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Abstract. We develop a method for measuring piezooptic coefficients 7y,

(k=4,5, 6) for the crystals that belong to almost all of the point symmetry groups.
The method is based on the studies of optical birefringence and optical indicatrix
rotation angle under conditions of known spatial distribution of mechanical stress
components in a crystalline disk compressed along its diameter. We present the
relevant theoretical relations that describe piezooptic effect in crystals of all point
symmetry groups.
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1. Introduction

Piezooptic effect is a well-known phenomenon, of which the first experimental studies have been
carried out by Brewster as early as in the beginning of the 19™ century [1, 2]. The effect consists in
changes of the refractive indices (or, equivalently, the optical impermeability coefficients

AB; = A(l/ nz)“ ) of an optical medium under the action of mechanical stresses o; :
ij

0
ABU :BU —Bl/ =7r!-/~k10'k1. (1)
Here =, =n, is a fourth-rank piezooptic tensor, and B, and B,? the optical impermeability

tensors corresponding to stressed and free samples, respectively.

Usually the effect is studied after applying a uniaxial pressure to a sample. It is known that
uniaxial loading of samples with parallelepiped shapes produces a barrel-shaped mechanical strain,
due to friction forces that act between sample surfaces and substrates. This leads to appearance of
all components of the stress tensor, of which spatial distribution is not known in advance [3]. As a
consequence, the piezooptic coefficients are determined with high enough errors that exceed
~30%. In our recent work [4] we have developed a novel torsion method for studying the
piezooptic coefficients. Under torsion, pure shear stress components appear in a crystalline sample,
which depend linearly on the coordinates so that, in a convenient experimental geometry, one can
measure the piezooptic coefficients 7, (k=1,...,3; m =4,..., 6) with the errors reduced to ~ 3%.

For determination of the coefficients =, (k=1,..., 3; m=1,..., 3), we have developed the

method based on the known 2D stress distribution in the sample subjected to a four-point bending
stress [5]. It has been found that employing of such spatial distributions for determination of the
piezooptic coefficients essentially increases the accuracy, when compared with the known
techniques relying on application of uniaxial pressures [6, 7]. It is worthwhile that the known 2D
spatial distributions of the stress tensor components arise not only under bending or torsion of
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crystals. One of the methods for creating 2D stress states consists in compressing a crystalline disk
along its diameter. The well-known mechanical model of a compressed crystalline disk has earlier
been described, e.g., in the works [8, 9]. Moreover, our recent work [10] has clearly demonstrated
some advantages of the technique based on disks compressed along their diameters, when being
applied to high-accuracy determination of the piezooptic coefficients in LiNbO; crystals. Notice
that the method of the compressed disk can also be suitable for highly accurate determination of
the coefficients 7, (k=4,...,06).

In the present work we will consider theoretical relations for the refractive indices, the
birefringence and the optical indicatrix rotation angle for the crystals of different point symmetry
groups, which hold true for the crystalline disks loaded along their diameters. This will be a basic
point of the high-accurate method developed by us for measuring the piezooptic coefficients.

2. General theoretical analysis
In general, the matrix of the piezooptic tensor may be written as

61 1 622 633 032 631 621

AB, |7y my, Wy Ty W5 T
ABy, | 7ty Ty Tyy Ty Thps Ty
AByy | Iy Ty, Ty My T Mg (2)
AByy | Tty Ty Ty Ty Tys Ty

ABy | 75, s, Ty, T Tss Tsg

ABZI ﬂél ”62 7T63 ﬂ64 7[65 ”66
In order to describe our approach, let us consider as an example a disk-shaped sample
prepared from the crystals which belong to the point symmetry group 3m [10]. The faces of the
disk are perpendicular to the Z axis and the loading force P, is applied along the Y axis. The
following components of the stress tensor remain nonzero for this experimental geometry:

UZ?& (R-Y)X? . R+NX* 1 3)
Lo (X +-vy) (X +@R+yy) 2R
o 2B (R-YY) N (R+Y) 1 4)
Tomd | (X R-yy) (X +R+Y)) 2R

_2p (R-Y)’X N (R+Y)’X 5)
Cord| (x4 R-vy) (X +@®+)?) |

where d denotes the thickness of the disk and R its radius. Then the optical indicatrix equation
becomes as follows:
(B, + 7,0, +7,0,) X + (B, + 7,0, + 1,,0,)Y* +2(n,, —7,)0, XY =1. 6)
Application of mechanical stresses in this geometry would lead to changes in both the
birefringence and the optical indicatrix rotation angle:

1
An,, =—En3(7r” —,) (0, —0,) +40; , (7

tan2¢, = 2(my, —7,,)0, _ 20, (8)
? (BI +7,,0, +7[120-2)_(Bl +7,,0, +7[11C72) (Ul _Uz)
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In particular, we have o, =0 along the diameter X=0 (i.e., along the diameter parallel to the

loading force vector), while the components o, and o, are equal to

)
o =—, 9
1R )
2P| 2R 1
O, =—| 50——=——|. 10
: ﬂd[R2—Y2 2R} (19)
The birefringence along the diameter is given by the relation
1 2RP,
Any, = _Enj (7, —m, )0, —0,) = —7’13(71'11 _EIZ)W—ZYZ) ) (11)

while the angle of optical indicatrix rotation is equal to zero (see Eq. (8)). As a consequence, the

coefficient 74 =m;; —m, can, in principle, be determined experimentally using a nonlinear

dependence of the birefringence on the Y coordinate.

2.1. Cubic crystals

The relations for the optical birefringence and the optical indicatrix rotation angle obtained by us
for the disk-shaped crystalline samples made of cubic crystals are presented in Table 1. Since all of
the three crystallographic axes of crystals belonging to the cubic system are identical from the
viewpoint of the piezooptic effect, we will analyse the induced birefringence and the optical
indicatrix rotation only for the Z-cut disk loaded along its diameter parallel to the Y axis. The
dependences of the refractive indices on the Y coordinate (i.e., along the diameter of loading force)

for the crystals of the symmetry groups 432, 43m and m3m may be written as

1 3P (1 4R 1 1 3P |1 4R 1
m=ny ="M\ M1~ |2, M=y =Ty — T 4

_ ) L 12
2 °xd|R RZ_v?> R 2% xd |RT? Lez_y2 R (12)

where 7, is the initial (unperturbed) refractive index. The induced birefringence for this case reads
as
, P, 2R

An, =-n, —
P rd R -Y?

(”11_”12)3 (13)

while the angle of optical indicatrix rotation should be equal to zero along the Y direction. Using
Eq. (13) and the spatial distribution of the induced birefringence along the Y direction obtained
experimentally one can get the difference of the piezooptic coefficients 7, —m,,. The same

difference can be determined under the condition Y= 0. In this case the induced birefringence is

given by
2PR| R’ -X’
Any, =-n} (7, —m,) ﬁ; {(X2+R2)2} (14)
while the optical indicatrix rotation angle is equal to
2 RX
tan2¢, = —— & (15)

(7, —m,) R = X* '

Therefore the coefficient m,, can be determined after measuring the dependence of the optical
indicatrix rotation angle upon the X coordinate and using the x,, —7x,, value known from the

experiments described above (see Egs. (13) and (14)).
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For the crystals belonging to the groups m3 and 23, one can easily derive the induced
birefringence under the same conditions (i.e., the loading force P, applied). For the case of X=0
we have

Pl 1 2R
Any, :_nsﬁ{ﬁ(ﬂlz_ﬂ21)+m(”u_”12)] (16)

Given the condition of 7, = 7,, , which is valid for the groups 432, 43m and m3m just analysed,

one can reduce Eq. (16) to Eq. (13). The birefringence in the centre of the disk is given by the
relation
P 1
Anlz =—nj ”—25[471'” —371'12—772]]. (17)

Eq. (17) may be employed for determining the combination of coefficients 4z, —37, —7,, .

Notice that the angle of optical indicatrix rotation is equal to zero along the Y axis.
The birefringence under the condition of ¥ = 0 is as follows:

1 ;2P| 2RX® 2R’
An]2 P Bt} (7[2]—ﬂ11)+m

1
S Tavyad (”11—”12)+E(ﬂ12—”21)}- (18)

Using this formula, one can find a combination of piezooptic coefficients appearing in the round
brackets of Eq. (18). Inserting this combination into the relation for the optical indicatrix rotation

angle,
. 2R’X
44 2 25\2
tan24, = X +R) 5 (19)
’ 2RX? 2R? 1
(Xz +R2)2 (75, _”11)+W(ﬂ11 _”12)"‘%(7712 —75)

one can evaluate the piezooptic coefficient 7, .

2.2. Hexagonal crystals
For the crystals that belong to the point symmetry groups 622, 6mm, 6m2 and 6/mmm, the
induced birefringence for the Z-cut crystalline disk loaded by the force P, along the Y axis may be
expressed as (see Table 2)

An,, 2—"25—;(% _”12)%5 (20)
where n, denotes the ordinary refractive index. This enables determining the piezooptic difference
7, — 7, . The same parameter can be obtained under the condition Y = 0. The birefringence along

the X axis reads as

2RP, X -R?
3
Any, =n, 7zd2 (”11_”12){(X2+R2)2}- (21)

The optical indicatrix rotation angle is equal to zero at X = 0, while for the case of Y= 0 it is given
by
2RX
R*—-Xx*~
thus depending only on the geometrical parameters of the disk and the coordinate X.

tan2¢, = (22)
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The birefringence induced by the force P; for the Y-cut disk under the condition X = 0 becomes

Pl 1 1 2R
6(An),; = ﬂ_3d|:§(n2ﬂ“ _nsﬂu) +(n37r13 _njﬁaa)(ﬁ_m]} > (23)

where n, denotes the extraordinary refractive index. This reduces to
P 1
6(An),; = ﬁﬁ[(nsﬁn —m7y) = 3(ny 7, — n(j”}})] (24)
at the disk centre (Z=0). This relation includes a complicated combination of four piezooptic
coefficients, which can be thus determined. The induced birefringence at Z = 0 is as follows:
=13 1
=X
nd 2R(X* + R*)’ . (25)
x[ (s, =), )QRX? = (X° + R*))) + (i, —m}m )RR = (X + R*)) |

o(An),,

Neglecting the natural birefringence (assuming the both refractive indices to be close to their mean
value, i.e. n, =n, =n ), we simplify Eq. (25) to

R

—_ X

7d 2R(X*+R*)’ ] (26)
x[ (7 =T ARX? = (X° + R*)) + (myy - ) (AR = (X7 + R*)") |

6(An),; =

Inserting the piezooptic combination appearing in the square brackets of Eq. (25) into the relation
for the optical indicatrix rotation angle,

8 R X

tan2{, = T PRI 4 2, p2y2 ’
(4R°X* =(X* + R*) )(my, —m,) +(4R" —(X* + R*) ) (7ryy —11,5)

27

one can determine the coefficient x,. This is also true for the point symmetry groups
422, 4mm, 42m and 4/mmm, for which the relations for the optical indicatrix changes are the
same as for the crystals of the groups 622, 6mm, 6m2 and 6/mmm (see Table 2), with the only
difference that for the tetragonal crystals we have =, —x,, # 7. For the Z-cut disk made of
tetragonal crystals belonging to the mentioned groups of symmetry, the angle of optical indicatrix
rotation at Y= 0,
2w RX

(R = X*)(m, — 7))

tan2¢; = (28)
enables determining the coefficient 7, provided that Eq. (20) or Eq. (21) are taken into

consideration.

The spatial birefringence distribution along the Y axis for the Z-cut disk of crystals that
belong to the point symmetry groups 6, 6/m and 6, which are loaded by the force P, may be
written as

, P, 2R
Any, =—n, (7, _ﬂlz)ﬁW' (29)
This facilitates derivation of the difference 7, —7, =7, . The angle of optical indicatrix

rotation under the same conditions,
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27
tan24, =——2— | (30)
Ty~
allows one to obtain the 7, coefficient whenever the value x,, — 7, is already known. Moreover,

the relation for the birefringence at ¥ =0,
P, R(X*-R?)
Any, = 2”;(”11 _7712)”_; X’ +_R2)2 > (31)

also allows for determining the above difference of piezooptic coefficients 7, — 7, , issuing from
the birefringence distribution measured in the experiment along the X axis.

Now let us analyse the particular case of the X-cut disk prepared from the crystals that belong
to the groups 6, 6/m and 6, and the loading force P;. Then the spatial distribution of the
birefringence increment along the Y axis under the simplifying condition n, =n, =#n reads as

6(An),, = £’73 % x
nd 2R(Y"+R") . (32)
X[y =1 AR — (V4 R’ + (23 =y J(AR' = (VP + R)) |
After measuring additionally the distribution of the optical indicatrix rotation angle along the Y
axis,
87, RY

(4R°Y> (¥ + R*) )(mryy — 7)) + (4R = (V* + R*) ) (3 — 75) 9

tan24, =

one can evaluate the coefficient 7, .

2.3. Tetragonal crystals
The coefficient r,, for the tetragonal crystals can be obtained in the same way as that for the
hexagonal ones. However, the appropriate relations for the Z-cut disk in case of the groups of
symmetry 4, 4/m and 4 differ from those valid for the hexagonal crystals (see Table 3). In
particular, the birefringence in the case of X = 0 acquires the following form:

B(A) = (7 ) (34)
Basing on the experimental dependence of the birefringence increment on the Y coordinate, this
relation enables evaluating the piezoptic difference x,, —,,. Then the coefficient 7, can be

determined from the relation for the optical indicatrix rotation at X = 0,

2
tan2¢, = ——26l | (35)
Ty — Ty
Finally, using the theoretical relations for the birefringence at Y =0,
P, 2R
Any, =n, j—( Y as ((m, —7,)(X* —R*) - 27, RX ), (36)
and for the angle of optical indicatrix rotation at ¥ =0,
27 (X? —R*)—2m RX
tan2¢, = 7, ( )= 27 (37)

(X =R*)(m, —7m,) =27, RX

one can find the coefficients 7, and 7, provided that the coefficient 7, is already known.
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2.4. Trigonal crystals
Phenomenological relations for the changes happening in the optical indicatrix parameters for the

crystals of point symmetry groups 32, 3m and 3m have been derived in our recent work [10]. As
follows from the results [10], the analysis presented in the beginning of Section 2 and Table 4, one
can easily determine the combined difference 7, =7, —x,, for these crystals. The procedure of

evaluation of the coefficients 7,, and x,, is described in the work [10], too.

Let us discuss the crystals belonging to the symmetry groups 3 and 3. The birefringence for
the disk perpendicular to the Z axis, the loading force P, and the experimental geometry X =0 is
given by

P 2R 1
Any, :_ﬁnZ(”n _”12)|:W_ﬁ:l- (38)

Using this relation and the induced birefringence distribution along the Y axis studied in the
experiment, one can find the piezooptic difference =, =7, —7,.

For the X-cut disk, under the condition Z = 0 and the assumption n, =n, =n, the relation for

the induced birefringence becomes

5(An)23 :£ﬁ3%x
7d 2R(Y*+(R)) . (39)

x[ (7 —m [ 4RY? = (V2 + R*) |+ (g — ) [ 4R* = (Y + R*)? |- 4R 'Y m,, |
Basing on the formula for the optical indicatrix rotation obtained under the condition Z =0,
24R Yy + 7, [4RY (Y + R'Y |}

tanzé’l = 2y2 2 252 4 2 242 3
[4R?Y> = (Y + R*Y J(zy = 7,)) +[ 4R* = (Y* + R*)’ | (s — 7,5) — 4R Y m,,

. (40

and inserting the known piezooptic combination from Eq. (39) into denominator of Eq. (40), one
can derive the combination of coefficients r,, and x,, . At the same time, Eq. (40) for the case of
Y= 0 may be rewritten to the form

271y
(5 —7y,) =3(733 — 7y5) ’

thus enabling independent evaluation of the coefficients r,, and 7, .

tan 24, = (41)

2.5. Orthorhombic crystals
For the crystals that belong to the orthorhombic groups of symmetry (see Table 5), one can easily

determine the coefficients =,,, 7, and 7, . For example, using the X-cut disk and assuming
n, =n, =n under the condition Z=0, one can arrive at the following relations for the

birefringence increment and the angle of optical indicatrix rotation:

P, 1

7 2 EIVIRS

nd 2R(Y" +(R)") (42)

B

X[ (7 =7 )[4RY? = (F? + R*) |+ (1 — 7 [4R* = (V> + R*) ]

5(An),, =71’

8R*Y’r,,

tan2§1 :_|:4R2Y2 —(Y2 +R2)2:|(7722 —7T32)+|:4R4 _(Y2 +R2)2:|(7r23 —71'33) .

(43)
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The denominator of Eq. (43) is equal to the term appearing in Eq. (42) in the square brackets.
Hence, solving the system of these equations would result in determination of the coefficient 7, .
The coefficients =, and 7, may be evaluated using respectively the Y- and Z -cut disks and

applying the same procedures.

2.6. Monoclinic and triclinic crystals
Let us finally consider theoretical relations for the birefringence and the optical indicatrix rotation
angle that hold for the low-symmetry monoclinic crystals (see Table 6). The birefringence
increment for the X-cut disk under the force P5 applied and the conditions Z=0 and n, =n, =n
takes the form
N
wd 2R(Y? +(R)?)
while the optical indicatrix rotation angle is given by the relation
87, R’Y
(4RY =(F* + R*) ) (my = 7,) +(4R* = (F? + R*) ) (s — 735) |

5(An),, =71 (7 = 70 )(4R?Y? = (V2 + ) )+ (7 — 7 )(4R* = (V7 + RY)) ], (44)

tan2¢, = (45)

Solving the system of Eqs. (44) and (45), one can find the piezooptic coefficient 7, . The

coefficient 7, is derived using the analogous procedure and the Y-cut disk.
Using the theoretical dependence of the birefringence on the Y coordinate (X = 0) for the case

of the force P, applied to the Z-cut disk,

s 1

nd 2R(R* -Y?)

and the corresponding relation for the angle of optical indicatrix rotation,

2 (4R =R +¥?) =1 (R~ 1))

S(An),, =1’ (o =m0 (4R =R+ Y?)=(m, )R =Y") ], (46)

tan2¢, = s 47
> (4R2—R2+Y2)(71']2—71'22)—(R2—Y2)(7T”—71'21) ( )
we can determine the combination 37, — 7, . For example, we have at Y =0
2{377(2 _”6]} =3 Pz 1
tan2¢, = - , 0(An), =n" —=——|3(n, -7, )—(7m,,—7 . (48)
: 3(myy —7y) — (7, — 7)) 2 nd 2R ( ? 22) ( ! 21):|

Under the condition Y =0, the birefringence increment and the optical indicatrix rotation angle
may be written respectively as
P, 1

2 252 X
7d 2R(X" +(R)") , (49)
X[ (7 =7 (4R X = (X7 4 RY )+ (7, = 7 ) (4R* = (X7 + R) )= 4R X (1,5 — 7|

o(An),, = n’

2{m (4R°X7 = (X7 + R) )+ 7 (4R* = (X + R*)) — 4R’ X, |
(4R°X? = (X7 + R?) )(myy = ) + (4R* = (X7 + R?Y ) (my = 7)) — 4R X (g = 73)

tan 2, = (50)

These relations enable evaluating only the piezooptic combination appearing in the nominator of
Eq. (50), i.e. the term {r, (4R°X* —(X* + R*)’ )+ 7 (4R* — (X + R*)’) — 4R’ X m,,} . In other words, it
is impossible to find the 7, coefficient itself for the case of monoclinic crystals. The similar is
also true for the triclinic crystals (see Table 7): here the coefficients r,,, 7y and 7, cannot be

determined separately.
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3. Conclusion

We have derived phenomenological relations that describe the changes in the optical birefringence
and the optical indicatrix rotation angle for the crystals of all the point symmetry groups. These
relations cover different geometries of mechanical stress application and different light
propagation directions. In all of the cases analysed by us, we have dealt with crystalline disks
compressed along their diameters. We have shown that the technique intended for the studies of
piezooptic coefficients and developed in this work makes it possible to determine accurately the
coefficients 7,,, 75 and 7 for almost all of the point groups of symmetry.
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Anomauia. B pobomi po3sunymo memoo 6UMipiosanHs n’€300NMUYHUX KoeQiyienmie Ty,

(k=4,5,6) ona kpucmanis, wo Harexcamsv matixce 00 8CIX MOUKOBUX epyn cumempii. Memoo
3ACHOBAHO HA OO0CNIONHCEHHI NOOGIIHO20 ONMUYHO20 3AJNOMIEHHA | Kyma NO8OpOmYy ONMUYHOL
iHOuKampucu 3a ymMo8u 8i00M020 NPOCHOPOBO20 PO3NOOJINY KOMNOHEHM MEH30pd MeXAHIYHUX
HAnpys#CceHb y KPUCMANIYHOMY OUCKOBI, CMUCHYMOMY 630082C Oiamempa. Ilpeocmasneno
BIONOBIOHI MeopPemuyHi CniGGIOHOWEHHs Ol ONUCY N E€300NMUYHO20 eheKmy 8 KPUCMANax yCix
2pyn cumempii.
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