzburg—Landau equation [8], a Lakshmanan—
Porsezian—Daniel (LPD) equation [9] and some others.

A perturbed LPD equation models transmission of the solitons through different types of
waveguides, using Hamiltonian-type perturbation terms. This LPD model has originally emerged
in 1988 during the studies of Heisenberg spins. After that, it has been comprehensively examined
and acquired a high reputation [9]. The model has suggested an autonomous approach for studying
the dynamics of soliton propagation through metamaterials, photonic-crystal fibres, optical fibres,
different types of waveguides, etc. [7]. This model has also been studied with the aid of a wide
variety of mathematical techniques, including a method of undetermined coefficients [4], a Lie-
symmetry analysis [5], a Riccati-equation expansion approach [7], a sine-Gordon equation
approach [9] and a semi-inverse variational principle [10]. Given such substantial analytical
approaches at our disposal, it would be imperative to study the above model from a numerical
perspective.

Below we will address some analytically derived dark and singular optical solitons found for
a CQ-LPD model, using an improved Adomian decomposition method (IADM) [11-14]. Hence,
the present work serves as a sequel to the studies previously reported for the same model, which
have addressed the bright optical solitons [11]. Numerous works have already confirmed a high
efficiency of this improved method when it deals with the Schrédinger equations of different types
(see, e.g., Refs. [12—15] and references therein). We will study the model mentioned above with a
Kerr-law nonlinearity [16]. The results of our approach will be validated by comparing them with
the analytical data available in the recent literature [3].

The present work is organized as follows. Section 2 presents the model under our study,
Section 3 outlines the methodology, and Section 4 gives a benchmark of the analytical solutions.
Then Section 5 describes the numerical results and Section 6 concludes our study.

2. Governing equation

The CQ-LPD model has been offered in 2021 [5]. Using its dimensionless form and taking
perturbation components into account, one can represent this model as [3]

iq, + @i +bq e +la] g =aq?q" + Blas’ ¢+ 7 |af* g + 207 q + 5 e g

+i[§(|qlzm q)x+#(|q|2m )xq+p|q|2m qx} i =+, @

where ¢ = q(x,t) is a complex-valued wave field and x and ¢ stand for the spatial and temporal
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variables, respectively. The first term on the left-hand side of Eq. (1) describes the temporal
evolution, which is linear, a and b denote respectively the coefficients of the third- and fourth-
order dispersion components, while ¢ represents the coefficient of the nonlinear refractive index
governed by the Kerr law. On right-hand side of Eq. (1), the coefficients a, 5,y and A emanate
from the nonlinear dispersion as a result of perturbation, while the two-photon absorption is

denoted by & . Finally, & presides over the self-steepening effect, u and p are associated with

the nonlinear dispersion effects, and the parameter m stands for the peak acceptable light intensity.

3. Computational approach
Below we present in brief the computational approach used to solve the governing CQ-LPD
model, i.e. the IADM [11-15]. We note that the IADM represents an enhanced version of the
traditional Adomian decomposition method (ADM), which is an efficient semi-analytical and, at
the same time, numerical method for tackling the functional equations.

We begin with decomposing the complex-valued wave field g involved in Eq. (1) into its real
and imaginary components:

q(x,t)=v +ivy, 2)

with v, and v, standing for real-valued functions. Upon substituting Eq. (2) into Eq. (1), one

obtains

i(v+ivy ) +ai(vp+ivy) _ +b(v+ivy)  +cly +1v2| v +ivy)

. \2 . .
=a(v+ivy) (% —zv2)+ﬁ|(v1 +ivy ) | v +ivy)+y [y +lv2| v+ivy)
N2 . 3)
+A (v +ivy) (vl—lvz) +5| v +ivy | v +ivy)
+i{& |v +iv |2m(v +iv ) +,u |v +iv | v +iv +p|v +iv | v +iv )
1 2 1 2 1 2 1 2 1 2 1 2)x ("
When the variables are separated, the latter relation yields the following coupled equations:
Vit = =V xxx _bv2xxxx +]1’ (4)
Vor = —AVoxxy blexxx _127 (5)
where /; and I, are expressed as
2 2 2 2 2 2 2 2
11 = —C(Vl +V2 )V2 +a|:(V2x —le)V2 +2V1xV2xV1j|+ﬁ(V1x +V2x)V2 + y(Vl +V2 )szx
2 2 2, 2)?
+i(v2 -V )szx +2VVoV +5(v1 +v2) 12 6)
m m m m
+;{(Vf+vg) e[ (7+)"] VI}W[(vfwg) e p(g e e
X X
and
(v12 +v22)v1 +a[(v12x —v%x)vl +2v1xv2xv2J+ﬁ(v12x +v§x)v1 + y(vlz +v§)vlm
[ —vz lex+2v1v2v2xx:|+5(v1 +v2) v @)

Vl +V2 sz Vl +V2 Vl +V2) V) —p(vl +V2) Vox-
X
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Then the initial conditions become as follows:
v (x,O) = [q(x,O)}R , V (x,O) = [q(x,O)L s

where R and [/ are associated with [q(x,O)] and denote the real and imaginary parts,

respectively.
The traditional ADM decomposes the solution set {vl (x,1),v, (x,t)} into an infinite series of

components as follows:

v (x,t)= Zvln (x.1), (8)
n=0

vy (x,t) = sz,, (x,t), ©)
n=0

where the components v, and v,, at n >0 are computed recurrently. Re-expressing Eqs. (4) and

(5) in an operator style, one obtains
Ly, ==avi o + vy — 11 (10)
Lvy, =—avy, . + bV o — 15 (11
0 . . . - .
where L, = e After applying the inverse linear operator L,1 to both sides of Eqgs. (10-11), we
get
v (6,0) = (%,0)=aL; 'y —BL v e + L', (12)
vy (x,0)=v, (x,O)—aLt_]VZXxx +bL,_1v1xxxx —Lt_llz. (13)
The nonlinear components /; and I, involved in Eqgs. (12) and (13) (see also Eqgs. (6) and

(7)) are replaced respectively by 4;, and A,,, which are referred to as Adomian polynomials.

Here we recall that, basing on the precise algorithm devised by Adomian [11-15], one can
compute the Adomian polynomials for all the sorts of nonlinearities.

Let us substitute the nonlinear components given by Egs. (6) and (7) and the solution defined
by Egs. (8) and (9) into Egs. (12) and (13). Then one obtains

Zvln (xvt) =V (x,O)—aL;l Z(Vl (xst))xxx _blL;l(VZ (xst))xxxx +L;1 ZAer (14)
n=0 n=0 n=0
vy, (xt) =vy (x,0)—aL; " > (v (%,8)) g +BL vy (x8)  — L' D Ay, (15)
n=0 n=0 n=0

Without much delay, the IADM procedure gives the following overall recurrent scheme for
the CQ-LPD model:

Vo (x,1)=v(x,0), (16)
vy,0 (%,2) =¥y (x,0), (17)
Vit (50) = =aly O (60 g =L g (50 e + L A (18)
vyt (%,0) = =aly vy (6,0 e + DL O (50 e = L Ao (19)

Here the recurrent solution is obtained from Egs. (18) and (19) upon substituting Egs. (8) and (9)
into Eq. (2) as follows:

q(x,t) = ivln (x,t)+{iv2n (x,t)]. (20)

Ukr. J. Phys. Opt. 2023, Volume 24, Tssue 1 49



Al Qarni A. A. et al

4. Dark and singular CQ optical solitons

Now we consider some dark and singular CQ optical solitons, which have been reported
analytically in the literature, as benchmark solutions. This consideration becomes imperative for
validating the approximate IADM solution associated with the governing CQ-LDP model.

4.1. Dark soliton
Recently, Vega-Guzman et al. [3] have employed the method of undetermined coefficients to
reveal some interesting CQ optical solitons for the CQ-LDP model, including the dark optical
solitons of the form

q(x,t) :Atanh[B (x —vt)j ol hxrars0), 2D

where k£ and o are respectively the wave number and the frequency of the soliton, 8 is the
centre of the soliton phase, and v denotes the velocity of the soliton which gives its mean position.
Here the soliton amplitude and width are represented respectively by 4 and B . The latter are
given by [3]

4b(1082 —3k2)32
A= : 22)
Zy+2(Z4+Z5)B*

; (23)

B (724 +225)Z, +3k* {4006 +(Z4 + 75 )(24 +27Z5)} £ ¥
4{10066 —(Z, —4Z5)(Z4 + Z5)}

with

¥p ={52,+3K> (2, + Zs)| J96b5 + (2, +22 ).
They are subject to the following constraint conditions:
(10066 — (24 —4Z5)(Z4 + Z5) |
X 72, +225)2, + 3K {4065 + (2, + Z5)(Z4 + 225 )} 2P ) | > O,

96b5 +(Z4 +225 ) >0,
where we have
Z, = w+3b*,
Zy =c+(24-B)k?,
Zy=k(&+p)=0,
Zy=a+f, Zs=y+A,
of which parameters are coupled by the relations
v=—-8hk’,
E+2m(E+u)+p=0, a+y=A.
Moreover, the soliton frequency @ can be determined explicitly:
©=4(4B> -3k |bB> ~3bk* - 7,4’ B*.

Considering all of the parameters mentioned above, we analyze further on the two cases of
the dark-soliton solutions by changing the soliton width B .
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Case I. The soliton width B takes the form

o [(0Z3+225)2, +3K° {4005 + (2 + 25)(24 +225)} + ¥y
N 4{100b8 —(Zy —4Z5)(Z4 + Zs )} '

Case I1. The soliton width B takes the form

5o 02442252, +3k7 {4068 +(Zy + Z5 ) (24 + 225 )} - ¥
4{10065 —(Z4 —4Zs)(Z4 + Z5)|

4.2 Singular soliton

Now we analyze the singular optical soliton reported by Vega-Guzman et al. [3] for the CQ-LDP
model and consider Eq. (21). Below we do not present too much details since many of them have
been given with regard to the dark optical solitons. With no delay, we consider again the two cases
of the singular soliton solutions by changing the soliton width B.

Case 1. This case involves the following types.

Type L. The soliton width B takes the form

(1Z,+2Zs —5%¥ )7, +3{40b5+(Z4 +75)(Z4 +27s —\PB)kz}
B 2{10068 — (2, —4Z5)(Z4 + Z5))

B=

Type II. The soliton width B takes the form

(1244275 +5 )2y +3{40b8 +(Z, + Z5)(Zy + 275 + ¥ ) K

B= 2{10006 ~(Z, ~4Z5)(Zy + Zs)}

Case II. This case involves the following types.
Type L. The soliton width B takes the form

o (024422507, + 3k {4066 + (2, + Z5)(Z4 + 225 )} + ¥
= 4{10068 — (2, —4Z5)(Z4 + Z5))

Type II. The soliton width B takes the form
5 (124 +225)Z, +3k™ {4065 +(Zy + Z5 ) (Z4 +2Z5)} - ¥
- 4{10068 — (2, —4Z5 )(Z4 + Zs )]

5. Numerical results
Now we demonstrate the main results acquired via our numerical simulations. In particular, we
report the absolute errors and provide graphical illustrations of the dark and singular soliton
solutions which have been described in Section 4. To be specific, we take the following parameter
values for the governing CQ-LPD model [3]:
a=4bk, p=-3&5-2u,6=0., m=1, u=1,
k=01,=1,a=B=1x10"°, y=0.1.
In addition, we prescribe the initial conditions at ¢ =0 given by Eq. (21) to the dark soliton
solutions and, accordingly, to the corresponding singular soliton solutions.

The absolute errors, i.e. the differences between the benchmark analytical solutions [3] and
our numerical solutions derived by the IADM are gathered in Tables 1-6. Figs. 1-6 show the plots
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of the analytical and numerical solutions taken at different values of the temporal variable
1={0,0.1,0.2,0.3,0.4,0,5}, where the spatial variable x ranges in the interval —20<x<20. In
fact, the error differences are remarkably low. Moreover, a particular case of ideal correspondence

between the exact and computational results can be seen in Figs. 1-6 at ¢ = 0. Finally, one can see
that the level of accuracy of the numerical model decreases slightly with increasing ¢ value.

Table 1. Absolute errors for the Case-I dark Table 4. Absolute errors for the Case-I
optical soliton. Type-II singular optical soliton.
t Error at x =60 t Error at x =60
0.0 0.000000 0.0 0.000000
0.1 9.60x107 0.1 1.000000000 %1078
0.2 1.919x1077 0.2 2.000000000x107
0.3 2.881x1077 03 3.00000000 x107
0.4 3.839x1077 0.4 4.000000000x1078
0.5 4.798x1077 0.5 5.000000000x 10~
Table 2. Absolute errors for the Case-II dark Table 5. Absolute errors for the Case-II
optical soliton. Type-I singular optical soliton.
t Error at x =60 t Error at x =60
0.0 0.000000 0.0 0.000000
0.1 8.438x107 0.1 9.6x107°
0.2 0.0000016876 0.2 1.92x10°8
0.3 0.0000025314
0.3 2.89 x1078
04 0.0000033752 04
. -8
0.5 0.0000042189 3.85 x10
0.5 4.81x10°8

Table 3. Absolute errors for the Case-I

Type-I singular optical soliton. Table 6. Absolute errors for the Case-II

t Errorat x =60 Type-II singular optical soliton.

0.0 0.000000 t Error at x =60

0.1 9.999999991 x10™° 0.0 0.000000

0.2 1.999999999x10™8 0.1 8.4x107°

0.3 2.99999999 x 10~ 0.2 1.69x10°8

0.4 3.999999999 x10°8 03 253 x1078

0.5 4.999999999x10™8 04 337x1078
0.5 422x1078
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-20 -10 0 10 20 -20 -10 0 10 20

X X
exactg _° IADMg

t=0.3

20 -20 -10 0 10 20

exactq ¢ IADMg exactqg ¢ [ADMg

t=0.4 t=0.5

0.12 4

0.02

-20 -10 0 10 20 -20 -10 0 10 20

exactg ¢ I_-\DMq|

exactq ¢ IADM q|

Fig. 1. Comparison of the exact and IADM-simulated solutions for the Case-| dark optical soliton.
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exactq ¢ [ADMg

-20 -10 0 10 20 -20 -10

exactq ¢ IADMg exactq ¢ [ADMg

t=0.4

-20 -10 0 10 20 -20 -10 0 10 20

exactg ¢ L—\Dk-1q| | exactg ¢ I_-\DMq|

Fig. 2. Comparison of the exact and IADM-simulated solutions for the Case-Il dark optical soliton.
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t=0.2 t=0.3
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025
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X x
| exactg ¢ L—\Dk-1q| | exactg ¢ I_-\DMq|

Fig. 3. Comparison of the exact and IADM-simulated solutions for the Case-l Type-l singular optical soliton.
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Fig. 4. Comparison of the exact and IADM-simulated solutions for the Case-l Type-Il singular optical soliton.
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Fig. 5. Comparison of the exact and IADM-simulated solutions for the Case-Il Type-I singular optical soliton.
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Fig. 6. Comparison of the exact and IADM-simulated solutions for the Case-Il Type-Il singular optical soliton.
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6. Conclusion

In the present study, we have developed the computational scheme based on an enhanced version
of the traditional ADM, the IADM, to tackle numerically the CQ-LPD equation. In particular, we
have derived the recurrent computational scheme for the governing model. In order to validate
further our scheme, we have compared our results with some of the dark and singular optical
soliton solutions found analytically in the recent work by Vega-Guzman et al. [3]. Amazingly, our
computational results are very promising. The corresponding absolute errors provided in Section 5
testify that our numerical findings are characterized by an extremely high accuracy. The
comparative plots in Figs. 1-6 portray an almost perfect match between the contending curves.

It is worth noting that the computational approach developed in the present work can be
extended to other classes of differential Schrodinger equations concerned with more complicated
nonlinearities. In the future, the above model will be studied using additional approaches and the
appropriate computational data will be compared with the recent results [17-23].

Disclosure. The authors claim that there is no conflict of their interests.
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Anomayia. Mu suxopucmanu 800CKOHAIEHY 8epPCito Memo0y 0eKOMNO3uYii — NOKpaueHuti Memoo
dexomnosuyii Adomiana — i yucenbHO NIOMEEPOUNU 1020 BUCOKY MOYHICMb O/ HUSKU TMEMHUX §
CUHZYJISIDHUX — KYOIUHO-KEAPMUYHUX —ONMUYHUX — CONIMOHIE, SKI 3 A6ISIOMbC 3 PIGHSHHS
Jlaxwmanana—Ilopcesiana—/laniena. Iloacneno 3azanvhy peKypeHmHy cxemy, 3ACmoco8any O
Kepyowoi mamemamuynoi mooeni, ma 000amKo80 O0CHIONCeHO 1T HA NPUKIAOL 32A0aHUX Sulye

60 Ukr. J. Phys. Opt. 2023, Volume 24, Issue 1



Dark and singular...

ONMUYHUX CONIMOHIE. Pesynomamu Hawux oOuuciens 6a2amoobiysioui ma OeMOHCIMPYIOMb
HAO036UYAUHO 6UCOKULl pigeHb mouHocmi. OCHOGHI  pe3yibmamu  HAW020 NOPIGHAILHO20
00CIONHCEeHHST OONOBHEHO MAOIUYAMU ADCOTIOMHUX NOXUOOK Ma LIIoCmpayiitHumu epapixamu.

Knrouosi cnoea: obuucmosanvui  memoou, moodenv Jlakxwmanana—Ilopcesiana—/leniena,
VOOCKOHANeHUU Memoo Oekomnozuyii Aoomiana, onmuyHi CcONIMOHU, HENIHIUHICMb 3a 3AKOHOM
Keppa.
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